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ABSTRACT.  Karakag and Karabudak [22], introduced the Lucas sequence spaces X(E) and studied their some
properties. The main purpose of this study is to introduce the Lucas difference sequence spaces co(L, A) and ¢(L, A)
by using the Lucas sequence. Also, we prove that the spaces co(L, A) and ¢(L, A), are linearly isomorphic to spaces
co and c, respectively. Besides this, the a—, 8— and y—duals of this spaces have been computed, their bases have
been constructed and some topological properties of these spaces have been studied. Finally, the classes of matrices
(co(L, A) : ) and (e(L,A) : () have been characterized, where u is one of the sequence spaces ¢, ¢ and ¢, and
derives the other characterizations for the special cases of u.
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1. INTRODUCTION

By a sequence space, we understand a linear subspace of the space w = C" of all complex sequences which contains
¢, the set of all finitely non-zero sequences, where N = {0, 1,2, ...}. We shall write ., ¢ and ¢ for the spaces of all
bounded, convergent and null sequences, respectively. Also by bs, ¢s, | and £,,, we denote the spaces of all bounded,
convergent, absolutely and p—absolutely convergent series, respectively, where 1 < p < co.

We shall assume throughout unless stated otherwise that p,g > 1 with p™' + ¢! = 1 and 0 < r < 1, and use the
convention that any term with negative subscript is equal to naught.

Let A, u be two sequence spaces and A = (a,x) be an infinite matrix of real or complex numbers a,;, where n, k € N.
Then, we say that A defines a matrix mapping from A into y, and we denote it by writing A : 4 — u if for every
sequence x = (x;) € A the sequence Ax = {(Ax),}, the A—transform of x is in u where

(A = D anxic (e N). (L)
k

By (4, i), we denote the class of all matrices A such that A : 4 — u. Thus, A € (4, ) if and only if the series on the
right hand side of (1.1) converges for all n € N and x € A, and we have Ax = {(Ax),},en € i for all x € A. A sequence
x is said to be A—summable to « if Ax converges to a which is called the A—limit of x.
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Let X be a sequence space and A be an infinite matrix. The set X, is defined by
Xa={x=(p)ew:Axe X} (1.2)

is called the domain of A in X which is a sequence space.
Let A denote the matrix A = (A,;) defined by

AL = - , n-1<k<n,
k= 0 , O0<k<n-lork>n

for all k,n € N.

In the literature, the matrix domain A, is called the difference sequence space whenever A is a normed or paranormed
sequence space. The idea of difference sequence spaces was introduced by Kizmaz [23]. In 1981, Kizmaz [23] defined
the sequence spaces

X(A) ={x =) €w: (X — xp41) € X}

for X = {w, c and cy. The difference space bv,,, consisting of all sequences (x;) such that (x; — x;_1) is in the sequence
space ¢p, was studied in the case 0 < p < 1 by Altay and Bagar [2] and in the case 1 < p < co by Bagar and Altay [12]
and Colak et al. [15]. The paranormed difference sequence space

AA(p) = {x = () € w: (xx — xp41) € A(P)}

was examined by Ahmad and Mursaleen [1] and Malkowsky [28] where A(p) is any of the paranormed spaces {(p), c(p)
and cy(p) defined by Simons [30] and Maddox [26].
Recently, Bagar et al. [13] have defined the sequence spaces bv(u, p) and bve(u, p) by

by(i, p) = {x = (5) € w: Y (g = X < oo}
k

and

bveo(u, p) = {x = (xx) € w : sup lug(xx — x341)I”* < o0}
keN
where u = (u) is an arbitrary fixed sequence and 0 < p; < H < oo for all k € N. These spaces are generalization of the
space bv,, for 1 < p < co. Quite recently, Kirig¢i and Bagar [24] have introduced and studied the generalized difference
sequence spaces

X={x=()ew:Brs)xeX)

where X denotes any of the spaces {w, ¢, co and £, with 1 < p < oo, and B(r, s)x = (sx3—( + rx;) with r, s € R\ {O}.
Following Kirisci and Basar [24], Sonmez [31] has examined the sequence space X(B) as the set of all sequences
whose B(r, s, t)— trasforms are in the space X € {{w, ¢, ¢, {,,}, where B(r, s, t) denotes the triple band matrix B(r, s, 1) =
{bnilr, s, t}} defined by

ro, n==k

s , n=k+1
bnk{r’s,t}: t n=k+2

0 , otherwise

for all k,n € Nand r, s, € R\ {0}. Also, several authors studied matrix transformations on sequence spaces that are
the matrix domain of the difference operator, or of the matrices of some classical methods of summability in different
sequence spaces, for instance we refer to [3—11, 14,16-18,20,21,27,29,33-35] and references therein.

