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Abstract 
In the present paper we introduce linear positive operators which are defined in [6] by 

generalization of Gadjiev-Ibragimov operators and give some approximation 

properties of these operators in the space of continuous functions of two variables on 

a compact set. We find certain moments of this operator and estimate for 

approximation error of the operators in terms of modulus of continuity. Then, we give 

some approximation properties of these operators. 
Keywords: Gadjiev-Ibragimov Operators; Linear Positive Operators; Volkov 

Theorem. 

 

1. Introduction 

 
Gadjiev and Ibragimov, defined a general sequence of positive operators and studied 

someapproximation properties of this operators. Several generalizations of this operator have been 

studied in the one dimensional case by different researchers[1,2,3,6]. We introduce a generalization of 

linear positive operators in two dimensions which given in [4, 5]. Then we give some approximation 

properties of two dimensional Gadjiev-Ibragimov operators. 

 

We give the construction of operators in the next section. Then we present some auxiliary result 

and approximation with the help of modulus of continuity will be given. 

 

2. Construction of Operators 

 
Definition 2.1. Let (𝛼𝑛), (𝛽𝑛) and (𝛾𝑛) be sequences of real numbers sequences such as 

lim
𝑛→∞

𝛽𝑛 = ∞, lim
𝑛→∞

𝛼𝑛

𝛽𝑛
= 0    and lim

𝑛→∞

𝛼𝑛

𝛽𝑛
𝑛 = 1 

and 

lim
𝑚→∞

𝛾𝑚 = ∞, lim
𝑚→∞

𝛼𝑚

𝛾𝑚
= 0    and lim

𝑚→∞

𝛼𝑚

𝛾𝑚
𝑚 = 1. 

𝐾𝑛,𝜗(𝑥) and 𝐾𝑚,𝜇(𝑦) get a function satisfies the following conditions; 

1) Let  𝑛, 𝑚 ∈ ℕ and  𝜗, 𝜇 ∈ ℕ0. For every finite 𝐴 and (𝑥, 𝑦) ∈ 𝐶([0, 𝐴] × [0, 𝐴]) such that 

(−1)𝜗𝐾𝑛,𝜗(𝑥) ≥ 0 and (−1)𝜇𝐾𝑚,𝜇(𝑦) ≥ 0.  



 

2 
 

 

Ikonion Journal of Mathematics                                                                                2019, 1(1) 

2) For any (𝑥, 𝑦) ∈ [0, 𝐴], 

∑ 𝐾𝑛,𝜗(𝑥)
(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

= 1  and ∑ 𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

= 1. 

3) For any (𝑥, 𝑦) ∈ [0, 𝐴],   

𝐾𝑛,𝜗(𝑥) =  −𝑛𝑥𝐾𝑛+𝑘,𝜗−1(𝑥) and 𝐾𝑚,𝜇(𝑥) =  −𝑚𝑦𝐾𝑚+𝑙,𝜇−1(𝑦) 

where 𝑛 + 𝑘, 𝑚 + 𝑙 ∈ ℕ0 and 𝑘,𝑙 are constants independent of 𝜗, 𝜇. 

 

Taking these equations into account, let us define a two variable generalization of Gadjiev-

Ibragimov’s operator for 𝑓 ∈ 𝐶([0, 𝐴] × [0, 𝐴]) 

𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) = ∑ ∑ 𝑓(
𝜗

𝛽𝑛
,

𝜇

𝛾𝑚
)𝐾𝑛,𝜗(𝑥)𝐾𝑚,𝜇(𝑦)

(−𝛼𝑛)𝜗

𝜗!

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

∞

𝜗=0

                                                   (1) 

Here we use 

𝑃𝑛,𝑚(𝑥, 𝑦) = 𝐾𝑛,𝜗(𝑥)𝐾𝑚,𝜇(𝑦)
(−𝛼𝑛)𝜗

𝜗!

(−𝛼𝑚)𝜇

𝜇!
. 

