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1. INTRODUCTION

Filters are introduced by H. Cartan [11, 12] in 1937 which can be seen as generalization of sequences. In 1948,
Choquet [13] defined the concept of convergence of a filter. In 1954, Kowalsky [16] gave a filter description of
convergence. In 1979, Schwarz [23] introduced the category ConFCO of constant filter convergence spaces and
continuous maps.

In 1991, M. Baran [2] introduced a local pre-Hausdorff topological space (where a topological space X is local
pre-Hausdorff for given any fixed point and any distinct point from this fixed point if there is a neighbourhood of one
missing the other, then the two points have disjoint neighbourhoods). Pre-Hausdorff objects are used to characterize
the decidable objects [19] in a topos [15], where an object X of &, a topos, is said to be decidable if the diagonal is
a complemented subobject [17]. Also, finite pre-Hausdorff spaces can also be described using the notion of a Borel
field [22, 24]. Furthermore, local pre-Hausdorff objects are used to define various forms of each of local Hausdorff
objects [2] and local T3 objects, and local T4 objects in arbitrary topological categories [9].

In this paper, we characterize local pre Hausdorff constant filter convergence spaces at point p and give some
invariance properties of them.
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2. PRELIMINARIES

Let A be a set, F(A) set of all filters on A and K be a function from A to P(F(A)). If K satisfies the following two
conditions, then (A, K) is called a constant filter convergence space.
(1) [x] € K for each x € A, where [x] ={BC A : x € B}.

(2) If @ c Band a € K implies B € K for any filter 8 on A.

A map f : (A,K) — (B, L) between constant filter convergence spaces is called continuous if and only if @ € K
implies f(a) € K (where f(@) denotes the filter generated by {f(D)|D € K} i.e., f(@) = {U c X : D such that
f(D) c U}. The category of constant filter convergence spaces and continuous maps is denoted by ConFCO [23].

A functor U : & — Bis said to be topological or that & is a topological category over 8B if U is concrete (i.e., faithful
and amnestic (i.e., if U(f) = id and f is an isomorphism, then f = id )), has small (i.e., sets) fibers, and for which
every U-source has an initial lift or, equivalently, for which each U-sink has a final lift, see [1, 14,21]. A topological
functor U : & — B is said to be normalized if constant objects, i.e., subterminals, have a unique structure. Note also
that U has a left adjoint called the discrete functor D. Recall, in [1,21] that an object X € & is discrete iff every map
U(X) — U(Y) lift to map X — Y for each object Y € &. Note that the category ConFCO is normalized topological
category.

We denote by o U g the smallest filter (proper or not) containing both @ and g for filters @ and 3, i.e., a U B = {W C
A:UNnVcWforsomeU eaandV € f}.

2.1. A source {f; : (A,K) — (A, K;),i € I} in ConFCO is initial iff @ € K precisely when f;(@) € K; [18,20].
2.2, Assink {f; : (A;,K;)) — (A,K),i € I} is final if and only if @ € L implies there exists 8; € K; such that
fi(B) C a,iel[20,23].

3. LocaL PrReE-HAUSDORFF CONSTANT FILTER CONVERGENCE SPACES

In this section, we give the characterization of pre-Hausdorff constant filter convergence spaces at a point p and give
some invariance properties of them.

Let B be set and p € B. Let BV, B be the wedge at p [2], i.e., two disjoint copies of B identified at p, or in other
words, the pushout of p : 1 — B along itself (where 1 is the terminal object in Set, the category of sets and functions).
More precisely, if i1 and i, : B — BV, B denote the inclusion of B as the first and second factor, respectively, then
i1p = i>p is the pushout diagram [10]. A point x in B Vv, B will be denoted by x;(x,) if x is in the first (resp. second)
component of BV, B. Note that p; = p.

The principal p— axis map, A, : BV, B — B? is defined by Ap(x1) = (x, p) and A,(x2) = (p, x), the skewed p— axis
map, S, :BV,B — B? is defined by S p(x1) = (x,x) and S ,(x2) = (p, x), and the fold map at p, V,, : BV, B — Bis
given by v, (x;) = xfori =1,2[2].