In this paper, we define the Lucas difference matrix L by using the Lucas sequence {L,;}, _ , and introduce new

00

n,k
sequence spaces ¢ p(ﬁ) and £.(L) related to the matrix domain of F in the sequence spaces £, and (., respectively,
where 1 < p < oo. This study is organized as follows. In Section 2, we give some notations and basic concepts
including the Lucas sequence and a BK-space. In Section 3, we define a new band matrix with Fibonacci numbers and
introduce the sequence spaces €p(I:) and £ (L). Also,we establish some inclusion relations concerning these spaces
and construct the basis of the space fp(i) for 1 < p < oco. In Section 4, we determine the a—, 58—, y—duals of the spaces
£,(L) and £ (L).
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2. Tue Lucas DIFFERENCE SEQUENCE SPACE ¢o(L, A) anD ¢(L, A)

oo

Define the sequence {f,}2,

recurrence relations

of Fibonacci numbers and the sequence {L,} ; of Lucas numbers given by the linear

fo 0, i=land f, = fo-1 + fu2,n 22
Ly = 2, Ly=1landL,=L, 1+L,o,n>2.

Fibonacci and Lucas numbers have many interesting properties and applications in arts, sciences and architecture. For
example, the ratio sequences of Fibonacci and Lucas numbers converges to the golden ratio which is important in
sciences and arts. Also, some basic properties of Fibonacci and Lucas numbers [25] are given as follows:

kaz = fafu+1 and ka =far—1nz1
k=1 k=1

n n
Z Lok = Lopy1 — 1 and Z Ly = Lyz - 3.
k=1 k=1

Recently, Karakag and Karabudak [22] established the regular matrix E by using Lucas numbers. Then, by introducing
the sequence space X(E) with the help of matrix E, they showed that the space X(E) is a BK— space, where E = (L)
is defined by

forall k,n € N and
XE)y={x=(x)ew:y=ExeX}.
In [19], they have defined the sequence spaces co(F) and ¢(F) as follows:
coFy={xew:Fxecoland c(F) ={xew: Fxec}

where F' = ( f;k) is the double band matrix defined by the sequence (f,,) of Fibonacci numbers as follows

_dwm k=n-1,
Je=y =, k=n,
0 , 0<k<n-lork>n

for all k,n € N. Now, let us define the sets co(L, A) and c¢(L, A) as the sets of all sequence spaces whose L= (Ly)
transforms are in the well-know sequence spaces ¢y and c, respectively, namely,

A L,L, 1 +2 L, 1L, »+?2
co(L,A) = {x€w:lim( = "2] x, — =2 ;2 xn_1)=0},
n—oo L L
n—1 n—1
- L,L, 1 +2 L, 1L, »+?2
dLA)::{x6w:meC31m{ i S M R e %1]=%
n—co L2 L2
n—1 n—1
where I = (L) is the double band matrix defined by the sequence (L,) of Lucas numbers as follows
_L1171L27172+2 , k=n-1,
n—-1
Ll’lk = L”in2_1+2 £ k = n,
n—1
0 , otherwise

for all k,n € N. With the help of the notation of (1.2), the spaces co(ﬁ, A) and c(ﬁ, A) can be rewritten as follows:
co(L, A) = (co); and (L, A) = (¢);. 2.1

Define the sequence y = (y,), which will be frequently used, by the L—transform of a sequence x = (x,), i.e.,

. L,L, 1+2 L, 1L, »+2
= (L), = == - P, (e ). 22)
n—1 n—1

Now, we may begin with the following theorem which is essential in the text.
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Theorem 2.1. The sets co(L, A) and ¢(L, A) are linear spaces with coordinatewise addition and scalar multiplication
that are BK—spaces with norm

”x”c‘g(i,A) = ||ILx|le and ”x”c(ﬁ,A) = [ILx]lo-

Proof. The proof of the first part of the theorem is a routine verification, and so we omit it. Furthermore, since (2.1)
holds, ¢y and ¢ are BK—spaces with respect to its natural norm, and the matrix L is a triangle, Theorem 4.3.2 of
Wilansky [36] implies that the spaces ¢o(L, A) and ¢(L, A) are BK—spaces with the given norms. This completes the
proof. O

Theorem 2.2. co(i,, A) and C(I:, A) are linearly isomorphic to the spaces cy and c, respectively, i.e., co(ﬁ, A) = ¢co and
c(L,A) = c.