 

Lemma 2.1 𝐿𝑛,𝑚 defined by Equation 1 is linear and positive operators. 

 

Proposition 2.1. Let 𝑓 ∈ 𝐶([0, 𝐴] × [0, 𝐴])for the operator given by Equation 1 we have 

𝑖)𝐿𝑛,𝑚(1, 𝑥, 𝑦) = 1. 

𝑖𝑖) 𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) =
𝛼𝑛

𝛽𝑛
𝑛𝑥. 

𝑖𝑖𝑖)𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) =
𝛼𝑚

𝛾𝑚
𝑚𝑦. 

𝑖𝑣)𝐿𝑛,𝑚(𝑡1
2 + 𝑡2

2, 𝑥, 𝑦) = (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥 + (

𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙)𝑦2 +
𝛼𝑚

𝛾𝑚
2

𝑚𝑦. 

 

Proof. (𝑖) In Definition 2.1. 2) we get 

𝐿𝑛,𝑚(1, 𝑥, 𝑦) = ∑ 𝐾𝑛,𝜗(𝑥)
(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

∑ 𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

= 1. 

 (𝑖𝑖) Using Definition 2.1. conditional of  2) and 3)  

𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) = ∑ ∑
𝜗

𝛽𝑛

∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) 

                                                       = ∑
𝜗

𝛽𝑛
𝐾𝑛,𝜗(𝑥)

(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

 

 =
𝛼𝑛

𝛽𝑛
𝑛𝑥 ∑ 𝐾𝑛+𝑘,𝜗−1(𝑥)

(−𝛼𝑛)𝜗−1

(𝜗 − 1)!

∞

𝜗=1

 



 

3 
 

 

Ikonion Journal of Mathematics                                                                                2019, 1(1) 

                                                             =
𝛼𝑛

𝛽𝑛
𝑛𝑥                                             (𝑛 + 𝑘) ∈ ℕ0. 

(𝑖𝑖𝑖) Definition of 𝐿𝑛,𝑚 we have 

𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) = ∑ ∑
𝜇

𝛾𝑚
𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

𝐾𝑛,𝜗(𝑥)
(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

 

                                         =
−𝛼𝑚

𝛾𝑚
∑ 𝐾𝑛,𝜗(𝑥)

(−𝛼𝑛)𝜗

𝜗!
∑ −𝑚𝑦𝐾𝑚+𝑙,𝜇−1(𝑦)

(−𝛼𝑚)𝜇−1

(𝜇 − 1)!

∞

𝜇=1

∞

𝜗=0

 

                                        =
𝛼𝑚

𝛾𝑚
𝑚𝑦 ∑ 𝐾𝑛,𝜗(𝑥)

(−𝛼𝑛)𝜗

𝜗!
∑ 𝐾𝑚+𝑙,𝜇−1(𝑦)

(−𝛼𝑚)𝜇−1

(𝜇 − 1)!

∞

𝜇=1

∞

𝜗=0

 

                                       =
𝛼𝑚

𝛾𝑚
𝑚𝑦                                                                   (𝑚 + 𝑙) ∈ ℕ0. 

(𝑖𝑣)For (𝑛 + 𝑘) ∈ ℕ0 

𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) = ∑ ∑ (

𝜗

𝛽𝑛
)

2∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) 

                            = ∑ ∑ 𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

𝜗(𝜗 − 1)

𝛽𝑛
2 𝐾𝑛,𝜗(𝑥)

(−𝛼𝑛)𝜗

𝜗!

∞

𝜇=0

∞

𝜗=0

 

                 +
1

𝛽𝑛
2 ∑ ∑ 𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!
𝜗𝐾𝑛,𝜗(𝑥)

(−𝛼𝑛)𝜗

𝜗!

∞

𝜇=0

∞

𝜗=0

 

                           =
𝛼𝑛

2

𝛽𝑛
2 𝑛(𝑛 + 𝑘)𝑥2 ∑ 𝐾𝑛+𝑘,𝜗−2(𝑥)

(−𝛼𝑛)𝜗−2

(𝜗 − 2)!

