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ABSTRACT.  In this paper, when the Frenet vectors of Salkowski curve are taken as the position vectors, the
curvature and the torsion of Smarandache curves are calculated. These values are expressed depending upon the
Salkowski curve.
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1. INTRODUCTION

Salkowski curves are, to the best of the author’s knowledge, the first known family of curves with constant curvature
but non-constant torsion with an explicit parametrization. They were defined in an earlier paper [4,5]. A regular curve
in Minkowski space-time, whose position vector is composed by Frenet frame vectors on another regular curve, is
called a Smarandache curve [3]. Special Smarandache curves have been studied by some authors. Ahmad T.Ali
studied some special Smarandache curves in the Euclidean space. He studied Frenet-Serret invariants of a special
case [1]. Bektas, 0. and Yiice, S., studied some special Smarandache curves according to Darboux Frame in E3[2]. In
this paper, special Smarandache curves belonging to Salkowski curve such as TN, NB, T B and TNB drawn by Frenet
frame are defined and some related results are given.

2. PRELIMINARIES

In differential geometry, special curves have an important role. One of these curves Smarandache curves. Smaran-
dache curves was firstly defined by M. Turgut and S. Yilmaz in 2008 [3]. Let y = y(¢) be a regular curve with unit
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speed. Then the Frenet apparatus of the curve (y) are [1]

TW=y®0,  NO=L2, By = T()) AN

/ det (Y 0" 0" @)
W=7l ) = L0 07 0) @.1)
(Y ony” @l

T =«N, N = —«T + 1B, B =—-tN

Another important curve is Salkowski curves. Firstly, definition of Salkowski curves is given by Salkowski [4] and
finally definition of Salkowski curves is given by Monterde [5].

Definition 2.1. For any m € R with m # $L3 , 0, let us define the space curve

1 1-n 1+n 1
m(@) = - in((1 + 2n)t) — ————— sin((1 — 2n)t) — = sin(?),
20 1+mz( T S+ 2000 = 2o sin((1 = 2000 = 5 sin(0)
1-n cos((1 + 2n)t) + L+n cos((1 —2n)r) + ! cos(?) ! cos(2nt)| where n = n
4(1 + 2n) 4(1 - 2n) 2 " 4m - 1+m2

The geometric elements of the Salkowski curve y,, are

t
||ym(t)||:f/% so the curve is regular in [—%,%], k=1, 1 =tan(nr).

The Frenet apparatus are

T = —( cos(t) cos(nt) + n sin(¢) sin(nt), sin(t) cos(nt) — n cos(t) sin(nt), ’% sin(nt)),
NGy = ”(Silrlrft)’_CO:ft)’_l)’
B(®) = ( — cos(?) sin(nt) + n sin(t) cos(nt), — sin(t) sin(nt) — n cos(t) cos(nt), % cos(nt)).

1L
8> 16

Ficure 1. Salkowski Curve, m = %, %,

3. SMARANDACHE CURVES OF SALKOWSKI CURVE ACCORDING TO FRENET FRAME

In this section we shall investigate some curves such that they are obtained with binary and triple summations of the
position vectors of Frenet vectors of a Salkowski curve.
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Definition 3.1. Let y = y(¢) be a Salkowski curve in E3 and {T, N, B} be the Frenet frame. Then 7, (f)-Smarandahce
curve is by
1
@ = —T@®+NQ@).
V2

According to this definition we can parametrize the y;(f) - Smarandache curve as in that form

i@ = %(cos(l) cos(nf) + nsin(r) sin(nf) + % sin(r), sin(7) cos(nf) — n cos(f) sin(nr) — % cos(r), —% sin(nr) — n). 3.1)

A514% 1057

FiGure 2. TN-Smarandache Curve, m = 1,1, & L.

