
M. Modanli 1  

International Journal of InnovativeEngineering Applications 2, 2(2018), 53-56                              53 

ISSN 2587-1943 

 

 

DIFFERENCE SCHEMES METHODS FOR THE FRACTIONAL ORDER DIFFERENTIAL 
EQUATION SENSE OF CAPUTO DERIVATIVE 
 
Mahmut Modanli 1 
 

Original scientific paper 
This study gives numerical solution of the fractional order partial differential equation defined by Caputo fractional derivative. Laplace transform method 

is used for the exact solution of this equation depend on intial-boundary value problem. The difference schemes are constructed for this equation. The 

stability of this difference schemes is proved. Error analysis is performed by comparing the exact solution with the approximate solution. The effectiveness 

of the method is shown from the error analysis table. 
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1 Introduction  

 

Partial differential equation is very important for the 

many fields. The numerical and the exact solutions of this 

differential equations have many various methods. In 

[7,10], the authors studied high-order linear complex 

differential equations. Fractional order differential 

equation has many applications in engineering, physic, 

finance, physics and seismology [1-3]. The Atangana-

Baleanu (AB) derivative was applied successfully in 

modelling of various real phenomena such as [4-6].  Some 

methods were applied the fractional and partial differential 

equation in [13,14]. Modanli applied two different method 

for fractional telegraph differential equation depend on 

nonlocal initial conditions [12]. 

In [8], the authors worked to implicit difference 

approximation for the time fractional heat equation with 

the nonlocal condition. Finally, Sarboland gave numerical 

solution of time fractional partial differential equations 

using multiquadric quasi-interpolation [9]. 

    In this article, we consider fractional order differential 

equation defined by Caputo derivative to obtain numerical 

results. Then, the stability inequality is showed by the 

given the initial conditions. We examine the following 

fractional order differential equation 

{
 
 
 
 
 

 
 
 
 
 𝐷𝑡

𝛼𝑢(𝑡, 𝑥) +
𝜕𝑢(𝑡,𝑥)

𝜕𝑥
+ 𝑢(𝑡, 𝑥),0

𝐶                      

−
𝜕2𝑢(𝑡,𝑥)

𝜕𝑥2
= 𝑓(𝑡, 𝑥),                                        

0 < 𝑥 < 𝐿,   0 < 𝑡 < 𝑇,                                 
                                                     

𝑢(0, 𝑥) = 𝑟1(𝑥),   0 ≤ 𝑡 ≤ 𝑇,                    
  

𝑢(𝑡, 𝑋𝐿) = 𝑢(𝑡, 𝑋𝑅) = 0, 𝑋𝐿 ≤ 𝑥 ≤ 𝑋𝑅 ,   
                                           

0 < 𝛼 ≤ 1.                                                           

      (1) 

 

 
Now, we shall recall some basic definitions and properties 

of fractional calculus theory for fractional order differential 

equation. 

Defination 1.1 The Caputo fractional derivative 
𝐷𝑡
𝛼𝑢(𝑡, 𝑥) of order 𝛼 with respect to time is defined as:  

as:   

𝜕𝛼𝑢(𝑡,𝑥)

𝜕𝑡𝛼
= 𝐷𝑡

𝛼𝑢(𝑡, 𝑥) =

1

Γ(𝑛−𝛼)
∫

1

(𝑡−𝑝)𝛼−𝑛+1
𝑡

0

𝜕𝛼𝑢(𝑝,𝑥)

𝜕𝑝𝛼
𝑑𝑝,                                  (2) 

(𝑛 − 1 < 𝛼 < 𝑛),                               

and for 𝛼 = 𝑛 ∈ 𝑁 defined as: 

𝐷𝑡
𝛼𝑢(𝑡, 𝑥) =

𝜕𝛼𝑢(𝑡, 𝑥)

𝜕𝑡𝛼
=
𝜕𝑛𝑢(𝑡, 𝑥)

𝜕𝑡𝑛
. 

2 Constructed difference schemes and its stability 

We consider a rectangular domain  𝑤ℎ ×𝑤𝜏 for the 

difference scheme method. For this method, suppose that 

ℎ =
𝐿

𝑀
 for 𝑥-axis and 𝜏 =

𝑇

𝑁
 for 𝑡 −axis as grid mess, then 

we get 

𝑥𝑛 = 𝑋𝐿 + 𝑛ℎ, 𝑛 = 1,2, . . . ,𝑀,  𝑡𝑘 = 𝑘𝜏, 𝑘 = 1,2,… , 𝑁.. 

    We write the original differential equation (1) at the 

point (𝑥𝑛,  𝑡𝑘) ∈ 𝑤
ℎ × 𝑤𝜏  as 

𝐷𝑡
𝛼𝑢( 𝑡𝑘 , 𝑥𝑛) +

𝜕𝑢( 𝑡𝑘, 𝑥𝑛)

𝜕𝑥
+ 𝑢( 𝑡𝑘 , 𝑥𝑛),0

𝐶  

−
𝜕2𝑢( 𝑡𝑘, 𝑥𝑛)

𝜕𝑥2
= 𝑓( 𝑡𝑘, 𝑥𝑛), 
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Now, we shall give the following definition for construct 

the difference scheme method. 