∞

𝜗=2

+
1

𝛽𝑛

𝛼𝑛

𝛽𝑛
𝑛𝑥 

               = (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥.                                                                                 (2) 

Similarly for (𝑚 + 𝑙) ∈ ℕ0 we get 

𝐿𝑛,𝑚(𝑡2
2, 𝑥, 𝑦) = (

𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙)𝑦2 +
𝛼𝑚

𝛾𝑚
2

𝑚𝑦                                                                 (3) 

and using Equation 2 and Equation 3 we have 

𝐿𝑛,𝑚(𝑡1
2 + 𝑡2

2, 𝑥, 𝑦) = (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥 + (

𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙)𝑦2 +
𝛼𝑚

𝛾𝑚
2

𝑚𝑦. 

 

Theorem 2.1. For every 𝑓 ∈ 𝐶([0, 𝐴] × [0, 𝐴]) 

lim
𝑛→∞

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖ = 0. 

 

Proof. We show conditional of Volkov Theorem. Clearly we have 
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lim
𝑛→∞

‖𝐿𝑛,𝑚(1, 𝑥, 𝑦) − 1‖ = 0. 

Using  
𝛼𝑛

𝛽𝑛
𝑛 → 1  we write 

‖∑ ∑
𝜗

𝛽𝑛

∞

𝜇=0

𝑃𝑛,𝑚(𝑥, 𝑦)

∞

𝜗=0

− 𝑥‖ = ‖
𝛼𝑛

𝛽𝑛
𝑛𝑥 − 𝑥‖. 

Then we have 

lim
𝑛→∞

‖𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) − 𝑥‖ = 0. 

Similarly for  
𝛼𝑚

𝛾𝑚
𝑚 → 1 we get 

lim
𝑛→∞

‖𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) − 𝑦‖ = 0. 

Also by  Proposition 2.1 iv)  

lim
𝑛→∞

‖𝐿𝑛,𝑚(𝑡1
2 + 𝑡2

2, 𝑥, 𝑦) − 𝑥2 − 𝑦2‖ = 0. 

 

Example 2.1. The convergence of 𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) to 𝑓(𝑥, 𝑦) = 𝑒1+2𝑥 + 𝑦  for  𝛼𝑛 =  𝛼𝑚 = 1, 𝛽𝑛 = 𝑛, 

𝛾𝑚 = 𝑚  is illustrated in Figure1.  𝑛 = 𝑚 = 1(brown), 𝑛 = 𝑚 = 3(green), 𝑛 = 𝑚 = 10(magenta) 

 

Figure 1:Approximation of 𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) 

The first three moments of operators are given next Lemma. 

 

Lemma 2.2. Let (𝑥, 𝑦) ∈ [0, 𝐴] × [0, 𝐴] and for 𝑛, 𝑚 ∈ ℕ the following equalities hold. 

𝑖)𝐿𝑛,𝑚(1, 𝑥, 𝑦) = 1. 

𝑖𝑖)𝐿𝑛,𝑚(𝑡1 − 𝑥, 𝑥, 𝑦) = 𝑥 (
𝛼𝑛

𝛽𝑛
− 1). 
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𝑖𝑖𝑖)𝐿𝑛,𝑚((𝑡1 − 𝑥)2, 𝑥, 𝑦) = [(
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘) −
2𝛼𝑛

𝛽𝑛
𝑛 + 1] 𝑥2 +

𝛼𝑛

𝛽𝑛
2 𝑛𝑥. 

Proof. 

(i) Clearly 𝐿𝑛,𝑚(1, 𝑥, 𝑦) = 1. 

