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ABSTRACT. In the present note we find the general estimate in terms of Pǎltǎneaś modulus of continuity. In the
end, we consider some examples and we apply our result for such examples to obtain the quantitative estimates for
the difference of operators.
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1. INTRODUCTION

In the last ten years there is an increasing interest to estimate the difference between two
linear positive operators (abvr. l.p.o.) in terms of appropriate moduli or K-functionals, see for
example [4], [5], [2], [3] and [6] etc. This note is motivated by the recent paper of Aral-Inoan-
Rasa [3], where they considered two different l.p.o. defined on unbounded interval [0,∞) and
obtained estimates for the difference of these operators in a quantitative form. They defined by
C2[0,∞) the space of all continuous functions satisfying the condition |f(t)| ≤ M(1 + x2).
Further C∗2 [0,∞) is the closed subspace of C2[0,∞) formed by the functions f , for which
limx→∞ |f(x)|(1 + x2)−1 exists and is finite and used the norm ||f ||2 = supx≥0 |f(x)|(1 + x2)−1.
The weighted modulus of continuity Ω (f, δ) (see [1]), for each f ∈ C2 [0,∞) is defined as

(1.1) Ω (f, δ) = sup
|h|<δ, x∈R+

|f (x+ h)− f (x)|
(
1 + h2 + x2 + h2x2

)−1
.

In our note we extend the class of approximated functions, including unbounded functions of
polynomial growth of orderm,m ≥ 2-arbitrary natural number. We point out that the modulus
Ω (f, .) given in (1.1) is defined only for functions of polynomial growth up to order 2. Instead
of modulus Ω (f, .), we use weighted modulus ωϕ(f ;h) introduced by Pǎltǎnea in [10] and
defined as

ωϕ(f ;h) = sup

{
|f(x)− f(y)| : x ≥ 0, y ≥ 0, |x− y| ≤ hϕ

(
x+ y

2

)}
, h ≥ 0

where ϕ(x) =
√
x

1+xm , x ∈ [0,∞),m ∈ N,m ≥ 2. We consider here those functions, for which we
have the property

lim
h→0

ωϕ(f ;h) = 0.

It is easy to verify that this property is fulfilled for f an algebraic polynomial of degree ≤ m.
Following Theorem 2 in [10] the limit given above is true iff f satisfies the following two con-
ditions:
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• The function f ◦ e2 is uniformly continuous on [0, 1]

• The function f ◦ ev, v = 2
2m+1 is uniformly continuous on [1,∞), where ev(x) = xv, x ≥

0

We denote by Wϕ[0,∞) the subspace of all real functions defined on [0,∞), satisfying above
conditions. This is the first advantage of our results, compared with [3]. Secondly the authors
in [3] considered the differences of two discrete l.p.o. with similar structure i.e. with the same
basis functions (see (2.5) in [3])

Let F : D → R be a positive linear functional, where D is a linear subspace of C[0,∞) which
contains C2[0,∞) and the polynomials up to degree 6 and for r ∈ N, er(x) = xr, x ∈ [0,∞),

such that F (e0) = 1, bF = F (e1) and we denote µFr = F
(
(e1 − bF e0)r

)
, r ∈ N, 0 ≤ r ≤ 6.

Now we consider two positive linear operators namely Mn and Ln for linear positive func-
tionals Fn,k, Gn,k : D → R such that Fn,k(e0) = 1 and Gn,k(e0) = 1
as

Mn (f, x) =
∑
k∈K

Fn,k(f)pn,k(x)(1.2)

and

Ln (f, x) =
∑
k∈K

Gn,k(f)pn,k(x)(1.3)

where K be a set of non-negative integers and the functions pn,k(x) are positive. One of the
main results in [3] states the following:

Theorem A. Let f ∈ C2 [0,∞) with f ′′ ∈ C∗2 [0,∞) . Then

|(Mn − Ln)(f, x)| ≤ 1

2
||f ′′||2β(x) + 8Ω (f ′′, δ1) (1 + β(x)) + 16Ω (f, δ2) (γ(x) + 1),

where

β(x) =
∑
k∈K

pn,k(x)
{(

1 +
(
bFn,k

)2)
µ
Fn,k

2 +
(

1 +
(
bGn,k

)2)
µ
Gn,k

2

}
,

γ(x) =
∑
k∈K

pn,k(x)
(

1 +
(
bFn,k

)2)
,

δ41(x) =
∑
k∈K

pn,k(x)
{(

1 +
(
bFn,k

)2)
µ
Fn,k

6 +
(

1 +
(
bGn,k

)2)
µ
Gn,k

6

}
and

δ42(x) =
∑
k∈K

pn,k(x)
(

1 +
(
bFn,k

)2) (
bFn,k − bGn,k

)4
,

where we suppose that δ1(x) ≤ 1, δ2(x) ≤ 1 and µFn,k
r = Fn,k

(
(e1 − bFn,ke0)r

)
, r ∈ N.

