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Abstract

In the present paper we introduce linear positive operators which are defined in [6] by
generalization of Gadjiev-lbragimov operators and give some approximation
properties of these operators in the space of continuous functions of two variables on
a compact set. We find certain moments of this operator and estimate for
approximation error of the operators in terms of modulus of continuity. Then, we give
some approximation properties of these operators.

Keywords: Gadjiev-lbragimov Operators; Linear Positive Operators; Volkov

Theorem.

1. Introduction

Gadjiev and lbragimov, defined a general sequence of positive operators and studied
someapproximation properties of this operators. Several generalizations of this operator have been
studied in the one dimensional case by different researchers[1,2,3,6]. We introduce a generalization of
linear positive operators in two dimensions which given in [4, 5]. Then we give some approximation
properties of two dimensional Gadjiev-lbragimov operators.

We give the construction of operators in the next section. Then we present some auxiliary result
and approximation with the help of modulus of continuity will be given.

2. Construction of Operators

Definition 2.1. Let (a,), (8,) and (y;,) be sequences of real numbers sequences such as

. . an . an
lim 8, =, lim—=0 and lim—n=1
n—-wo n—-wo n—-oo ﬁn

and

lim y,,, =, lim —=0 and lim —m = 1.
m-—oo m—aoo ym m-—oo )/m

Ky (x) and K, , (y) get a function satisfies the following conditions;
1) Let n,m € Nand 9,u € N,. For every finite A and (x,y) € C([0, 4] x [0, A]) such that

(—1D)?Kp9(x) = 0and (1)K, , (¥) = 0.



Ikonion Journal of Mathematics 2019, 1(1)

2) Forany (x,y) € [0,4],
9 - —a K
Z Ky () ") —1 and;Km#(y)% -1

3) For any (x,y) € [0, 4],

Kn,ﬂ(x) = _nxKn+k,19—1(x) and Km,u(x) = _mmeH,u—l(Y)

wheren + k,m + | € N and k,l are constants independent of 9, p.

Taking these equations into account, let us define a two variable generalization of Gadjiev-
Ibragimov’s operator forf € C([0,A4] x [0,A])

7
nm(fxw—ZZf(ﬂn o Ko () — 2 L &
Here we use
7
B 9) = Ko (i o i)

Lemma 2.1 L, ,,, defined by Equation 1 is linear and positive operators.
Proposition 2.1. Let f € C([0, A] x [0, A])for the operator given by Equation 1 we have
Dlym(1,x,y) =1.

i) Lym(t1,x,y) = ﬁ—nx
n

)Ly (ta, x,y) = y—my.

m

. an\? a, U\ 2 a,
lv)Ln,m(tlz + tzz; X, y) = (ﬁ ) n(n + k)x2 + an + (y_) m(m + l)yZ + me
n

n m m

Proof. (i) In Definition 2.1. 2) we get

b 12) = Y K 22 2 K )
9=0

(if) Using Definition 2.1. conditional of 2) and 3)

o0 o0 19
Ln,m(tl:x'Y) = Z z ’B_Pn,m(x:y)
9=op=0'"

- 9 (—ap)?
= _Kn,19 (x)

)191

- D!

(an

—nxz Kurko-1 (0
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=%nx (n+ k) € N,.
(iii) Definition of L,, ,,, we have
o0 o0 19
Ln,m(tz.x,y)=zz ) o) 2
9=0 u=0
—am (- (—em)* 1
:W19=0Kn19(x) ﬁ, Z —MYKinyi,u- 1()’)ﬁ
=a—mmy§:K () ")1921( @)M
Ym o n,19 m+Lu—1 )
—Z—my (m+1) € Ny.
(iv)For(n + k) € N,
L (t:%,%,) Z)Z(ﬁ) Pam(6,)
=0 =0
b )9 — 1 )?
= m,m(“) O ko) o)
B
9=0 u=0 n
1 U\ ) (- n)ﬂ
ﬁ—zz K ) "2 9K, 50
2 d 9-2 4
=%n(n+k)xzﬁz;l(n+kﬁ 2(x)%+ﬂ—n%nx
2
<E) n(n + k)x? +Enx (2)
Similarly for (m + 1) € N, we get
2
Lt 3,) = () mOm+ Dy? + - my ®

and using Equation 2 and Equation 3 we have

2 2 an)? 2, n U\ 2 ,  Qm
Lym(t1” +t%,x,y) = (—) nn+ k)x* + an + (y_) m(m+ )y +me.

Bn n m m

Theorem 2.1. For every f € C([0,4] x [0, A4])

1im [| Lo (f, 2,9) = £, 9| = 0.

Proof. We show conditional of Volkov Theorem. Clearly we have
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lim [|Lnm (1, %,y) = 1| = 0.
Using %n — 1 we write

an

Bn

o0 o0 19
Z Zﬁ_Pn,m(x;Y) —X|| =
9=op=0'"

TLX—X”.

Then we have
Tlli_r)rolO“Ln,m(tl:x;Y) - x” = 0.

Similarly for j—mm — 1 we get

lim || L (22, %, 7) = || = 0.