(ii) 

𝐿𝑛,𝑚(𝑡1 − 𝑥, 𝑥, 𝑦) = ∑ ∑ (
𝜗

𝛽𝑛
− 𝑥)

∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) = 𝑥 (
𝛼𝑛

𝛽𝑛
𝑛 − 1) 

(iii) 

𝐿𝑛,𝑚((𝑡1 − 𝑥)2, 𝑥, 𝑦) = ∑ ∑(𝑡1 − 𝑥)2

∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) 

              = ∑ ∑ (
𝜗

𝛽𝑛
)

2∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) − 2𝑥 ∑ ∑
𝜗

𝛽𝑛

∞

𝜇=0

∞

𝜗=0

𝑃𝑛,𝑚(𝑥, 𝑦) + 𝑥2 ∑ ∑ 𝑃𝑛,𝑚(𝑥, 𝑦)

∞

𝜇=0

∞

𝜗=0

 

                           = (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥 − 2𝑥2 (

𝛼𝑛

𝛽𝑛
𝑛) + 𝑥2 

                           = 𝑥2 [(
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘) −
2𝛼𝑛

𝛽𝑛
𝑛 + 1] +

𝛼𝑛

𝛽𝑛
2 𝑛𝑥. 

 

Remark 2.1 Similar equality is provided for 𝐿𝑛,𝑚(𝑡2 − 𝑦, 𝑥, 𝑦) and  𝐿𝑛,𝑚((𝑡2 − 𝑦)2, 𝑥, 𝑦). 

 

Now we estimate modulus of continuity of operators definition 2.1 in 𝐶([0, 𝐴] × [0, 𝐴]). 

 

Definition 2.2. Let 𝐷 ⊂ ℝ2 and 𝑓: 𝐷 → ℝ bounded function. 𝐾 ⊂ 𝐷 compact domain and let 

 (𝑥 = (𝑥1, 𝑥2),  𝑦 = (𝑦1, 𝑦2)) using partial modulus of continuity 

 

     𝜔1𝑓(𝑓, 𝛿) = 𝑠𝑢𝑝{|𝑓(𝑥1, 𝑦) − 𝑓(𝑥2, 𝑦)|: (𝑥1, 𝑦), (𝑥2, 𝑦) ∈ 𝐾, |𝑥1 − 𝑥2| ≤ 𝛿} 

  𝜔2𝑓(𝑓, 𝛿) = 𝑠𝑢𝑝{|𝑓(𝑥, 𝑦1) − 𝑓(𝑥, 𝑦2)|: (𝑥, 𝑦1), (𝑥, 𝑦2) ∈ 𝐾, |𝑦1 − 𝑦2| ≤ 𝛿}. 

 

Theorem 2.1. Every 𝑓 ∈ 𝐶([0, 𝐴] × [0, 𝐴]) and let sequences of (𝛼𝑛), (𝛽𝑛), (𝛾𝑚) defined as in 

definition 2.1. Then for sufficiently large n,m  

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖
𝐶[0,𝐴]

≤ 𝐾1𝑤2(𝑓, 𝛿𝑚) + 𝐾2𝑤1(𝑓, 𝛿𝑛) 

where 𝐾 is a constant independent of n,m for 𝛿𝑛 = √(𝑛
𝛼𝑛

𝛽𝑛
− 1)

2
+

𝛼𝑛

𝛽𝑛
+

1

𝐴𝛽𝑛
  and 

𝛿𝑚 = √(𝑚
𝛼𝑚

𝛾𝑚
− 1)

2
+

𝛼𝑚

𝛾𝑚
+

1

𝐴𝛾𝑚
. 
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Proof. Clearly using Definition 2.2 and Cauchy-Schwarz inequality we get 

𝑁1 = ∑ ∑ |𝑓 (
𝜗

𝛽𝑛
,

𝜇

𝛾𝑚
) − 𝑓 (

𝜗

𝛽𝑛
, 𝑦)| 𝑃𝑛,𝑚(𝑥, 𝑦)

∞

𝜇=0

∞

𝜗=0

 

≤ ∑ 𝜔2(𝑓, 𝛿𝑚) [1 +
|

𝜇

𝛾𝑚
− 𝑦|

𝛿𝑚
] 𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

 

≤ 𝜔2(𝑓, 𝛿𝑚) {1 +
1

𝛿𝑚
∑ |

𝜇

𝛾𝑚
− 𝑦| √𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

√𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!
} 

≤ 𝜔2(𝑓, 𝛿𝑚) {1 +
1

𝛿𝑚
√∑ |

𝜇

𝛾𝑚
− 𝑦|

2

𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

}. 