Instead of this, we study in our note the difference of two operators with different basis
functions and even more Mn and Ln can be arbitrary positive linear operators, including inte-
gral representation. The only information we need is a good (exact if possible) representation
of moments of the operators Mn and Ln of order upto 6.
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2. AUXILIARY RESULTS

In our note we consider l.p.o. Ln : E → C[0,∞), where E is a subspace of C[0,∞), such that
Ck[0,∞) ⊂ E, with k = max{m+ r + 1, 2r + 2, 2m}, r ∈ N and

Ck[0,∞) := {f ∈ C[0,∞),∃M > 0 : |f(x)| ≤M(1 + xk),∀x ≥ 0, k ∈ N}.
Let µLn,m(x),m ∈ N is the moment of order m of Ln i.e. µLn,m(x) = Ln((t − x)m;x). The main
result in [8] is Theorem 2.2, which we formulate as:
Theorem B. Let Ln : E → C[0,∞), Ck[0,∞) ⊂ E, k = max{m + 3, 6, 2m} be sequence of
linear positive operators, preserving the linear functions. Also m ∈ N. If f ∈ C2[0,∞) ∩ E and
f ′′ ∈Wϕ[0,∞), then we have for x ∈ (0,∞) that∣∣∣∣Ln(f, x)− f(x)− 1

2
f ′′(x)µLn,2(x)

∣∣∣∣
≤ 1

2

µLn,2(x) +
√

2

√√√√Ln

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
ωϕ

f ′′;(µLn,6
x

)1/2
 .(2.4)

Remark 2.1. We point out that the statement in Theorem B can be extended also for p.l.o. Ln which
don’t preserve linear function. In this case the left hand side of (2.4) should be replaced by∣∣∣∣Ln(f, x)− f(x)− f ′(x)µLn,1(x)− 1

2
f ′′(x)µLn,2(x)

∣∣∣∣ .
Remark 2.2. The proof of Theorem B is based on good upper estimate for the remainder in Taylor’s
formula at the point x ∈ (0,∞)

Rr(f ; t, x) = f(t)−
r∑

k=0

f (k)(x)

k!
(t− x)r.

From estimate (2.4) in [8], we have

|Rr(f ; t, x)| ≤ |t− x|r

r!

1 +
√

2
|t− x|
h

.
1 +

(
x+ |t−x|

2

)m
√
x

ωϕ(f (r);h).(2.5)

Hence for r = 0 we get

|f(t)− f(x)| ≤

1 +
√

2.
|t− x|
h

.
1 +

(
x+ |t−x|

2

)m
√
x

ωϕ(f ;h),(2.6)

which can be considered as an extension of the estimate (2.2) in [3], because now we allow the function f
to be of polynomial growthm,m ≥ 2.. In our paper [8] we supposed that µLn,m(x) = O(n−[(m+1)/2]), n→
∞, which guarantees that the term in right-hand side of Theorem B in front modulus ωϕ(f ′′, .) is
bounded when n→∞ for fixed x and m. Particularly this assumption is fulfilled for Szász-Mirakyan,
Baskakov, Phillips operators etc.

Remark 2.3. We may apply also Theorem 2.3 from [8] where as argument of the modulus ωϕ(f ′′, .) in

Theorem B instead of
(
µL
n,6

x

)1/2

we have
√

µL
n,4(x)

µL
n,2(x)

. We omit the details in this case.
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3. MAIN RESULT

Theorem 3.1. Let Ln,Mn : E → C[0,∞), Ck[0,∞) ⊂ E, k = max{m+3, 6, 2m} be two sequences
of linear positive operators. If f ∈ C2[0,∞)∩E and f ′′ ∈Wϕ[0,∞), then we have for x ∈ (0,∞) that

|Ln(f, x)−Mn(f, x)|

≤ |f ′(x)|.
∣∣∣µLn
n,1(x)− µMn

n,1 (x)
∣∣∣

+
1

2
|f ′′(x)|.

