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QUASI-SUBORDINATION AND COEFFICIENT BOUNDS FOR
CERTAIN CLASSES OF MEROMORPHIC FUNCTIONS OF

COMPLEX ORDER

H. M. ZAYED, SERAP BULUT, AND A. O. MOSTAFA

Abstract. In this paper, we obtain Fekete-Szegö functional
∣∣a1 − µa20

∣∣ for
functions of the classes Σ∗q(ϕ) and Σ∗q,λ,b(g, ϕ) using quasi-subordination. Sharp

bounds for the Fekete-Szegö functional
∣∣a1 − µa20

∣∣ are obtained. Also, applica-
tions of the main results for subclasses of functions defined by Bessel function
are also considered.

1. Introduction

Let Σ denote the class of meromorphic functions of the form:

f(z) =
1

z
+

∞∑
k=0

akz
k, (1.1)

which are analytic in the open punctured unit disc U∗ = {z : z ∈ C and 0 < |z| <
1} = U\{0}. Let g(z) ∈ Σ, be given by

g(z) =
1

z
+

∞∑
k=0

gkz
k, (1.2)

then the Hadamard product (or convolution) of f(z) and g(z) is given by

(f ∗ g)(z) =
1

z
+

∞∑
k=0

akgkz
k = (g ∗ f)(z).

A function f ∈ Σ is meromorphic starlike of order α, denoted by Σ∗(α), if

−<
{
zf ′(z)

f(z)

}
> α (0 ≤ α < 1; z ∈ U).
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The class Σ∗(α) was introduced and studied by Pommerenke [13] (see also Miller
[8]).
For two functions f(z) and g(z), analytic in U, we say that f(z) is subordinate to

g(z) in U and written f(z) ≺ g(z), if there exists a Schwarz function w(z), analytic
in U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) (z ∈ U). Furthermore,
if g(z) is univalent in U, then (see [9]):

f(z) ≺ g(z)⇔ f(0) = g(0) and f(U) ⊂ g(U).

Let ϕ(z) be an analytic function with positive real part on U satisfies ϕ(0) =
1 and ϕ′(0) > 0 which maps U onto a region starlike with respect to 1 and symmetric
with respect to the real axis. Let Σ∗(ϕ) be the class of functions f ∈ Σ for which

−zf
′(z)

f(z)
≺ ϕ(z) (z ∈ U).

The class Σ∗(ϕ) was introduced and studied by Silverman et al. [15] (see also [2]).

The class Σ∗(α) is a special case of the class Σ∗(ϕ) when ϕ(z) =
1 + (1− 2α)z

1− z (0 ≤
α < 1).
Robertson [14] introduced the concept of quasi-subordination. For two functions

f(z) and g(z), analytic in U, we say that the function f(z) is quasi-subordinate to
g(z) in U and write f(z) ≺q g(z), if there exists analytic functions φ(z) and w(z), with
|φ(z)| < 1, w(0) = 0 and |w(z)| < 1 such that f(z) = φ(z)g(w(z)) (z ∈ U). When
φ(z) = 1, then f(z) = g(w(z)), so that f(z) ≺ g(z) in U. Also, if w(z) = z, then
f(z) = φ(z)g(z) and it is said that f(z) is majorized by g(z) and written f(z) �
g(z) in U (see Goyal and Goswami [6]). Hence it is obvious that quasi-subordination
is a generalization of subordination as well as majorization.

Definition 1. Let Σ∗q(ϕ) be the class of functions f(z) ∈ Σ satisfying the quasi-
subordination

−zf
′(z)

f(z)
− 1 ≺q ϕ(z)− 1 (z ∈ U).

The above-mentioned class Σ∗q(ϕ) is the meromorphic analogue of the class S∗q (ϕ), introduced
and studied by Mohd and Darus [10], which consists of functions f(z) of the form z+
∞∑
k=2

akz
k for which

zf ′(z)

f(z)
− 1 ≺q ϕ(z)− 1 (z ∈ U).