Also by Proposition 2.1 iv)
lim |Lnm (6% +t%,x,y) —x2 —¥?| = 0.

Example 2.1. The convergence of L, ,,(f,x,y) to f(x,y) =e'*?* +y for a, = a,, = 1,8, =n,
¥m = m isillustrated in Figurel. n = m = 1(brown), n = m = 3(green), n = m = 10(magenta)

1404
£,
1(2 1

1009
L{10,10](f,x,

a0
B0

40
L1 1]CE.5
204

Figure 1:Approximation of L,, ., (f, x, y)

The first three moments of operators are given next Lemma.

Lemma 2.2. Let (x,y) € [0, A] X [0, A] and for n,m € N the following equalities hold.

Dlpm(1,x,y) =1

)Ly m(ty —x,x,¥) =x (% - )
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{00) Ly (61 — %)%, x,y) = [(ﬁ)z n(n+k)— ﬂn + 1] x? + a—nznx.
’ Bn Bn Bn
Proof.
(i) Clearly L, ,,,(1,x,y) = 1.
(if)
Lym(ty —x,x,y) = ; Z (% - x) Bom(x,y) =x (%n - 1)
=0 =0
(iii)

Ln,m((tl - x)z' x,y) = Z Z(tl - x)z Pn,m(x; y)
9=0 u=0
= Z Z (,8_) Pn,m(x'y) - sz Z ﬁ_Pn,m(x'Y) +x Z Z Pn,m(x'y)
n 9=0p=0'" 9=0 =0

a a
) nn+ k)x? + —nznx — 2x? (—nn) + x?

n Bn
Remark 2.1 Similar equality is provided for L,, ,, (t, — y,%,¥) and Ly, ((t, — ¥)% %, ).

Now we estimate modulus of continuity of operators definition 2.1 in C ([0, A] % [0, A]).

Definition 2.2. Let D ¢ R? and f: D — R bounded function. K = D compact domain and let
(x = (x1,x2), v = (y1,¥2)) using partial modulus of continuity

w1 f(f,6) = sup{lf (x1,¥) — f Qe YI: (x1,¥), (x2,¥) € K, |x1 — x,| < &}
w2 f (f, 8) = sup{|f (x,y1) — f(x,¥2)|: (x,¥1), (x,¥2) €K, |y; — y,| < 6}

Theorem 2.1. Every f € C([0,A4] x [0,A]) and let sequences of (ay),(Bn), (Vmm) defined as in
definition 2.1. Then for sufficiently large n,m

||Ln,m(f» x,y) — f(x, y)”c[o,A] < Kywy (f, 6m) + Kowy (f, 6)

. . an 2 a1
where K is a constant independent of n,m for §,, = \/(nE — ) + B + 5. and

2
1
1) =\[(ma—m— ) I —
m Ym Ym  AVm
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Proof. Clearly using Definition 2.2 and Cauchy-Schwarz inequality we get

:;;V(%,%)—f(%.y) P (%, )
sng(ﬁm 1+|%5;y| K )

1 — —a,)k mu
< a(f, ) 1+a;\%—y|JKm,ﬂ(y>%j K1)

2 (—am)*
K (v !

< w0, (f, 6 1+— i |im—

Using Proposition 2.1

Z‘i_
=0 Ym

2 (_am)u S u 2 u ( am)
Kmu(v) = [— —2y—+ ] mu ()
: p! ; (Vm) Vim Y

am)z 2 am ,Ll 2
=|—) m(m+ Dy +—my —2y—+y-.
(Vm Yy T Y

m

from (ﬁ - y)z = (i)z - 23’% +y?

(- am)

1 e8]
230 = ] < 0w 1+ 5 D (L) K

m \ =0

1,

—zyiy Z K ) 2
u=0 u=0

1 2 ” s,
= 02 (f,6m) 11+ 5= (Lnm (&2 %) = 27 Lnm(t, %) + Y Lam(L %)) .
m

For y € [0,4] we write Ly (2% %,9), Lym(t2,x,y) and L, ,(1,x,y) using lim 1 Yim = 0,

lim y— =0 and lim Z2m =1 equation for a large m and using the equalites Im < q and y—m <2
m-o ¥Ym m—w ¥m Ym -
m(m+1) 1a
| am(f,%y) — f(x, Y)| < w,(f, 5m){ <—2 a,,2A? +—""mA
Oin Ym Ym Vm

a, 1,
—2A—m+ Az)}

Ym

1

A 2 2 11 2

< wo(f, 8m) 1+ <A2 [(—jm> mz—Za—mm+1]+A2 [(j—m) ml+——$—mm+1]>
m m

m Vm
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2
Then if we choose 6,, = \/(mi—m — ) + Iy AL we have the following inequality constant K;

Ym m

independent on m

a 2
”Ln.m(fvx:}’)_f(X,J/)”C[O’A]SK1W2 f,\/(m—m—l) + "=

Similarly for N, using Cauchy-Schwarz inequality and Proposition 2.1

:ii|f(ﬁ ) fE| Pom(x,y)
9=0 u=0
1 9 2 (—a n)19
< w;(f,6,) 1+a Zﬂ_n_x Kn9(x)

S0 we get

()(_0(")19 (a—)z (n+ k)x? + ~nx — 2x 2 +
Kpo(x o 3 n(n x 32 nx xﬁnn x?