Theorem 3.2. Let y(t) be a Salkowski curve in E3and {T, N, B} be the Frenet Frame. Then the Frenet frame of the
v1()-Smarandahce curve is given {T,, , Ny,, By},

T,® = (% sin(z) cos(nt) + cos(?), —% cos(t) cos(nt) + sin(t), —n cos(nt)),
N, (1) = (al (% cos(1) cos(nt) — sin(1)) + n sin(ur)( cos(t) cos(nr) - % sin(1)),
A (ﬁ sin(t) cos(nt) + cos(t)) +n sin(nt)( sin(?) cos(nt) + L cos(t)), n? sin(nt)),
m m
2
B, (1) = (n cos(t) cos(nt) + n” sin(?) sin(nt) + % sin(?) cos?(nt),

2
nsin(f) cos(nt) — n® cos(f) sin(nr) — % cos(f) cos?(nt),

2 2
n n .
— cosz(nt)— sin(nt) + 1).
m m

Proof. If we take the derivative in equation (3.1) we get

1
V() = — = (@, T + byN + ¢, B). (3.2)

\2m

Here the coefficients a;, b; and c; are given

a = 2 sin(?) cos(nt) + cos(t), by = 2 cos(?) cos(nt) + sin(t), c¢; = —ncos(nt).
m m
If we take the norm in the equation (3.2),

W0l = 2 A where a4, = cost(nr) + 1.
m
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We obtained the tangent of y;(¢)-Smarandahce curve as in

1
Tyl(l‘) = W (a;T + b{N + c|B).
1

The derivative in the (3.2) is

1 n
(1) = —— (a>T + boN + ¢»B), 33
i Hm (az 2 »B) (3.3)
here the coeflicients are given
n n . . .
a; = —— cos(t)cos(nt) — — sin(?) sin(nt) — sin(¢),
m m
n . n? .
b, = —sin(f) cos(nt) + — cos(?) sin(nt) + cos(r),
m m
¢ = n? sin(nt).
From equations (3.2) and (3.3) we have
’ 17 1 n2
v Ay (D) = Eﬁ(@T + b3N + c3B), (3.4
then the coefficients are given
2
a; = ncos(t)cos(nt) + n? sin(?) sin(nt) + T sin(t) cosz(nt),
m
2
bs; = nsin(¢)cos(nt) — n’ cos(?) sin(nt) — T cos(?) cosz(m‘),
m
2 2
3 = = cos’(nf) + = sin(nf) + 1.
m m

If we take the norm in equation (3.4), it becomes

/7 17 1 n3 .
Iy O Ay Ol = 3 /l% +2mu;  where = Ay sin(nt) + m.

From the equaiton (2.1) binormal vector of y;(¢)-Smarandahce curve is given as

1
By (f) = ——————(a4T + b4N + c4B)
% /l% + 2mu,

with the coefficients as follows
2

as; = ncos(t)cos(nt) + n’ sin(?) sin(nt) + — sin(t) cosz(nt),
m
n?
by = nsin(¢)cos(nt) — n’ cos(t) sin(nt) — — cos(r) cos?(np),
m
2 2
n n- .
4 = — cosz(nt)— sin(nt) + 1.
m m

From (2.1) principal normal vector of vy (f)-Smarandahce curve can be written as

1
Ny, (t) = ———=1(asT + bsN + csB)
% A ’/l? + 2/11/,11
and the coeflicients are
as = A (ﬁ cos(?) cos(nt) — sin(t)) +n sin(nt)( cos(?) cos(nt) — z sin(t)),
m m
bs = A (ﬁ sin(t) cos(nt) + cos(t)) +n sin(nt)( sin(?) cos(nt) + 2 cos(t)),
m m

cs = n* sin(nt).
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Theorem 3.3. Let y(t) be a Salkowski curve in E3. Then the curvature and torsion according to y,-Smarandache curve

are, respectively,
222 + 4m 2 cos(nt
Ky () = ’]—3111’ (1) = M
4 A+ 2myy

Proof. From the expressions (2.1), curvature of the y,(f)-Smarandahce curve can be written

f2/l2 + dmy,y
Ky, (1) = IT
1

If we take the derivative in equation (3.3), it becomes

I n
)//IN(Z‘) = %E (asT + bgN + c¢B) . 3.5)

Here the coefficients ag, bg and c¢ are

n n?
ag = —(— + —) sin(t) cos(nt) — 2— cos(t) sin(nt) — cos(z),
m m m
3 2
by = (2 + n_) cos(t) cos(nt) — Zn— sin(?) sin(nt) — sin(?),
m m m
6 = n cos(nt).

