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This study gives numerical solution of the fractional order partial differential equation defined by Caputo fractional derivative. Laplace transform method
is used for the exact solution of this equation depend on intial-boundary value problem. The difference schemes are constructed for this equation. The
stability of this difference schemes is proved. Error analysis is performed by comparing the exact solution with the approximate solution. The effectiveness

of the method is shown from the error analysis table.
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1 Introduction

Partial differential equation is very important for the
many fields. The numerical and the exact solutions of this
differential equations have many various methods. In
[7,10], the authors studied high-order linear complex
differential equations. Fractional order differential
equation has many applications in engineering, physic,
finance, physics and seismology [1-3]. The Atangana-
Baleanu (AB) derivative was applied successfully in
modelling of various real phenomena such as [4-6]. Some
methods were applied the fractional and partial differential
equation in [13,14]. Modanli applied two different method
for fractional telegraph differential equation depend on
nonlocal initial conditions [12].

In [8], the authors worked to implicit difference
approximation for the time fractional heat equation with
the nonlocal condition. Finally, Sarboland gave numerical
solution of time fractional partial differential equations
using multiquadric quasi-interpolation [9].

In this article, we consider fractional order differential
equation defined by Caputo derivative to obtain numerical
results. Then, the stability inequality is showed by the
given the initial conditions. We examine the following
fractional order differential equation

ou(t,x)
ox
_d%u(tx) _
9x2 - f(t' .X'),

O0<x<L, 0<t<T,

[ SD&u(t,x) +

+u(t, x),

(1)

u(0,x) =r(x), 0<t<T,

u(tIXL) = u(t'XR) = 0, XL Sx < XRI

O<ac<l.

Now, we shall recall some basic definitions and properties
of fractional calculus theory for fractional order differential
equation.

Defination 1.1 The Caputo fractional derivative
Dfu(t, x) of order a with respect to time is defined as:

as:

0%u(tx) _

Frramke Dfu(t,x) =

1 t 1 %u(p,x)
o o Tperr ape P @)

n—1<a<n),
and for ¢« = n € N defined as:

0%u(t,x) 9"u(t,x)

Dfu(t,x) = ot” ot

2 Constructed difference schemes and its stability

We consider a rectangular domain w” x w® for the
difference scheme method. For this method, suppose that

L . T - .
h= " for x-axis and 7 = 5 for t —axis as grid mess, then
we get

Xp=X,+nh, n=12,.... M, t, =kt k=12,..,N.

We write the original differential equation (1) at the
point (x,, t;) € wh x w® as

u( ty, x,)
8Dl§xu( tkvxn) + Tn + u( tk:xn);
0%2u( ty, xp,)
——— = [t 1),

0x?
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Now, we shall give the following definition for construct
the difference scheme method.

Definition 2.1  First-order approach method for the
calculation of the problem (2) given by the formula:

Dfu(ty, xn) = Dffuy;

- k—j+1 k—j
=Yar Z?:le(a) (un - Upn ]), ©))

where gq. = ra—a)@ and Wj(a) =+ e —jie,

Using the last values, one has the following approximation

0%u( ty, x,) _

dx“ ot
X [W1u5 — wiuy + Z;§=_11(Wk—j+1—Wk—j)uil]- 4)

Applying Taylor expansion with respect to x, the first and
second order difference schemes are obtained as the
following form

uk _uk_
U (L, Xp) = =7, (5.2)

k k. k
Un41—2UntUp_q

Ut ) = M2 o (5.0)

Using the formula (3), (5.a) and (5.b)  the difference
schemes formula for the equation (1), we obtain

(ga,‘r (ufl+1 - ufl)

k—j+1 k—j
t9ax Z?:l Wj(a) (un - Uy ])

k k k k,.k
+yk 4 Ynr1-tn-a Un41—2UntUn_q
n 2h h2

& :f( tk'xn):fnk: (6)
1<k<N-1, 1<n<<M-1,

ud =r(x,), 0<n<M,

\uf =uf,=0,0<k<N.

Here ga,‘r = and W}(a) = (] + 1)1—01 _jl—a.

re-a)r®

We can rewrite the formula (6) as the following form

1 1 k 1 1 k
(=5 o) when + (=5 55 i
k—j+1 k—j
t9ar Z?:l Wj(a)(un 7T~ Un ])

2
} o+ (= 55+ 1)l + gaul™ = £ o
1<k<N-1, 1<n<<M-1,

ud =1(x,), 0<n<M,

\uf =uly =0, 0<k<N.

The formula ( 7) can be written in matrix form,

Aupyq + Bu, + Cu,_1 = Doy,
©)

u0=uM=6, 1SnSM_1,

where ¢, = ¥, A, B, C and D are (N+1) x (N + 1)
matrices.