Definition 2. For b ∈ C∗ = C\{0} and λ ∈ C\(0, 1], <(λ) ≥ 0, let Σ∗q,λ,b(g, ϕ) be
the subclass of Σ consisting of functions f(z) of the form (1.1), the functions g(z)
of the form (1.2) with gk > 0 and satisfying the analytic criterion:

1

b

[
−(1− 2λ)z (f ∗ g)

′
(z) + λz2 (f ∗ g)

′′
(z)

(1− λ)(f ∗ g)(z)− λz (f ∗ g)
′
(z)

− 1

]
≺q ϕ(z)− 1.
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In this paper, we obtain the Fekete-Szegö inequality for meromorphic functions in
the classes Σ∗q(ϕ) and Σ∗q,λ,b(g, ϕ). Also, we investigate an applications for subclasses
of functions defined by Bessel function.

2. Fekete-Szegö problem

Let Ω be the class of functions of the form

w(z) = w1z + w2z
2 + w3z

3 + ...,

satisfying |w(z)| < 1 for z ∈ U.
To prove our results, we need the following lemma.

Lemma 1. [7]. If w ∈ Ω, then for any complex number t,∣∣w2 − tw21∣∣ ≤ max{1; |t|}.
The result is sharp for the functions given by

w(z) = z or w(z) = z2.

Theorem 1. Let ϕ(z) = 1+B1z+B2z
2+..., B1 > 0 and φ(z) = c0+c1z+c2z

2+....
If f(z) given by (1.1) belongs to the class Σ∗q(ϕ) and µ is a complex number, then∣∣a1 − µa20∣∣ ≤ B1

2

[
1 + max

{
1,

∣∣∣∣B2B1
∣∣∣∣+B1 |1− 2µ|

}]
. (2.1)

The result is sharp.

Proof. If f(z) ∈ Σ∗q(ϕ), then there exist analytic functions φ(z) and w(z), with
|φ(z)| < 1, w(0) = 0 and |w(z)| < 1 such that

−zf
′(z)

f(z)
− 1 = φ(z) [ϕ(w(z))− 1] .

Since

−zf
′(z)

f(z)
= 1− a0z + (a20 − 2a1)z

2 + ...,

ϕ(w(z)) = 1 + w1B1z + (w21B2 + w2B1)z
2 + (w3B1 + 2w1w2B2 + w31B3)z

3 + ...,

and

φ(z) [ϕ(w(z))− 1] = c0w1B1z +
(
c0w

2
1B2 + c0w2B1 + c1w1B1

)
z2 + ..., (2.2)

then

a0 = −c0w1B1,

a1 = −B1c0
2

[
w2 + w1

c1
c0

+ w21

(
B2
B1
−B1c0

)]
.

Thus

a1 − µa20 = −B1c0
2

[
w2 + w1

c1
c0

+ w21

(
B2
B1
−B1c0 + 2µB1c0

)]
,
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and ∣∣a1 − µa20∣∣ ≤ B1 |c0|
2

[∣∣∣∣w1 c1c0
∣∣∣∣+

∣∣∣∣w2 + w21

(
B2
B1
−B1c0 + 2µB1c0

)∣∣∣∣] .
Since φ(z) is analytic and bounded in U, we have (see [12])

|cn| ≤ 1− |c0|2 ≤ 1 (n > 0).

By using this fact and the well-known inequality, |w1| ≤ 1, we get∣∣a1 − µa20∣∣ ≤ B1
2

[
1 +

∣∣∣∣w2 + w21

(
B2
B1
−B1c0 + 2µB1c0

)∣∣∣∣] .
The result (2.1) follows by an application of Lemma 1 and the result is sharp for
the functions

−zf
′(z)

f(z)
− 1 = φ(z)

[
ϕ(2z2)− 1

]
,

and

−zf
′(z)

f(z)
− 1 = φ(z) [ϕ(z)− 1] .

This completes the proof of Theorem 1. �

Remark 1. Putting φ(z) = 1 in Theorem 1, we obtain the result obtained by
Silverman et al. [15, Theorem 2.1].

Theorem 2. If f(z) ∈ Σ satisfies

−zf
′(z)

f(z)
− 1� ϕ(z)− 1 (z ∈ U),

then for any complex number µ,∣∣a1 − µa20∣∣ ≤ B1
2

[
1 +

∣∣∣∣B2B1
∣∣∣∣+B1 |1− 2µ|

]
.