Definition 3.1. (X, 7) is called pre-Hausdorff space (PreT>) [10] or [7] for each point x distinct from p, the set {x, p} is
not indiscrete, then the points x and p have disjoint neighborhoods.

Theorem 3.2. Let (X, 1) be a topological space and p € X. (X,71) is preT, at p if and only if the initial topology
inducedby A, : XV, X — (X%,1,) and S, XV, X — (X?,71.) are the same, where T, is product topology on X.

Proof. The proof is given in [7]. O

Definition 3.3. Let U : & — Set be a topological functor, X an object in & with U(X) = B and p be a point in B.
If the initial lift of the U-source S, : BV,B — U(X?) = B* and the initial lift of the U-source A,, : BV,B — U(X?) = B>
coincide, then X is said to be PreT at p [2] or [6].

Theorem 3.4. Let a;, i = 1,2,3 be proper filter on B. If o = (ﬂ'lA,,)‘lal U (nzA,,)‘laz U (ﬂzSp)_l(I3, then
(1) o is a proper filter if and only if either

(a) ay C [p] and a1 U a3 is proper

or

(b) @) C [p] and @ U a3 is proper.

(2) If o is a proper, then
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(p], if (a) fails
mA,o =15a; Uas, if (b) fails
[p] N (a1 U as), neither fails
a Uas, if (a) fails
mA,o =1{[pl, if (D) fails
[Pl N (a2 U a3), neither fails
a U as, if (a) fails
mS 0 =13a; Uas, if (b) fails
az U (a; Nay), neither fails
Proof. Ttis proved in [3].
O

Theorem 3.5. Let a;, i = 1,2,3 be proper filter on B. There exists a proper filter o on BV, B such that mA,o

a1, mA,0 = @y, and 38 ,0 = a3 if and only if

(1) If (a) of Theorem 3.4 fails, then a, = a3 and ay = [p].
(2) If (b) of Theorem 3.4 fails, then a; = a3 and a, = [p].
(3) If neither (a) nor (b) of Theorem 3.4 fails, then a; N ay = a3 N [p].

Proof. Tt follows easily from Theorem 3.4.

Let (B, K) be a constant filter convergence space, p € B, and K, = {a : a C [p]}.

Theorem 3.6. A constant filter convergence space (B, K) is PreT, at p if and only if the following conditions hold.

(1) K, is closed under finite intersection.

(2) Forany a € K, and € K if « U § is proper and 5 N [p] C a, then BN [p] € K.

Proof. Suppose (B, K) is PreT, at p and ,f8 € K,,. If we let a1 = @, a» = 8, and a3 = @ N B in Theorem 3.4, then
a; Uas = @ and @ U a3 =  are proper

and

Hence by Theorem 3.5 (3) there exists a proper filter o on the wedge such that

and

ap,a C[p]

aNa=anf=a3N[p]

mA, T = a

mA,o =f

mS,oc=anp
Since m1A,0, mA,0 € K and (B, K) is PreT, at p, it follows that 7S ,oc =aNp € K.

We now show that condition (2) holds. Suppose that a € K, and 8 € K for which & U g is proper and 8 N [p] C a.
In Theorem 3.5, letting @1 = @, a2 = 8N [p], and a3 = . It follows that

ay,ay C [p]
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both
gqUam=aU@nB)=aUp
and
ayUas =p
are proper and
arNa=an@nph)=nlpl=a3n(p]
Hence by Theorem 3.5(3) there exists a proper filter o on the wedge such that

mAy T =«

mA,o =B8N [p]
and
mS o=
Since 7S ,0 € K, 128 ,0 € K and (B, K) is PreT, at p, it follows that myA,0- = BN [p] € K. This shows (2) holds.
Conversely, suppose conditions (1) and (2) hold. We show that (B, K) is PreT, at p. We first show that for any filter o
on the wedge if 715 ,0 and 7,§ ,0 are in K, then m,A ,0- € K. Note that m1A,00 = 71§ ,o. If o is improper, then clearly
mA,o € K. If o is proper, then in case 1 of Theorem 3.5,
mS 0 = [p]
and
mA,0 = mS o
and consequently m A ,0 € K since 7S ,0 € K. In case 2 of Theorem 3.5 we have
mApo = [p]
and
mS 0 =mS o