Using the modified Gauss-Elimination method, the
formula (8) can be convert into the difference scheme as
the following form

Uy = ApyqlUngq + Py, n=M—1,...,2,1,0. 9)

From the formulas (8) and (9), the following fair formulas
can be obtain easily

tner = —(B + Aay) M4,

Bns1 = (B + Aan)_l(D(pn - Aﬁn): (10)

1<n<M-1,

Now, we shall the stability estimates theorem for the
formula (8)

2 -
Theorem 2.1 If —gq +5+1+ Jar(217*=1) >0,
for 0 < a < 1, then, the stability estimates are satisfied for
the formula (8)

Proof. Using the formulas (9), (10 ) and the methods
[8,11], the proof theorem is clear.
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3 Numerical results

Example 3.1 We consider the following fractional order
differential equation defined by the Caputo derivative

(SDEu(t,x) + —== au(t x)

6 u(tx) _ f(t x)
f(t,x) =x(1—x)(cos(x+t+%)

+(3 — 2x?%) cos(x + t)

] —(x* = x)sin(x + t) (11)
0<x<l1 0<t<1,

+ u(t, x)

u(0,x) =x(1 —x)cosx, 0<x<1

u(t,0) =u(t,1) =0, 0<t <1,

O<ac<l.

The exact solution of the formula (11) is obtained u(t, x) =
x(1 —x)cos(x +t) by using Laplace transform method.
We have used a procedure of modified Gauss elimination
method for difference equation (6). We calculate the
maximum norm for the error analysis using by

o R 1) ol
N

where u(t, x,,) is the approximate solution and u(t, x) is
the exact solution. Thus, the Table 1. gives error analysis
for the difference scheme method.
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(6).

Remark 3.1 From Table 1., we see that the numerical
results are consistent and stabile for T = h? which is the
condition of Theorem 3.1.

4 Conclusion

In this paper,the first order difference schemes for
the equation (1) are constructed. Stability inequalities are
proved for given difference schemes. Approximate
solutions for numerical experiment are found by the
difference-method. Error analysis is performed by
comparing the exact solution with the approximate
solution. The effectiveness of the method was seen from
the error analysis table. MATLAB program is used for all
numerical calculations.

[5] Alkahtani, R.T., Chua's circuit model with Atangana--
Baleanu derivative with fractional order. Chaos, Solitons &
Fractals, 89, 547-551, 2016.

[6] Owolabi,K.M and Atangana, A., Chaotic behaviour in
system of noninteger-order ordinary differential equations.
Chaos, Solitons & Fractals, 115, 362-370, 2018.

[7] Dusunceli, F. and Celik, E., Fibonacci matrix Polynomial
Method For LinearComplex Differential Equations, Asian
Journal of Mathematics and Computer Research, 15(3): 229-
238, 2017.

[8] Karatay, 1., Bayramoglu, S. R., and Sahin, A., Implicit
difference approximation for the time fractional heat equation
with the nonlocal condition. Applied Numerical Mathematics,
61(12), 1281-1288, 2011.

[9] Sarboland, M., Numerical solution of time fractional partial
differential equations using multiquadric quasi-interpolation
scheme. European Journal of Computational Mechanics, 1-20,
(2018).

International Journal of InnovativeEngineering Applications 2, 2(2018), 53-56

55



Difference Schemes Methods for The Fractional Order Differential Equation Sense of Caputo Derivative

[10] Dusunceli, F. and Celik, E., An Effective Tool: Numerical

Solutions by Legendre Polynomials for High-Order Linear
Complex Differential Equations, British Journal of Applied
Science & Technology, . 8(4): 348-355, 2015.

[11] Modanli, M, ve Akgiil, A., Numerical solution of fractional
telegraph differential equations by theta-method: The European
Physical Journal Special Topics, 226.16-18: 3693-3703, 2017.

[12] Modanli, M., Two numerical methods for fractional partial
differential equation with nonlocal boundary value problem:
Advances in Difference Equations, 2018(1), 333, 2018.

[13] Dusunceli, F., Solutions for the Drinfeld-Sokolov
Equation Using an IBSEFM Method, MSU Journal of Science,
6(1), 505-510. DOI : 10.18586/msufbd.403217, 2018.

[14] Dusunceli, F. and Celik, E., Numerical Solution For High-
Order LinearComplex Differential Equations with Variable
Coefficients, Numerical Methods for Partial Differential
Equations, DOI: 10.1002/num.22222, 2017.

Authors’ addresses

Mahmut Modanli, PhD
Harran University

Faculty of Arts and Sciences
Depart of the mathematics
Sanliurfa, Turkey
mmodanli@harran.edu.tr

56

International Journal of InnovativeEngineering Applications 2, 2(2018), 53-56