∣∣∣µLn
n,2(x)− µMn

n,2 (x)
∣∣∣

+
1

2

[
µLn
n,2(x) +

√
2.

√
Ln

([
1 +

(
x+
|t− x|

2

)m])]
ωϕ

f ′′;(µLn
n,6

x

)1/2


+
1

2

[
µMn
n,2 (x) +

√
2.

√
Mn

([
1 +

(
x+
|t− x|

2

)m])]
ωϕ

f ′′;(µMn
n,6

x

)1/2


Proof. We use the following representation

Ln(f, x)−Mn(f, x) = Ln(f, x)− f(x)− f ′(x)µLn
n,1(x)− 1

2
f ′′(x)µLn

n,2(x)

−(Mn(f, x)− f(x)− f ′(x)µMn
n,1 (x)− 1

2
f ′′(x)µMn

n,2 (x))

+f ′(x)[µLn
n,1(x)− µMn

n,1 (x)] +
1

2
[µLn
n,2(x)− µMn

n,2 (x)].

Hence the proof follows from Theorem B. �

Remark 3.4. If both the operators Ln andMn reproduce linear functions, we have µLn
n,1x = µMn

n,1 x = 0.

Therefore we can omit the summand containing f ′(x).

Remark 3.5. In Theorem 3.1, we used (2.6) for r = 2. In a similar way if we suppose f ∈ Cr[0,∞) ∩
E and f (r) ∈ Wϕ[0,∞) we may prove estimate for the differences Ln(f, x) −Mn(f, x) in terms of
ωϕ(f (r); .).

4. EXAMPLES

We apply Theorem 3.1 for some classical positive linear operators, some examples are given
as (see [9], [7] and references therein):

Example 4.1. The Szász-Mirakyan operators are defined as

(4.7) Sn(f, x) =

∞∑
k=0

e−nx
(nx)k

k!
f

(
k

n

)
where x ∈ [0,∞), n ∈ N. The central moments of the Szász-Mirakyan operators (4.7) satisfy for m ≥ 1
the recurrence relation:

µSn
n,m+1(x) =

x

n
[µSn
n,m(x)]′ +

mx

n
µSn
n,m−1(x).

In particular
µSn
n,0(x) = 1, µSn

n,1(x) = 0, µSn
n,2(x) =

x

n
, µSn
n,3(x) =

x

n2
,

µSn
n,4(x) =

x

n3
+

3x2

n2
, µSn
n,5(x) =

x

n4
+

10x2

n3
, µSn
n,6(x) =

x

n5
+

25x2

n4
+

15x3

n3
.
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Example 4.2. The Baskakov operators are defined as

(4.8) Bn(f ;x) =

∞∑
k=0

(
n+ k − 1

k

)
xk

(1 + x)n+k
f

(
k

n

)
.

The moments of the Baskakov operators are well known for m ≥ 1 the following recurrence relation
holds true:

µBn
n,m+1(x) =

x(1 + x)

n
[µBn
n,m(x)]′ +

mx(1 + x)

n
µBn
n,m−1(x).

In particular

µBn
n,0(x) = 1, µBn

n,1(x) = 0, µBn
n,2(x) =

x(1 + x)

n
, µBn
n,3(x) =

x(1 + x)(1 + 2x)

n2
,

µBn
n,4(x) =

x(1 + x)

n3
+

6x2(1 + x)2

n3
+

3x2(1 + x)2

n2
,

µBn
n,5(x) =

x+ 15x2 + 50x3 + 60x4 + 24x5

n4
+

10x2 + 76x3 + 86x4 + 20x5

n3
,

µBn
n,6(x) =

x+ 31x2 + 180x3 + 390x4 + 360x5 + 120x6

n5

+
25x2 + 288x3 + 667x4 + 534x5 + 130x6

n4

+
15x3 + 105x4 + 105x5 + 15x6

n3
.

Example 4.3. The well known Phillips operators are defined as

(4.9) Pn(f ;x) = n

∞∑
k=1

e−nx
(nx)k

k!

∫ ∞
0

e−nt
(nt)k−1

(k − 1)!
f(t)dt+ e−nxf(0).