Using (— - x)z = (E)Z - ZXE + x2 and there for a large n

1
|Ln,m(f' x!}’) - f(x'.V)| < wl(f; 6n) {1 + 6_(Ln,m(t12'x’}’) - zan,m(tl’x'Y)
n

1
+x%L, m (1, x, y)) /2}.

For x € [0, A] we write Ly, ,,, (¢,2,%,¥), Ly m (t1,x,¥) and Ly, ., (1, x, ) using lim ﬁn =, lim 2=

m—oo ﬁn

0 and lim =% 3 Znpn = 1 equation for a large n and using the equalites =2 5 = <1 and B_n <2

n—-o Pn n n

1la
a2 A% + —-"Lnd — 2A—n+A2

1
/
o F2) = F59)] < 1CF )] 14 (M5 )
’ o Bn Bn Bn

2kA|/ ay, 2 a, 1
Swl(f,dn) 1+5_ (Tl——1> +—4+—
n

Then if we choose &, = \[(nﬁ—— ) +B_+F we have the following inequality constant K,

independent on n

2 q,
“Ln,m(f:xJY)_f(x:)’)”C[O,A]Sszl f, (nE—l) +E+m'

Then proof is completed.

Now we want to find the rate of convergence of the sequence of operators L,, ,,, (f, x, y).
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x%+y?
10

Example 2.2. The error bound of the function f(x,y) = Ay =1, =n.

NM ' Error bound for modulus of continuity of f(x,y)
10 0.8755417528

102 | 0.2422741700
10%  0.0731541753
10* | 0.0227874170
105  0.0071714175
10%  0.0022643417
107  0.0007157018
102 | 0.0002262902
10°  0.0000715558

2

. x*+y
Table 1:The error bound of f(x,y) = T

3. Approximation Properties in C’,j

Definition 3.1. For (x,y) € (0,%) X (0,0) and let f € C[,‘. Then two dimensional generalized Gadjiev-
Ibragimov operators defined by

© 9 —a, 9/ . u
Ln,m(f,x,y>=ZZf(E.%)Kw(xmm,ﬂ(y)( o) i!) . @
9=0 u=0

Lemma3.1.The following equalities hold for Equation 4
i)Ln,m(lvx' J’) =1

a
i) Lym (81, %,y) = - nx

B
e am
l”)Ln,m (tZ' X, J’) = _my
Pm
an 2 an am 2 am
W)L (t1? + 622, %, ) = (—) n(n+ k)x* + —nx + (—) m(m + Dy?* + —my.
Bn B Ym Ym

Theorem 3.1. Let p(x,y) =1+ x% + y? and L, C, — B, sequences of linear positive operators
defined by Equation 4 then every f € CX

i 20 = 1], =0

Proof. Using Volkov Theorem clearly

n’lrianOO”Ln,m(l, x,y)— 1||p = 0.
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We have L, ,,(t1,x,y) = Zn nx then definition of norm in Cp

B
lnm(en23) =], = | [z -1
nmite %y 2 p_(x,y)e(sol,logx(o,oo) 14 x2+ y? ﬁnn
aTl
< —n—1|.
Bn

SO
||Ln,m(t1,x, y) — x||p =0.

Similarly using Ly, (£, %, y) = j—mmy we get

|Lnm(tzx,y) —y|| = sup |; L 1|
' P (xy)e0m)x(0) 11+ x2 + y2l lyy,
i . 1|
Ym

then

||Ln,m(t2;x'3’) - y”p =0.

2
We have L, ., (t;%x,y) = (ﬂ) n(n + k)x? + % nx then
! Bn Bn

2 2 _ |Ln,m(t12’x'3’) - le
”Ln,m(tl » X, y) x “p - (x,y)e(sol,logx(o,oo) 1+ x2+ y2

(ﬂ>2 n(n+k)— 1‘ +

n

A

an
—n
n

So we write

a,n
2
n

|

(%)2 n(n+k)— 1‘ +

lim ||Lym(t%x%y) —x%|| < lim [
n,m—-w ! P
Using lim (ﬂ)z n(n+k)=1and lim-%n = 0 we write
lim ||Lpm(t%x,y) —x%|| =0.
n,m-w o

a

2
Similarly for Ly, , (t,%,x,5) = (ﬁ) m(m + 1)y? +%my

A\ 2 a
(—m) mm+1) — 1‘ + |—";m|]
Ym Ym

lim ||Lpm (622 %y) —y?|| < lim [
n,m—oo ! p

n,m-oo
so we get

limw”Ln’m(tzz,x, y)—y?| =o.
p

nm-—
Consequently

Hm Ly (6% + £,2,%,7) = (<2 +yD)|| =0.
n,m—oo p
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It means that for every f € C[’,c

im_ [y (f,2,9) = fFOa D), = 0.

n,m-oo
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