Using Proposition 2.1 

∑ |
𝜇

𝛾𝑚
− 𝑦|

2

𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

= ∑ [(
𝜇

𝛾𝑚
)

2

− 2𝑦
𝜇

𝛾𝑚
+ 𝑦2] 𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

 

= (
𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙)𝑦2 +
𝛼𝑚

𝛾𝑚
2

𝑚𝑦 − 2𝑦
𝜇

𝛾𝑚
+ 𝑦2. 

from  (
𝜇

𝛾𝑚
− 𝑦)

2
= (

𝜇

𝛾𝑚
)

2
− 2𝑦

𝜇

𝛾𝑚
+ 𝑦2 

|𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝜔2(𝑓, 𝛿𝑚) {1 +
1

𝛿𝑚
(∑ (

𝜇

𝛾𝑚
)

2

𝐾𝑚,𝜇(𝑦)
(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

 

−2𝑦 ∑
𝜇

𝛾𝑚
𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!
+𝑦2 ∑ 𝐾𝑚,𝜇(𝑦)

(−𝛼𝑚)𝜇

𝜇!

∞

𝜇=0

)

1
2⁄

}

∞

𝜇=0

 

                          = 𝜔2(𝑓, 𝛿𝑚) {1 +
1

𝛿𝑚
(𝐿𝑛,𝑚(𝑡2

2, 𝑥, 𝑦) − 2𝑦𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) + 𝑦2𝐿𝑛,𝑚(1, 𝑥, 𝑦))
1

2⁄
}. 

 

For 𝑦 ∈ [0, 𝐴] we write 𝐿𝑛,𝑚(𝑡2
2, 𝑥, 𝑦), 𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) and 𝐿𝑛,𝑚(1, 𝑥, 𝑦) using lim

𝑚→∞
𝛾𝑚 = ∞,    

lim
𝑚→∞

𝛼𝑚

𝛾𝑚
= 0  and  lim

𝑚→∞

𝛼𝑚

𝛾𝑚
𝑚 = 1 equation for a large m and using the equalites 

𝛼𝑚

𝛾𝑚
≤  1 and 

𝛼𝑚

𝛾𝑚
𝑚 ≤ 2 

|𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝜔2(𝑓, 𝛿𝑚) {1 +
1

𝛿𝑚
(

𝑚(𝑚 + 𝑙)

𝛾𝑚
2

𝛼𝑚
2𝐴2 +

1

𝛾𝑚

𝛼𝑚

𝛾𝑚
𝑚𝐴 

−2𝐴
𝛼𝑚

𝛾𝑚
𝑚 + 𝐴2)}

1
2⁄

 

≤ 𝜔2(𝑓, 𝛿𝑚) {1 +
𝐴

𝛿𝑚
(𝐴2 [(

𝛼𝑚

𝛾𝑚
)

2

𝑚2 − 2
𝛼𝑚

𝛾𝑚
𝑚 + 1] + 𝐴2 [(

𝛼𝑚

𝛾𝑚
)

2

𝑚𝑙 +
1

𝐴

1

𝛾𝑚

𝛼𝑚

𝛾𝑚
𝑚 + 1])

1
2⁄

} 
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Then if we choose 𝛿𝑚 = √(𝑚
𝛼𝑚

𝛾𝑚
− 1)

2
+

𝛼𝑚

𝛾𝑚
+

1

𝐴𝛾𝑚
  we have the following inequality constant 𝐾1 

independent on m 

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖
𝐶[0,𝐴]

≤ 𝐾1𝑤2 (𝑓, √(𝑚
𝛼𝑚

𝛾𝑚
− 1)

2

+
𝛼𝑚

𝛾𝑚
+

1

𝐴𝛾𝑚
). 