and thus, 7,8 ,0 € K. In case 3 of Theorem 3.5, we have in particular

mS 0 C [p]
TS ,oUmsS o
is proper and
mApo D mS 0 N [p]
Hence, by the condition (2) with @ = m1A,0 and 8 = m, S ,0, we get m28 ,0- N [p] € K and consequently, mA,0 € K
since
mAp,0 D mS 0 N [p]
and
mS,oN[ple kK
It remains to show that if 71 A ,0- and m,A ,0 are in K, then 7S ,0 € K. In case 1 of Theorem 3.5, we have m1A ,0 = [p]

and m§ ,00 = mA,0, and consequently >S5 ,00 € K since mA,0 € K. In case 2 of Theorem 3.5 we have mA,0 =
[p] € K. In case 3 of Theorem 3.5, we have in particular,

mApyo C[p]

mApo C [p]
and
mA,o NmA,o = mS o N [p]

Hence by condition (1), we get mjA,0 N mA,0 € K and consequently 715§ ,0- € K. Thus, by Definition 3.3, (B, K) is
PreT,. m]
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Theorem 3.7. (1) If a constant filter convergence space (B, K) is preT, at p and M C B with p € M, then M is preT,
at p.

(2) Foralli € I and p; € B;, (B, K;) preT, at p; if and only if (B = [1;c; Bi, K) is preT, at p, where K is the product
structure on B and p = (p1, pa2, ...).

(3)If (B;,K;) Ty at p; for alli € I and p; € B;, then (B = |l;; Bi, K) is preT, at (i, p), where K is the coproduct
structure on B and (i, p) € B.

Proof. (1) Let K); be the initial structure on M induced by the inclusion map i : M C B and «,8 € (Ky),. By 2.1,
i(@),i(B) € K and by Theorem 3.6, i(a NB) € K and by 2.1, a N B € Ky;.
Suppose @ € (Ky), and 8 € Ky for which @ U 8 is proper and 8 N [p] C a. It follows from 2.1 that

i(@),i(B) € K, i(a) UilB) = i(ad UB)
is proper and
i(B)Ni[pDh = iBN[pD C i(e)
By Theorem 3.6, i(8 N [p]) € K and by 2.1, B8N [p] € Ky. Hence, (M, Ky) is preT; at p.

(2) Suppose that (B = [1,¢; Bi, K) is preT, at p. Since each (B, K;) is isomorphic to a subspace of (B, K), it follows
from part (1) that (B;, K;) is preT, at p; for all i € I and p; € B;.
Suppose that (B;, K;) is preT, at p; forall i € I, p; € B; and a,8 € K,,, where p = (p1, p2,...). By 2.1, mi(a), m;(B) €
((Ki)p, forall i € I. Since (B;, K;) is preT, at p; for all i € I, by Theorem 3.6,

mi(a@) Nm(B) = mi(a N B) € (Ky)p,
andby 2.1, Np € K,.
Suppose that @ € K, and § € K with o U 8 is proper and N [p] C a. Forall i € I
mi(a) € (Ky)p,, mi(B) € K;
m;(a U ) is proper and

(BN [p)) C mia).
By Theorem 3.5,
7B N [p]) = m(B) Nmilpl = m(B) N [pi] € K;
since (B;, K;) is preT, at p; for all i € I and by 2.1, 8N [p] € K. Hence, (B, K) is preT; at p.

(3) Suppose that (B;, K;) preT, at p; for alli € I, p; € B;, (B = |[;c; Bi, K), where K is the coproduct structure on B
and (i, p) € B.
If a, B € K ), then by 2.2, there exist 6, y € (K;)p, such that i(6) C a and i(y) C 8. Note that

i(6Ny) = i) Ni(y) canp.

Since (B, K;) is preT, at p;, by Theorem 3.6, § Ny € (K;)p, and by 2.2, a N B € K(; ;).
Suppose that @ € K; ;) and 8 € K with & U B is proper and 8 N [(i, p)] C a. Then there exist 6 € (K;),, and y € K; such
that i(6) C @ and i(y) C 8. Note that

(6) Vi(y) =i(6Uy)
is proper and
iy N [piD) =iy) NG p)l Ca
implies & U vy is proper and
yNipil Cé.