From equations (3.2), (3.3) and (3.5) torsion of the vy, (f)-Smarandahce curve is

01 V2 cos(nt)

,  where = —3m?® sin(nf) — mAy.
2+ 2mp p1 (nt) 1

T‘/l (t) =

Definition 3.4. Let y = () be a Salkowski curve in E* and {T, N, B} be the Frenet frame. Then y»(f)-Smarandahce
curve is by

1
() = —=N@ + B@)).
V2
According to this definition we can parametrize the vy, (¢) - Smarandache curve as in that form

yo(t) = L — cos(?) sin(nt) + n sin(r) cos(nt) + n sin(t), — sin(¢) sin(nt) — n cos(t) cos(nt) — n cos(1), n cos(nt) — n)
V2 m m m

(3.6)

04 : 04
02 ' 0
i 2 .
b ¢ 0 08 0
= Vogiad 48 08045 !

L

FiGure 3. NB-Smarandache Curve, m = 1,1, ¢, 1¢.
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Theorem 3.5. Let y(t) be a Salkowski curve in E3and (T, N, B} be the Frenet Frame. Then the Frenet frame of the
v2(t)-Smarandahce curve is given {T,,,N,,, B,,} (as figure 2),

Ty, (1)

Ny, (0

B}’z(t)

(ﬁ sin(f) sin(nt) + cos(f), —— cos(f) sin(nf) + sin(t), —n sin(nt)) ,
m m

(/12(’% cos(t) sin(nt) — sin(t)) +n cos(nt)(’% sin(f) — cos(r) sin(nt)),
/12(,% sin(f) sin(nf) + cos(1)) — ncos(ur)( sin(r) sin(ar) + n% cos(1)),

-n? cos(nt)),

2
(n cos(?) sin(nr) — n? sin(r) cos(nt) + % sin(?) sin®(n?),

2
nsin(¢) sin(nt) + n? cos(?) cos(nt) — — cos(t) 31n2(nt),
m

2 2
n- n
— 51n2(nt) — —cos(nt) + l).
m m

Proof. If we take the derivative in equation (3.6) we get

1
Yo(t) = — = (@7 + byN + c1B). (3.7)
m

V2

Here the coefficients a7, b7 and ¢; are given

a; = — sin(?) sin(nt) + cos(t), by = —— cos(?) sin(nt) + sin(t), c¢7 = —nsin(ne).
m m

If we take the norm in the equation (3.7),

Iyl = n \//1_2 where Ap = sin’(nf) + 1.
m

We obtained the tangent of y,(#)-Smarandahce curve as in

The derivative in the (3.7) is

here the coefficients are given

1
Tyz(l) = —— (a7T + byN + ¢7B).

VA

1
Yy () = — 2 (agT + bsN + ¢sB), (3.8)
m

V2

2
ag = n cos(t) sin(nt) + n sin(¢) cos(nt) — sin(?),
m m
n n?
bg = —sin(¢) sin(nt) — — cos(¥) cos(nt) + cos(t),
m m

cg = —nzcos(nt).

From equations (3.7) and (3.8) we have

/ 1’ 1 n2
Vo) Ay (1) = Eﬁ(@T + byN + c9B), (3.9
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then the coefficients are given

2

ag = ncos(?)sin(nt) — n* sin(t) cos(nt) + — sin(¢) 51n2(nt),
m
2
by = nsin(t)sin(nr) + n* cos(f) cos(nt) — — cos(t) sin’(nt),
m
2 2
n . n
o = — s1n2(nt) — — cos(nt) + 1.
m m

If we take the norm in equation (3.9), it becomes

’ 7’ 1 n3
ly2()) A vy ()l = o w//l% —2mu, where up = A, cos(nt) — m.