Proof. Since the proof is similar for the space (L, A), we consider only the space co(L, A). To prove this theorem, we
should show the existence of a linear bijection between the spaces co(L, A) and ¢;. Consider the transformation S from
co(ﬁ, A)tocobyy=Sx= Lx. The linearity of S is clear. Further, it is obvious that x = 6 whenever S x = 6 and hence
S is injective where 6 = (0, 0,0, ...).

Let us take any y € cg and define the sequence x = {x;} by

k
1
Z L?flyj; for all k € N.

X = ———————
Lyl + 2 =]

Then, we have

. LiLgy +2 Ly Lo +2
lim(Lye = i ( e xk_l]
k—oo k—co Lk*l Lk |
k k=1
. LiLi_;+2 1 2 Li Ly o,+2 1 2
= lim 2 ZLJ*IyJ - 2 ZLjflyJ
k—o0 Lk—l LiLi_1+2 = Lk—l Li 1Ly o>+?2 =
= limy,=0

which says us that x € co(L, A). Additionally, we have for every x € co(I:, A) that

LilLi_+2 Li Ly o,+2
Xk —
2 2
Lk—l Lk—]
= sup |yl = [[ylleo < 0.
keN

”x”c(,([,A) = S Xk-1

keN

Consequently, we see from here that S is surjective. Hence, S is a linear bijection which therefore says us that the
spaces co(L, A) and ¢y are linearly isomorphic, as desired. O

We wish to exhibit some inclusion relations concerning with the spaces co(L, A) and ¢(L, A), in the present section.
Here and after, by A we denote any of the sets co(L, A) and (L, A) and u denotes any of the spaces ¢ or c.

Theorem 2.3. The inclusions u C A hold.

Proof. Let x = (x;) € u. Then, since it is immediate that

N =DMILL +2x'

llxlla = 1Lxlloo sup

keN k=1 Lz_ /
(~D*IL;Ljy +2
< lxlle sup Z —— =l
keN k1
The inclusion ¢ C A holds. O

Since the isomorphism §, defined in Theorem 2.2, is surjective, the inverse image of the basis of the spaces ¢y and
c is the basis of the new spaces co(ﬁ, A) and c(ﬁ, A). Therefore, we have the following theorem without proof.
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Theorem 2.4. Define the sequence bk = {bi,k)},,eN of elements of the spaces co(L, A and ¢(L, N for every fixed k e N

by
L2
k—1
- 5 A ) k Z )
b =2 L +2 "
0 , 0<k<n.

Let Ay = (Lx); for all k € N. Then the following assertions are true:

(i): The sequence {6 is a basis for the space co(L, A) and any x € co(L, A) has a unique representation of
the form
o= S a0,
k

(ii): The set {e, b®PVew is a basis for the space o(L, A) and any x € (L, A) has a unique representation of the
form

X = le+Z[/lk -Np»,
3

where | = limk_,w(l:x)k.
Remark 2.5. It is well known that every Banach space X with a Schauder basis is separable.
From Theorem 2.4 and Remark 2.5, we can give the following corollary:

Corollary 2.6. The spaces € p(I:) is separable.

3. DuaLs oF THE NEwW SEQUENCE SPACES

In this section, we state and prove the theorems determining the &—, 8— and y— duals of the sequence space co(L, A).
Since the case p = 1 can be proved by analogy, we omit the proof of that case and consider only the case 1 < p < co.
The set S (4, 1) defined by

S, ={z=(zx) e w: xz = (xzx) € p forall x = (x) € A} 3.1

is called the multiplier space of the sequence spaces A and y. One can easily observe for a sequence space v with
A D v D u that the inclusions

S,y cSv,w)and S(A,u) € S(A,v)
hold. With the notation of (3.1), the alpha-, beta- and gamma-duals of a sequence space A, which are respectively
denoted by A%, 2 and A" are defined by

A7 =85, 6), 2 =5, cs)and 27 = S(A, bs).