Proof. The result follows by taking w(z) = z in the proof of Theorem 1. �

Theorem 3. Let ϕ(z) = 1+B1z+B2z
2+..., B1 > 0 and φ(z) = c0+c1z+c2z

2+....
If f(z) given by (1.1) belongs to the class Σ∗q,λ,b(g, ϕ) (λ ∈ C\(0, 1], <(λ) ≥ 0) and
µ is a complex number, then∣∣a1 − µa20∣∣ ≤ B1

2g1

∣∣∣∣ b

1− 2λ

∣∣∣∣ [1 + max

{
1,

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣b [1− 2µ
(1− 2λ)g1
(1− λ)2g20

]∣∣∣∣}] .
(2.3)

The result is sharp.
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Proof. If f(z) ∈ Σ∗q,λ,b(g, ϕ), then there exist analytic functions φ(z) and w(z), with
|φ(z)| < 1, w(0) = 0 and |w(z)| < 1 such that

1

b

[
−(1− 2λ)z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z)− λz(f ∗ g)′(z)
− 1

]
= φ(z) [ϕ(w(z))− 1] .

Since
−(1− 2λ)z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z)− λz(f ∗ g)′(z)
=

1− (1− λ)a0g0z +
[
(1− λ)2a20g

2
0 − 2(1− 2λ)a1g1

]
z2 + ...,

and from (2.2), we get

a0 = − B1c0bw1
(1− λ)g0

,

a1 = − B1c0b

2(1− 2λ)g1

[
w2 + w1

c1
c0

+ w21

(
B2
B1
−B1c0b

)]
.

Thus

a1−µa20 = − B1c0b

2(1− 2λ)g1

[
w2 + w1

c1
c0

+ w21

(
B2
B1
−B1c0b+ 2µ

(1− 2λ)B1c0bg1
(1− λ)2g20

)]
,

and∣∣a1 − µa20∣∣ ≤ B1
2g1

∣∣∣∣ c0b

1− 2λ

∣∣∣∣ [∣∣∣∣w1 c1c0
∣∣∣∣+

∣∣∣∣w2 + w21

(
B2
B1
−B1c0b+ 2µ

(1− 2λ)B1c0bg1
(1− λ)2g20

)∣∣∣∣] .
Since |c0| ≤ 1, |c1| ≤ 1 and |w1| ≤ 1 as in Theorem 1, we deduce that∣∣a1 − µa20∣∣ ≤ B1

2g1

∣∣∣∣ c0b

1− 2λ

∣∣∣∣ [1 +

∣∣∣∣w2 + w21

(
B2
B1
−B1c0b+ 2µ

(1− 2λ)B1c0bg1
(1− λ)2g20

)∣∣∣∣] .
The result (2.3) follows by an application of Lemma 1. The result is sharp for the
functions

1

b

[
−(1− 2λ)z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z)− λz(f ∗ g)′(z)
− 1

]
= φ(z)

[
ϕ(2z2)− 1

]
,

and
1

b

[
−(1− 2λ)z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z)− λz(f ∗ g)′(z)
− 1

]
= φ(z) [ϕ(z)− 1] .

This completes the proof of Theorem 3. �

Remark 2. Putting φ(z) = 1 and b = 1 in Theorem 3, we obtain the result obtained
by Silverman et al. [15, Theorem 2.2].

Theorem 4. If f(z) ∈ Σ satisfies

1

b

[
−(1− 2λ)z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z)− λz(f ∗ g)′(z)
− 1

]
� ϕ(z) (z ∈ U),
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then for any complex number µ,∣∣a1 − µa20∣∣ ≤ B1
2g1

∣∣∣∣ b

1− 2λ

∣∣∣∣ [1 +

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣b [1− 2µ
(1− 2λ)g1
(1− λ)2g20

]∣∣∣∣] .
Proof. The result follows by taking w(z) = z in the proof of Theorem 3. �

3. Applications to functions defined by Bessel function

In this section, let us consider the second order linear homogenous differential
equation (see, Baricz [3, p. 7]):

z2w′′(z) + αzw′(z) +
[
βz2 − υ2 + (1− α)

]
w(z) = 0. (3.1)

The function wυ,α,β(z), which is called the generalized Bessel function of the first
kind of order υ, is defined a particular solution of (3.1). The function wυ,α,β(z) has
the representation

wυ,α,β(z) =

∞∑
k=0

(−β)k

Γ(k + 1)Γ
(
k + υ + α+1

2

) (z
2

)2k+ν
.