Definition 2.1  First-order approach method for the 

calculation of  the problem (2) given by the formula: 

 

𝐷𝑡
𝛼𝑢( 𝑡𝑘, 𝑥𝑛) = 𝐷𝑡

𝛼𝑢𝑛
𝑘 

≅ 𝑔𝛼,𝜏 ∑ 𝑤𝑗
(𝛼)
(𝑢𝑛

𝑘−𝑗+1
− 𝑢𝑛

𝑘−𝑗𝑘
𝑗=1 ),                          (3) 

where 𝑔𝛼,𝜏 =
1

Γ(2−𝛼)𝜏𝛼
  and 𝑤𝑗

(𝛼) = (𝑗 + 1)1−𝛼 − 𝑗1−𝛼.  

Using the last values, one has the following  approximation 

 
𝜕𝛼𝑢( 𝑡𝑘 , 𝑥𝑛)

𝜕𝑥𝛼
= 𝑔𝛼,𝜏 

× [𝑤1𝑢𝑛
𝑘 −𝑤𝑘𝑢𝑛

0 + ∑ (𝑤𝑘−𝑗+1−𝑤𝑘−𝑗)𝑢𝑛
𝑗𝑘−1

𝑗=1 ].    (4) 

Applying  Taylor expansion with respect to 𝑥, the first and 

second order difference schemes are obtained  as  the 

following form 

𝑢𝑥( 𝑡𝑘, 𝑥𝑛) ≅
𝑢𝑛+1−
𝑘 𝑢𝑛−1

𝑘

2ℎ
,                                      (5.a) 

𝑢𝑥𝑥( 𝑡𝑘, 𝑥𝑛) ≅
𝑢𝑛+1
𝑘 −2𝑢𝑛

𝑘+𝑢𝑛−1
𝑘

ℎ2
 .                           (5.b) 

Using the formula (3), (5.a) and (5.b)    the difference 

schemes formula for  the equation (1),  we obtain 

 

{
 
 
 
 
 

 
 
 
 
 
𝑔𝛼,𝜏(𝑢𝑛

𝑘+1 − 𝑢𝑛
𝑘)                                                       

 +𝑔𝛼,𝜏 ∑ 𝑤𝑗
(𝛼)
(𝑢𝑛

𝑘−𝑗+1
− 𝑢𝑛

𝑘−𝑗𝑘
𝑗=1 )                        

+𝑢𝑛
𝑘 +

𝑢𝑛+1−
𝑘 𝑢𝑛−1

𝑘

2ℎ
−
𝑢𝑛+1
𝑘 −2𝑢𝑛

𝑘+𝑢𝑛−1
𝑘

ℎ2
                       

= 𝑓( 𝑡𝑘 , 𝑥𝑛) = 𝑓𝑛
𝑘 ,

1 ≤ 𝑘 ≤ 𝑁 − 1,   1 ≤ 𝑛 ≤ 𝑀 − 1,                         
 

𝑢𝑛
0 = 𝑟1(𝑥𝑛),   0 ≤ 𝑛 ≤ 𝑀,                                      

 
𝑢0
𝑘 = 𝑢𝑀

𝑘 = 0, 0 ≤ 𝑘 ≤ 𝑁.                                    

(6) 

Here 𝑔𝛼,𝜏 =
1

Γ(2−𝛼)𝜏𝛼
  and 𝑤𝑗

(𝛼) = (𝑗 + 1)1−𝛼 − 𝑗1−𝛼.   

    We can rewrite the formula (6) as the following form 

{
 
 
 
 
 

 
 
 
 
 (−

1

ℎ2
+

1

2ℎ
)𝑢𝑛+1

𝑘 + (−
1

ℎ2
+

1

2ℎ
) 𝑢𝑛−1

𝑘            

+𝑔𝛼,𝜏∑ 𝑤𝑗
(𝛼)(𝑢𝑛

𝑘−𝑗+1 − 𝑢𝑛
𝑘−𝑗𝑘

𝑗=1 )               
 

+ (−𝑔𝛼,𝜏 +
2

ℎ2
+ 1)𝑢𝑛

𝑘 + 𝑔𝛼,𝜏𝑢𝑛
𝑘+1  = 𝑓𝑛

𝑘,
 

 1 ≤ 𝑘 ≤ 𝑁 − 1,   1 ≤ 𝑛 ≤ 𝑀 − 1,                
 

𝑢𝑛
0 = 𝑟1(𝑥𝑛),   0 ≤ 𝑛 ≤ 𝑀,                          

 
𝑢0
𝑘 = 𝑢𝑀

𝑘 = 0, 0 ≤ 𝑘 ≤ 𝑁.                              