Since (B, K;) is preT, at p; for all i € I, by Theorem 3.6, v N [p;] € (K;),, and by 2.2, 8N [(i, p)] € K ). Hence, by
Theorem 3.6, (B, K) is preT, at p.
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Remark 3.8. In a topological category over the category of sets, preT, at p could be only indiscrete objects [4] (a
topological category is the category of stack convergence spaces [23]), they could be all objects of the category [5]
(a topological category is the category of constant limit convergence spaces [5]), and they could be only discrete ob-
jects [8] (a topological category is the category of local filter convergence spaces [23])

REFERENCES

[1] Addmek, J., Herrlich, H., Strecker, GE., Abstract and Concrete Categories, New York,USA: Wiley, 1990. 2
[2] Baran, M., Separation Properties, Indian J. Pure Appl. Math., 23(1991), 333-341. 1, 3, 3.3
[3] Baran, M., Stacks and Filters, Doga-Tr. J. of Mathematics 16(1992), 95-108. 3
[4] Baran, M., Separation Properties In Category Of Stack Convergence Spaces, Turkish Journal of Mathematics, 17(1993), 55-62. 3.8
[5] Baran, M., Separation Properties In Categories Of Constant Convergence Spaces, Turkish Journal of Mathematics, 18(1994), 238-248. 3.8
[6] Baran M. and Altindis, H., T2-Objects in Topological Categories, Acta Math. Hungar. 71(1996), 41-48. 3.3
[7] Baran, M., Separation properties in topological categories, Math Balkanica 10(1996), 39-48. 3.1, 3
[8] Baran M., T»-Objects in Categories Of Filter And Local Filter Convergence Spaces,Turkish Journal of Mathematics, 17(1996), 159-168. 3.8
[9] Baran, M., T3 and T4-Objects In Topological Categories, Indian J. Pure Appl. Math., 29(1998), 59-69. 1
[10] Baran, M., PreT, Objects In Topological Categories, Appl. Categor. Struct., 17(2009), 591-602. 3, 3.1
[11] Cartan, H., Filtres et ultrafiltres, CR Acad. Paris, 205(1937), 777-779. 1
[12] Cartan, H., Théorie des filtres, CR Acad. Paris, 205(1937), 595-598. 1
[13] Choquet, G.,Convergences, Ann. Univ. Grenoble Sect. Sci. Math. Phys. (NS) 23.(1948), 57-112. 1
[14] Herrlich, H., Topological functors, Gen Topology Appl 4(1974), 125-142.2
[15] Johnstone, P.T., Topos Theory, L.M.S Mathematics Monograph: No. 10. Academic, New York 1977. 1
[16] Kowalsky, H.J., Beitrage zur topologischen algebra, Math. Nachrichten 11(1954), 143-185. 1
[17] MacLane, S., Moerdijk, 1., Sheaves in Geometry and Logic., Springer, New York, 1992. 1
[18] Lowen-Colebunders, E., Function Classes of Cauchy Continuous Maps, New York USA; Marcel Dekker Inc, 1989. 2
[19] Mielke, M.V., Hausdor{f Separations and Decidability, Symposium on Categorical Topology, University of Cape Town, Rondebosch, (1999),
155-160. 1
[20] Nel, L.D., Initially structured categories and cartesian closedness, Canadian J.Math., 27(1975), 1361-1377. 2
[21] Preuss, G., Theory of Topological Structures, An Approach to Topological Categories, Dordrecht; D Reidel Publ Co, 1988. 2
[22] Royden, H. L., Real Analysis, Macmillan Publishing Co., Inc., 1968. 1
[23] Schwarz, F. Hannover, TU., Connections Between Convergence And Nearness, The series Lecture Notes in Mathematics, 719(1979), 345-357.
1,2,3.8
[24] Stine, J. Mielke, M. V., Pre-Hausdorff Spaces, Publ. Math. Debrecen, 73(2008), 379-390. 1



	Local Pre-Hausdorff Constant Filter Convergence Spaces. By 