From the equaiton (2.1) binormal vector of y,(#)-Smarandahce curve is given as

1
B’yz(t) = —(al()T + bloN + Cl(]B)
nﬂq ﬂ/l% - 27”1/.[2

with the coefficients as follows
2

aip = ncos(?)sin(nt) — n? sin(?) cos(nt) + — sin(z) s1n2(nt),
m
n?
bio = nsin(@)sin(nr) + n? cos(r) cos(nt) — — cos(z) sinz(nt),
m
2 2
n- . n
o = — sin’(nt) - — cos(nt) + 1.
m m

From (2.1) principal normal vector of y,(f)-Smarandahce curve can be written as

1
N,,(t) = ————(auT + b 1N + c11B)

m 1[/1% — 2m/12,u2

and the coefficients are

a = /12(% cos(t) sin(nt) — sin(t)) +n cos(nt)(% sin(t) — cos() sin(nt)),

by, = /12(2 sin(?) sin(nt) + cos(t)) -n cos(nt)( sin(?) sin(nt) + ﬁ cos(t)),
m m

ciy = —-n? cos(nt).

Theorem 3.6. Let (1) be a Salkowski curve in E3. Then the curvature and torsion according to y,-Smarandache curve

are, respectively,

25 — 4my, 02 V2 sin(nr)

Ky, (1) = — 0=
/]'2

/l% —2muy

Proof. From the expressions (2.1), curvature of the y,(f)-Smarandahce curve can be written

f2/l3 — 4mu,
Ky, (1) = ZT
2

If we take the derivative in equation (3.8), it becomes

17’ 1 n
Y5 (1) = —=—(apT + b;aN +cp2B).

\V2m

(3.10)
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Here the coeflicients a;,, b1> and c;, are

n n?
ap = —(— + —) sin(¢) sin(nt) + 2— cos(t) cos(nt) — cos(t),
m m m
3 2
by, = (ﬁ + n_) cos(t) sin(nt) + 2n_ sin(t) cos(nt) — sin(z),
m m m
cn = n’sin(nd).

From equations (3.7), (3.8) and (3.10) torsion of the y,(f)-Smarandahce curve is

0> V2 sin(nt)

., where = 3m? cos(nt) — mA,.
2~ 2mps; P2 (n1) 2

TVz (t) =

Definition 3.7. Let y = () be a Salkowski curve in E* and {T, N, B} be the Frenet frame. Then y3(¢)-Smarandahce
curve is by

1
y3() = —(T@®)+ B@).
V2
According to this definition we can parametrize the y3(¢) - Smarandache curve as in that form
%( — cos(t) cos(nt) — cos(?) sin(nt) — n sin(t) sin(nt) + n sin(t) cos(nt),

— sin(#) cos(nf) — sin(#) sin(nf) + n cos(r) sin(nr) — n cos(?) cos(nt)% cos(nt) — % sin(nt))A G.11)

v3(0)

08 :: q'
04 o <

0.4 ‘
1: 0sl T

FiGure 4. TB-Smarandache Curve, m = 1,1, ¢, 1¢.

Theorem 3.8. Let y(t) be a Salkowski curve in E3and (T, N, B} be the Frenet Frame. Then the Frenet frame of the
v3(t)-Smarandahce curve is given {T,,, N,,, B,,} (as figure 2),

T,.(1) = (ﬁ sin(t),—ﬁcos(t),—n),
m m

Ny, (1) = (cos(r), —sin(1),0),

B,(1) = (nsin(t), —ncos(t),%).