(7) 

The formula ( 7) can be written in matrix form, 

{

𝐴𝑢𝑛+1 + 𝐵𝑢𝑛 + 𝐶𝑢𝑛−1 = 𝐷𝜑𝑛 ,
 

𝑢0 = 𝑢𝑀 = 0⃗ ,   1 ≤ 𝑛 ≤ 𝑀 − 1,
                                   (8) 

where 𝜑𝑛 = 𝑓𝑛
𝑘 , 𝐴, 𝐵, 𝐶 and 𝐷 are (𝑁 + 1) × (𝑁 + 1) 

matrices. 

Using the modified Gauss-Elimination method, the 

formula (8) can be convert  into the difference scheme as 

the following form 

𝑢𝑛 = 𝛼𝑛+1𝑢𝑛+1 + 𝛽𝑛+1, 𝑛 = 𝑀 − 1,… ,2,1,0.              (9) 

From the formulas (8) and (9), the following  fair formulas 

can be obtain easily 

 

{

𝛼𝑛+1 = −(𝐵 + 𝐴𝛼𝑛)
−1𝐴,                   

 
𝛽𝑛+1 = (𝐵 + 𝐴𝛼𝑛)

−1(𝐷𝜑𝑛 − 𝐴𝛽𝑛),
1 ≤ 𝑛 ≤ 𝑀 − 1,                                  

          (10)                                                                                              

 Now, we shall the stability estimates theorem for the 

formula (8) 

Theorem 2. 1  If  −𝑔𝛼,𝜏 +
2

ℎ2
+ 1+ 𝑔𝛼,𝜏(2

1−𝛼 − 1) > 0, 

for  0 < 𝛼 ≤ 1, then, the stability estimates are satisfied for 

the formula (8) 

Proof.  Using the formulas (9),  (10 ) and the methods  

[8,11],  the proof  theorem  is  clear. 
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3 Numerical results 

Example 3.1  We consider  the  following fractional order 

differential equation defined  by  the Caputo derivative 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝐷𝑡

𝛼𝑢(𝑡, 𝑥) +
𝜕𝑢(𝑡,𝑥)

𝜕𝑥
+ 𝑢(𝑡, 𝑥)             0

𝐶

−
𝜕2𝑢(𝑡,𝑥)

𝜕𝑥2
= 𝑓(𝑡, 𝑥),                               

𝑓(𝑡, 𝑥) = 𝑥(1 − 𝑥)(cos (𝑥 + 𝑡 +
𝛼𝜋

2
)

+(3 − 2𝑥2) cos(𝑥 + 𝑡)                        

−(𝑥2 − 𝑥) sin(𝑥 + 𝑡)                            
0 < 𝑥 < 1,   0 < 𝑡 < 1,                       

                                                     
𝑢(0, 𝑥) = 𝑥(1 − 𝑥)𝑐𝑜𝑠𝑥,   0 ≤ 𝑥 ≤ 1

  
𝑢(𝑡, 0) = 𝑢(𝑡, 1) = 0, 0 ≤ 𝑡 ≤ 1,     

                                           
0 < 𝛼 ≤ 1.                                               

             (11) 

The exact solution of the formula (11) is obtained 𝑢(𝑡, 𝑥) =

𝑥(1 − 𝑥)𝑐𝑜𝑠(𝑥 + 𝑡)  by using Laplace transform method. 

We have used a procedure of modified Gauss elimination 

method for  difference equation (6).  We calculate the 

maximum norm for  the error analysis using by 

∈= max
𝑛=0,1,…,𝑀
𝑘=0,1,2,…,𝑁

|𝑢(𝑡, 𝑥) − 𝑢(𝑡𝑘, 𝑥𝑛)|, 

where 𝑢(𝑡𝑘, 𝑥𝑛) is the approximate solution and 𝑢(𝑡, 𝑥) is 

the exact solution. Thus, the Table 1. gives error analysis 

for the difference scheme method. 

 

 

 

 

 

 

 
Table 1. Error Analysis  

𝜏 =
1

𝑁
, ℎ =

1

𝑀
    

The difference 

scheme (11) 

   

𝑁 = 5,𝑀 = 25 𝑁 = 10,𝑀

= 100 

𝑁 = 20,𝑀

= 400 

𝑁 = 25,𝑀

= 625 

0.0531 0.0405 0.0370 0.0366 

 

 

Tablo 1. Error analysis are calculated for the variable 

values  0 < 𝑡 < 1 , 0 < 𝑥 < 1 and 𝛼 = 0.5 of the 

approximation solution by helping the difference formula 

(6). 

Remark 3.1  From Table 1., we see that the numerical 

results are consistent and stabile for 𝜏 = ℎ² which is the 

condition of Theorem 3.1. 

 

4 Conclusion 
 

    In this paper,the first order difference schemes for 

the equation (1)  are constructed. Stability inequalities are 

proved for given difference schemes. Approximate 

solutions for numerical experiment are found by the 

difference-method. Error analysis is performed by 

comparing the exact solution with the approximate 

solution. The effectiveness of the method was seen from 

the error analysis table. MATLAB program is used for all 

numerical calculations.
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