Let us define

Lυ,α,β(z) =
2υΓ

(
υ + α+1

2

)
zυ/2+1

wυ,α,β(z1/2)

=
1

z
+

∞∑
k=0

(−β)k+1Γ
(
υ + α+1

2

)
4k+1 Γ(k + 2)Γ

(
k + υ + 1 + α+1

2

)zk,
where υ, α, β are non-zero real positive numbers. The operator Lυ,α,β is a modifica-
tion of the operator introduced by Deniz [5] (see also Baricz et al. [4]) for analytic
functions.
By using the convolution, we define the operator Lυ,α,β as follows:

(Lυ,α,βf)(z) = Lυ,α,β(z) ∗ f(z)

=
1

z
+

∞∑
k=0

(−β)k+1Γ
(
υ + α+1

2

)
4k+1 Γ(k + 2)Γ

(
k + υ + 1 + α+1

2

)akzk.
The operator Lυ,α,β was introduced and studied by Mostafa et al. [11] (see also

Aouf et al. [2]).

Definition 3. Let Σ∗qυ,α,β(ϕ) be the class of functions f(z) ∈ Σ satisfying the quasi-
subordination

−z(Lυ,α,βf)′(z)

(Lυ,α,βf)(z)
− 1 ≺q ϕ(z)− 1 (z ∈ U).
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Definition 4. For b ∈ C∗, λ ∈ C\(0, 1], <(λ) ≥ 0 and υ, α, β are non-zero real
positive numbers, let Σ∗q,λ,b(υ, α, β; g, ϕ) be the subclass of Σ consisting of functions
f(z) of the form (1.1) and satisfying the analytic criterion:

1

b

[
−(1− 2λ)z(Lυ,α,βf)′(z) + λz2(Lυ,α,βf)′′(z)

(1− λ)(Lυ,α,βf)(z)− λz(Lυ,α,βf)′(z)
− 1

]
≺q ϕ(z)− 1.

Using similar arguments to the proof of the previous theorems, we obtain the
following theorems.

Theorem 5. Let ϕ(z) = 1+B1z+B2z
2+..., B1 > 0 and φ(z) = c0+c1z+c2z

2+....
If f(z) given by (1.1) belongs to the class Σ∗qυ,α,β(ϕ) and µ is a complex number,
then ∣∣a1 − µa20∣∣ ≤ 42

(
υ + α+1

2

) (
υ + 1 + α+1

2

)
B1

β2

×
[
1 + max

{
1,

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣1− µ( υ + α+1
2

υ + 1 + α+1
2

)∣∣∣∣}] .
The result is sharp.

Theorem 6. If f(z) ∈ Σ satisfies

−z(Lυ,α,βf)′(z)

(Lυ,α,βf)(z)
− 1� ϕ(z)− 1 (z ∈ U),

then for any complex number µ,

∣∣a1 − µa20∣∣ ≤ 42
(
υ + α+1

2

) (
υ + 1 + α+1

2

)
B1

β2

[
1 +

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣1− µ( υ + α+1
2

υ + 1 + α+1
2

)∣∣∣∣] .
Theorem 7. Let ϕ(z) = 1+B1z+B2z

2+..., B1 > 0 and φ(z) = c0+c1z+c2z
2+....

If f(z) given by (1.1) belongs to the class Σ∗q,λ,b(υ, α, β; g, ϕ) and µ is a complex
number, then

∣∣a1 − µa20∣∣ ≤ 42
(
υ + α+1

2

) (
υ + 1 + α+1

2

)
B1

β2

∣∣∣ b
1−2λ

∣∣∣
×
[
1 + max

{
1,

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣b [1− µ (υ+α+1
2 )(1−2λ)

(υ+1+α+1
2 )(1−λ)2

]∣∣∣∣}] .
The result is sharp.

Theorem 8. If f(z) ∈ Σ satisfies

1

b

[
−(1− 2λ)z(Lυ,α,βf)′(z) + λz2(Lυ,α,βf)′′(z)

(1− λ)(Lυ,α,βf)′(z)− λz(Lυ,α,βf)′(z)
− 1

]
� ϕ(z) (z ∈ U),
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then for any complex number µ,

∣∣a1 − µa20∣∣ ≤ 42
(
υ + α+1

2

) (
υ + 1 + α+1

2

)
B1

β2

∣∣∣ b
1−2λ

∣∣∣
×
[
1 +

∣∣∣∣B2B1
∣∣∣∣+B1

∣∣∣∣b [1− µ (υ+α+1
2 )(1−2λ)

(υ+1+α+1
2 )(1−λ)2

]∣∣∣∣] .
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