Proof. If we take the derivative in equation (3.11) we get

Yi(t) = %%(cos(nt) + sin(n)) (@i T + bisN + c13B). (3.12)

Here the coefficients a3, b3 and c;3 are given

n . n
a3 = —sin(t), b3 = ——cos(t), c13=-n.
m m
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If we take the norm in the equation (3.12),
1
||y§(t)|| = —ﬁ(cos(nt) + sin(nt)) where A3 = cos(nt) + sin(nt).
Vam

We obtained the tangent of y3(7)-Smarandahce curve as in
Tn(l) = (a3T + b;zN + c13B).
The derivative in the (3.12) is
” 1 n
Y5 (@) = —=—(a1aT + biyN + c14B), (3.13)

V2 m
here the coefficients are given

n n? . n . n? 2
ayy = —cos(DA3 + —sin(®y, by = — sin(H)A3 — — cos(Hp1, Cl4 = —nP
m m m m

where ¢ = cos(nt) — sin(nt). From equations (3.12) and (3.13) we have
3

Vo) A0 = 3 (@rsT + bish + cisB) (3.14)
then the coefficients are given
ajs = nsin(?), bys =ncos(nt), ci5= 2.
If we take the norm in equation (3.14), it becomes "
3

1n
SO AY; Ol ==—=A
ly3(®) A y3 @Il 5 a4
From the equaiton (2.1) binormal vector of y3(#)-Smarandahce curve is given as
By,(t) = (a16T + bigN + c16B)
with the coefficients as follows n
aig = nsin(t), big = —ncos(t), cig=—
m
From (2.1) principal normal vector of y3(f)-Smarandahce curve can be written as
Nn(l‘) = (a17T + by7N + ¢17B)
and the coefficients are
ay; =cos(t), by =-—sin(t), c17=0.

Theorem 3.9. Let y(t) be a Salkowski curve in E*. Then the curvature and torsion according to ys-Smarandache curve

are, respectively,
V2 m2

K’}/3(t) = /1_37 Ty3(t) = /13

Proof. From the expressions (2.1), curvature of the y3(f)-Smarandahce curve can be written

V2

Ky3(f) = /1—3
If we take the derivative in equation (3.13), it becomes
1’ ] n
Y3 (1) = —=— (a1sT + bigN + c13B). (3.15)

\2m

Here the coefficients ayg, b1g and c;g are

3 2

as = _(% + %)sin(t)/lg + 2% cos(t)1,
n n n? .

big = (— + —)cos(t)/lg +2— sin(fg,
m m m

clg = I’l3ﬂ3.
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From equations (3.12), (3.13) and (3.15) torsion of the y3(¢)-Smarandahce curve is
mV2
A3

Definition 3.10. Let y = y(¢) be a Salkowski curve in E3 and {T, N, B} be the Frenet frame. Then y,4(f)-Smarandahce
curve is by

T73 (t) =

Yy = %(T(r)+N(r)+B<r)>.

According to this definition we can parametrize the y4(f) - Smarandache curve as in that form

pZ10))

% — cos(?) cos(nt) — cos(t) sin(nt) — n sin(z) sin(nt) + n sin(z) cos(nt)

+% sin(f), — sin(t) cos(nt) — sin(¢) sin(nt) + n cos(t) sin(nt) — n cos(t) cos(nt)

I cos(t), I sin(nt) + n cos(nt) — n. (3.16)
m m m

04
04 ‘p 04

—
08 48 g 0.8
0 48 0 9408 0 0 i
LY el 1

11
82 16"

W |—

FiGure 5. TNB-Smarandache Curve, m = 1,

Theorem 3.11. Let y(t) be a Salkowski curve in E3and {T, N, B} be the Frenet Frame. Then the Frenet frame of the
v4(t)-Smarandahce curve is given {T,,, N,,, B,,} (as figure 2),