For to give the alpha-, beta- and gamma-duals of the space cy(L, A) of non-absolute type, we need the following
Lemma;

Lemma 3.1. [32] A€ (co: €)= (c:€y)ifand only if

where ¥ denotes the collection of all finite subsets of N.
Lemma 3.2. [32]
(1) A € (co: ) ifand only if
sup zk] el < o0 (3.2)
Ja, € C> }1_}12) anr = ay foreach k € N. 3.3)

(i) Ae(c:c)ifandonlyif(3.2) and (3.3) hold and
da e C > lim Ay = Q. (3.4

n—oo
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Lemma 3.3. [32] A€ (cy: ) = (c: lx) if and only if (3.3) holds.
Theorem 3.4. Define the set dy as follows:

d, {a—(ak)ew supzz

KeF 20 lkek

2
Lk—l

LL,,1+2

4

apx, = Z - Ln T2k = (B (n € 1D; (3.5)

Then, {co(L, A)}” ={e(, A)}“ =d.

Proof. Let a = (ax) € w. Then, we can easily derive with (2.2) that

where B = (by;) is defined by the formula

L2
bk = { L,,L:_(:)+2a” ’ Eli f ,];)S n) ,(n,k eN).

It follows from (3.5) that ax = (a,x,) € {; whenever x € co(ﬁ, A) if and only if By € ¢; whenever y € ¢y, i.e., a = (a,) is
in the @—dual of the space cO(I:, A) if and only if B € (cp : {). This gives the result by Lemma 3.1 that {co(l:, A)}a =d,.

Similarly, we get {c(f,, A)}Q =d,. m]
Theorem 3.5. Define the sets d», ds and dy as follows:

dy = {az(ak)ew kzz(; ]Z:LkLk 1+2aj <oo}

n
d; = “Z(“")ewzaakeca,}%[;@u1+2 <]—ozkf0reachk€N s
dy = {a:(ak)ewzﬂaeCBYgo@;(} LkLkl+2 ] a/}.

Then, {co(L, A = d» N ds and {c¢(L, A = d» N d5 N ds.

Proof. Consider the equation

n

PR

n k
Z ZLkLk 1+2

k=0 =0 L j=1
-3 ia-yk=(Dy> (3.6)
S| G LiLir +2 ! ! '
where D = (dy) is defined by
dnk:{ ;’k% , (0<k<n)
0 , (k>n)

for all k,n € N.
Thus, we decude by with (3.6) that ax = (arx;) € cs whenever x = (x;) € co(L, A) if and only if Dy € ¢ whenever
y = (yx) € co. Therefore a = (a,) € {co(L, A)) if and only if D € (¢ : ¢). Then, we derive from (3.2) and (3.3) that

sup Z el < 00

neN

day € C> limdy, = a; foreachk e N

which shows that {co(L, A)}¥ = d» N d5. It is clear that one can also prove {c(L, A} = dy N dy N dy. So, we leave the
detailed proof to the reader. O
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Theorem 3.6. {co(L, A} = {c(L,A)) = d>.

Proof. This is obtained in the similar way used in the proof of Theorem 3.5 by using Lemma 3.3 instead of Lemma
3.2. O

4. MATRIX TRANSFORMATIONS RELATED TO THE NEW SEQUENCE SPACES

In this section, we characterize the matrix transformations from the spaces co(L, A) and ¢(L, A) into any given
sequence space u and from the sequence space y into the space co(L, A) and ¢(L, A), where y is any of the spaces lu,
and ¢g.

Since co(L, A) = ¢ (or ¢(L, A) = ¢), we can say: The equivalence “x € co(L, A) (or x € ¢(L, A)), if and onlyify € ¢p
(ory € ¢) ” holds.

In what follows, for brevity, we write

© 2
~ j—1 .
Gk = ]Z:; LkLk—l + 2a"’
for all k,n € N.

Theorem 4.1. Suppose that the entries of the infinite matrices A = (any) and E = (ey) are connected with the relation
enk = Qnk 4.1
forall k,n € N. Let u be any given sequence space. Then,

o A€ (co(L,A): p) if and only if {ap ke € co(L, AY foralln € N and E € (cq : p).
o Ac(c(L,A) : p)ifand only if {amen € ¢(L, AY foralln e N and E € (¢ : ).

Proof. We prove only first part of the theorem. Suppose that (4.1) holds between A = (a,x) and E = (e,;), and take
into account that the space co(L, A) and ¢ are linearly isomorphic.