Similarly for 𝑁2 using Cauchy-Schwarz inequality and Proposition 2.1  

𝑁2 = ∑ ∑ |𝑓 (
𝜗

𝛽𝑛
, 𝑦) − 𝑓(𝑥, 𝑦)| 𝑃𝑛,𝑚(𝑥, 𝑦)

∞

𝜇=0

∞

𝜗=0

 

≤ 𝜔1(𝑓, 𝛿𝑛) {1 +
1

𝛿𝑛
√∑ |

𝜗

𝛽𝑛
− 𝑥|

2

𝐾𝑛,𝜗(𝑥)
(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

} 

So we get  

∑ |
𝜗

𝛽𝑛
− 𝑥|

2

𝐾𝑛,𝜗(𝑥)
(−𝛼𝑛)𝜗

𝜗!

∞

𝜗=0

= (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥 − 2𝑥

𝛼𝑛

𝛽𝑛
𝑛 + 𝑥2. 

Using (
𝜗

𝛽𝑛
− 𝑥)

2
= (

𝜗

𝛽𝑛
)

2
− 2𝑥

𝜗

𝛽𝑛
+ 𝑥2 and there for a large n 

|𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝜔1(𝑓, 𝛿𝑛) {1 +
1

𝛿𝑛
(𝐿𝑛,𝑚(𝑡1

2, 𝑥, 𝑦) − 2𝑥𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) 

+𝑥2𝐿𝑛,𝑚(1, 𝑥, 𝑦))
1

2⁄
}. 

 

For 𝑥 ∈ [0, 𝐴] we write 𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦), 𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) and 𝐿𝑛,𝑚(1, 𝑥, 𝑦) using lim

𝑚→∞
𝛽𝑛 = ∞,    lim

𝑚→∞

𝛼𝑛

𝛽𝑛
=

0  and  lim
𝑛→∞

𝛼𝑛

𝛽𝑛
𝑛 = 1 equation for a large n and using  the equalites 

𝛼𝑛

𝛽𝑛
≤ 1 and 

𝛼𝑛

𝛽𝑛
𝑛 ≤ 2 

|𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝜔1(𝑓, 𝛿𝑛) {1 +
1

𝛿𝑛
(

𝑛(𝑛 + 𝑘)

𝛿𝑛
2 𝛼𝑛

2𝐴2 +
1

𝛽𝑛

𝛼𝑛

𝛽𝑛
𝑛𝐴 − 2𝐴

𝛼𝑛

𝛽𝑛
𝑛 + 𝐴2)

1
2⁄

} 

≤ 𝜔1(𝑓, 𝛿𝑛) {1 +
2𝑘𝐴

𝛿𝑛
[(𝑛

𝛼𝑛

𝛽𝑛
− 1)

2

+
𝛼𝑛

𝛽𝑛
+

1

𝐴𝛽𝑛
]

1
2⁄

}. 

Then if we choose 𝛿𝑛 = √(𝑛
𝛼𝑛

𝛽𝑛
− 1)

2
+

𝛼𝑛

𝛽𝑛
+

1

𝐴𝛽𝑛
 we have the following inequality constant 𝐾2 

independent on n 

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖
𝐶[0,𝐴]

≤ 𝐾2𝑤1 (𝑓, √(𝑛
𝛼𝑛

𝛽𝑛
− 1)

2

+
𝛼𝑛

𝛽𝑛
+

1

𝐴𝛽𝑛
). 

Then proof is completed. 

Now we want to find the rate of convergence of the sequence of operators 𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦). 
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Example 2.2. The error bound of the function 𝑓(𝑥, 𝑦) =
𝑥2+𝑦2

10
, 𝛼𝑛 = 1 , 𝛽𝑛 = 𝑛. 

n,m Error bound for modulus of continuity of 𝒇(𝒙, 𝒚) 

10 0.8755417528 

𝟏𝟎𝟐 0.2422741700 

𝟏𝟎𝟑 0.0731541753 

𝟏𝟎𝟒 0.0227874170 

𝟏𝟎𝟓 0.0071714175 

𝟏𝟎𝟔 0.0022643417 

𝟏𝟎𝟕 0.0007157018 

𝟏𝟎𝟖 0.0002262902 

𝟏𝟎𝟗 0.0000715558 

Table 1:The error bound of 𝑓(𝑥, 𝑦) =
𝑥2+𝑦2

10
. 