T,@n = (2 sin()Az + cos(t), I cos(t)Az + sin(?), —n/l3),
m m
N,,(H = (/14(2 cos(t)Az — sin(t)) + nwl(ﬁ sin(f) — cos(t)ﬂg),
m m
n . n . 2
/14(— sin(f)Az + cos(t)) - n<p1(— cos(?) + s1n(t)/l3), —-n g
m m
2
B, = (n cos(H Az — n® sin(f)¢; + v sin(t)/lg, nsin(f)Az + n? cos(t)ey
m
2 2 2
T cos(t)/l2, n—z/lg - n—gol + 1).
m m m

Proof. If we take the derivative in equation (3.16) we get

, 1 n
Y4 = %; (a19T + bigN +c19B). (3.17)

Here the coefficients a9, b19 and c)g are given

n . n .
ayg = — sin(f)Az + cos(t), big = —— cos(t)Az + sin(t), c19 = —nds.
m m
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If we take the norm in the equation (3.17),

1
FAGIE —r Ay where Ay =25+1.
m

V3

‘We obtained the tangent of y4(f)-Smarandahce curve as in

1 n
Tn(l‘) = \/—/1_3;1 (aioT + blgN + c19B).

The derivative in the (3.17) is

1 n
¥4 (1) = —— (axT + byN + cxB), (3.18)
4 \/g m
here the coefficients are given
2
n n° . .
ayy = —cos(t)Az + — sin(t)p; — sin(?),
m m
n . n?
byy = —sin(t)d3 — — cos(t)p; + cos(?),
m m
Cy = —I’lz(p].

From equations (3.17) and (3.18) we have

/ ’’ 1 n2
YD) Ay, () = §$(6121T + by N + ¢ B), (3.19)
then the coefficients are given
2
2 n . 2
a1 = ncos(t)Az —n”sin(t)p; + — sin(#) A3,
m
n2
by = nsin(HA; + n? cos(t)p; — — cos(t)/lz,
m
n? n?
[ —z/lg - —p + 1.
m m

If we take the norm in equation (3.19), it becomes
’ ’” 1 n3 2
HAOKSAGIIE EP] Ay —mus  where  pz = 29144 — 3m.

From the equaiton (2.1) binormal vector of y4(¢)-Smarandahce curve is given as

1
Bw(l‘) = ———(anT + by N + c»B)
o JAG = mys

with the coefficients as follows
2

n
a» = ncos(HAz — n* sin(t)g; + — sin(t)/lz,
m
2
: 2 n 2
by = mnsin(®)Az +n° cos(t)g; — — cos(r)A3,
m
2 2
n n
Ccn = —2/l§ -—¢ + 1
m m

From (2.1) principal normal vector of y4(f)-Smarandahce curve can be written as

1
Ny, (1) = ———(a23T + bsN + c3B)

\JAG — mAaps
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and the coefficients are

an = A2 cost)ds - sin(0) + gy~ sin() - cos(Ds ),
m m

by = A2 sin()ds + cos(t) — gy~ cos(r) + sin()s ),
m m

C3 = —”2‘P1-

Theorem 3.12. Let y(f) be a Salkowski curve in E*. Then the curvature and torsion according to y4-Smarandache
curve are, respectively,

322 - 3m 31
4 #3, TW(t) = m\/_ 303

Ky, (1) = .
n(® /li /li—m,u3

Proof. From the expressions (2.1), curvature of the y4(f)-Smarandahce curve can be written

K74 (t) =

If we take the derivative in equation (3.18), it becomes

, 1 n
vy () = %E (a24T + byyN + c24B) . (3.20)

Here the coefficients ay4, boy and cy4 are

nondy . n?
ay = —(— + —) sin(¢)Az + 2— cos(t)p; — cos(t),
m m m
3 2
by = (2 + n—)cos(t)/13 + 2n_ sin(?)g; — sin(?),
m m m
Cy = n3/13.

From equations (3.17), (3.18) and (3.20) torsion of the y4(¢)-Smarandahce curve is
m\343p3
A5 = mu3
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7,,() = ,  Where p3=3mp; — A4.
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