Let A € (co(I:, A) : w) and take any y = (yx) € c¢o. Then EL exists and {a, ke € do N d5 which yields that
{eax}ren € co for each n € N. Hence, Ey exists and thus

Z nkYk = Z Ank Xk

k k
for alln € N.
We have that Ey = Ax which leads us to the consequence E € (¢ : ).
Conversely, let {a;}xen € {co(ﬁ, M)} for each n € Nand E € (co : p), and take any x = (x;) € co(ﬁ, A). Then, Ax
exists. Therefore, we obtain from the equality

0 o n L2
j—1
Apie X = T A% | Yk
; ; ; LiLi_1+2
for all n € N, that Ey = Ax and this shows that A € (co(i, A) : p). This completes the proof. |

Theorem 4.2. Suppose that the elements of the infinite matrices A = (an;) and B = (b,) are connected with the
relation

" (=D)LL ; +2
by = Z +ajkfor all k,n € N. “4.2)
Jj=n-1 n—1

Let j1 be any given sequence space. Then, A € (u : c(L, A)) if and only if B € (u : ¢).

Proof. Let z = (z) € u and consider the following equality.
< (=D)LL + 2 (&
Z burzi = Z —sz J Z ajzi| forallm,neN
k=0 j=n-1 n—1 k=0

which yields as m — oo that (Bz), = {L(Az)}, for all n € N. Therefore, one can observe from here that Az € co(L, A)
whenever z € u if and only if Bz € ¢y whenever z € u. This completes the proof. O
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lim Z lau] = Z lim a, 4.3)
n—oo n—oo
k k
lim Y awl = 0, (4.4)
n—oo k
lim Z e = 0. (4.5)
k

The folowing results are due to Stieglitz and Tietz [32]:

Lemma 4.3. Let A = (ay;) be an infinite matrix. Then

(1) A = (an) € (b : o) if and only if (4.4) holds.
(i) A =(aw) € (s : ¢)ifand only if (3.2) and (4.3) hold.
(1ii) A = (aw) € (¢ : €) if and only if (3.2) holds.
(iv) A = (amw) € (c: co) if and only if (3.2), (4.5) hold and (3.3) holds with a; = 0.
(v) A = (au) € (co : o) if and only if (3.2) holds and (3.3) holds with oy, = 0.

Now, we can give the following results:

Corollary 4.4. Let A = (a,;) be an infinite matrix. The following statements hold:

(1) Ae (co(ﬁ, A) : €s) if and only if {an }ken € {co(ﬁ, M) for all n € N and (3.2) holds with @,y instead of .
(i) A € (co(L,A) : ¢) if and only if {awren € {co(L, AV for all n € N and (3.2) and (3.3) hold with @, instead of
[
(iii) A € (co(f,, A) : ¢p) if and only if {an }ken € {co(L, N for alln € N and (3.2) and (4.3) hold with a, = 0 as
instead of ayy.

Corollary 4.5. Let A = (ay) be an infinite matrix. The following statements hold:

1) Ae (C(I:, A) : €s) if and only if {auren € {c(f,, M) for all n € N and (3.2) holds with G, instead of ap.
(i) A€ (c(@,A):c) if and only if {au}ren € {e(L, M) for all n € N and (3.2)-(3.4) hold with @,y instead of a.
(i) A € (c¢(L,A) : cp) if and only if {a;}ren € {c(L, N} foralln € N and (3.2), (4.5) hold and (3.3) holds with

ay = 0 as ayy instead of a.

Corollary 4.6. Let A = (ay) be an infinite matrix. The following statements hold:

(i) A = (aw) € (co : co(L, A) if and only if (3.2) holds and (3.3) holds with ay = 0 as by, instead of a.
(i) A = (ay) € (c: co(I:, A)) if and only if (3.2), (4.5) hold and (3.3) holds with a; = 0 as by instead of a.
(i) A = (au) € (be : co(L, N)) if and only if (4.4) holds with b,y instead of an.
(v) A = (aw) € (co : c(L, A)) if and only if (3.2) and (3.3) hold with by, instead of .
V) A=(aw) e(c: oL, A)) if and only if 3.2), (3.3) and (3.4) hold with b, instead of ay.
Vi) A = (a) € (Lo : (L, M) if and only if (3.2) and (4.3) hold with b,y instead of a.
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