The Phillips operators satisfy the following recurrence relation for central moments:

µPn
n,m+1(x) =

x

n
[(µPn

n,m(x))′ + 2mµPn
n,m−1(x)] +

m

n
µPn
n,m(x),m ≥ 1

and in particular, we have

µPn
n,0(x) = 1, µPn

n,1(x) = 0, µPn
n,2(x) =

2x

n
,

µPn
n,3(x) =

6x

n2
, µPn
n,4(x) =

12x2

n2
+

24x

n3

µPn
n,5(x) =

120x

n4
+

72x

n3
+

48x2

n3
,

µPn
n,6(x) =

720x

n5
+

576x2

n4
+

432x

n4
+

120x3

n3
.

Example 4.4. The Lupaş operators are defined as

Un(f, x) :=

∞∑
k=0

2−nx
(nx)k
k! 2k

f

(
k

n

)
.(4.10)
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Some of the central moments are given below:

µUn
n,0(x) = 1, µUn

n,1(x) = 0, µUn
n,2(x) =

2x

n
,

µUn
n,3(x) =

6x

n2
, µUn
n,4(x) =

26x+ 12nx2

n3
,

µUn
n,5(x) =

150x+ 120nx2

n4
, µUn
n,6(x) =

1082x+ 1140nx2 + 120n2x3

n5
.

Using Example 4.1 and Example 4.2, we have the following quantitative estimate as appli-
cation of Theorem 3.1 for the difference of Szász-Mirakyan and Baskakov operators.

Theorem 4.2. Let Sn, Bn : E → C[0,∞), Ck[0,∞) ⊂ E, k = max{m+ 3, 6, 2m} be two sequences
of linear positive operators. If f ∈ C2[0,∞)∩E and f ′′ ∈Wϕ[0,∞), then we have for x ∈ (0,∞) that

|Sn(f, x)−Bn(f, x)|

≤ x2

2n
|f ′′(x)|+ 1

2

[x
n

+
√

2An,m,x

]
ωϕ

(
f ′′;

√
1

n5
+

25x

n4
+

15x2

n3

)

+
1

2

[
x(1 + x)

n
+
√

2Bn,m,x

]
ωϕ

(
f ′′;

(
1 + 31x+ 180x2 + 390x3 + 360x4 + 120x5

n5

+
25x+ 288x2 + 667x3 + 534x4 + 130x5

n4
+

15x2 + 105x3 + 105x4 + 15x5

n3

)1/2)
,

where

An,m,x = Sn

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
, Bn,m,x = Bn

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
.

Using Example 4.1 and Example 4.3, we have the following quantitative estimate as appli-
cation of Theorem 3.1 for the difference of Szász-Mirakyan and Phillips operators.

Theorem 4.3. Let Sn, Pn : E → C[0,∞), Ck[0,∞) ⊂ E, k = max{m+ 3, 6, 2m} be two sequences
of linear positive operators. If f ∈ C2[0,∞)∩E and f ′′ ∈Wϕ[0,∞), then we have for x ∈ (0,∞) that

|Sn(f, x)− Pn(f, x)|

≤ x

2n
|f ′′(x)|+ 1

2

[x
n

+
√

2An,m,x

]
ωϕ

(
f ′′;

√
1

n5
+

25x

n4
+

15x2

n3

)

+
1

2

[
2x

n
+
√

2Cn,m,x

]
ωϕ

(
f ′′;

√
720

n5
+

576x

n4
+

432

n4
+

120x2

n3

)
,

where

An,m,x = Sn

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
, Cn,m,x = Pn

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
.

Using Example 4.3 and Example 4.4, we have the following quantitative estimate as appli-
cation of Theorem 3.1 for the difference of Phillips and Lupaş operators.
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Theorem 4.4. Let Pn, Un : E → C[0,∞), Ck[0,∞) ⊂ E, k = max{m+ 3, 6, 2m} be two sequences
of linear positive operators. If f ∈ C2[0,∞)∩E and f ′′ ∈Wϕ[0,∞), then we have for x ∈ (0,∞) that

|Pn(f, x)− Un(f, x)|

≤ 1

2

[
2x

n
+
√

2Cn,m,x

]
ωϕ

(
f ′′;

√
720

n5
+

576x

n4
+

432

n4
+

120x2

n3

)

+
1

2

[
2x

n
+
√

2Dn,m,x

]
ωϕ

(
f ′′;

√
1082 + 1140nx+ 120n2x2

n5

)
,

where

Dn,m,x = Un

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
, Cn,m,x = Pn

([
1 +

(
x+
|t− x|

2

)m]2
;x

)
.
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