 

3. Approximation Properties in 𝑪𝝆
𝒌 

 

Definition 3.1. For (𝑥, 𝑦) ∈ (0,∞) × (0,∞) and let 𝑓 ∈ 𝐶𝜌
𝑘. Then two dimensional generalized Gadjiev-

Ibragimov operators defined by  

𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) = ∑ ∑ 𝑓 (
𝜗

𝛽𝑛
,

𝜇

𝛾𝑚
)

∞

𝜇=0

∞

𝜗=0

𝐾𝑛,𝜗(𝑥)𝐾𝑚,𝜇(𝑦)
(−𝛼𝑛)𝜗

𝜗!

(−𝛼𝑚)𝜇

𝜇!
.                                 (4) 

 

Lemma3.1.The following equalities hold for Equation 4 

𝑖)𝐿𝑛,𝑚(1, 𝑥, 𝑦) = 1 

𝑖𝑖) 𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) =
𝛼𝑛

𝛽𝑛
𝑛𝑥 

𝑖𝑖𝑖)𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) =
𝛼𝑚

𝛽𝑚
𝑚𝑦 

𝑖𝑣)𝐿𝑛,𝑚(𝑡1
2 + 𝑡2

2, 𝑥, 𝑦) = (
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘)𝑥2 +
𝛼𝑛

𝛽𝑛
2 𝑛𝑥 + (

𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙)𝑦2 +
𝛼𝑚

𝛾𝑚
2

𝑚𝑦. 

 

Theorem 3.1. Let 𝜌(𝑥, 𝑦) = 1 + 𝑥2 + 𝑦2 and 𝐿𝑛,𝑚: 𝐶𝜌 → 𝐵𝜌 sequences of linear positive operators 

defined by Equation 4 then every 𝑓 ∈ 𝐶𝜌
𝑘 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖
𝜌

= 0. 

 

Proof. Using Volkov Theorem clearly 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(1, 𝑥, 𝑦) − 1‖
𝜌

= 0. 
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We have 𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) =
𝛼𝑛

𝛽𝑛
𝑛𝑥 then definition of norm in 𝐶𝜌 

‖𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) − 𝑥)‖
𝜌

= sup
(𝑥,𝑦)∈(0,∞)×(0,∞)

|
𝑥

1 + 𝑥2 + 𝑦2| |
𝛼𝑛

𝛽𝑛
𝑛 − 1| 

≤ |
𝛼𝑛

𝛽𝑛
𝑛 − 1|. 

so 

‖𝐿𝑛,𝑚(𝑡1, 𝑥, 𝑦) − 𝑥‖
𝜌

= 0. 

Similarly using 𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) =
𝛼𝑚

𝛾𝑚
𝑚𝑦  we get 

‖𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) − 𝑦‖
𝜌

= sup
(𝑥,𝑦)∈(0,∞)×(0,∞)

|
𝑥

1 + 𝑥2 + 𝑦2| |
𝛼𝑚

𝛾𝑚
𝑚 − 1| 

≤ |
𝛼𝑚

𝛾𝑚
𝑚 − 1| 

then 

‖𝐿𝑛,𝑚(𝑡2, 𝑥, 𝑦) − 𝑦‖
𝜌

= 0. 

We have  𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) = (

𝛼𝑛

𝛽𝑛
)

2
𝑛(𝑛 + 𝑘)𝑥2 +

𝛼𝑛

𝛽𝑛
2 𝑛𝑥 then 

‖𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) − 𝑥2‖

𝜌
= sup

(𝑥,𝑦)∈(0,∞)×(0,∞)

|𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) − 𝑥2|

1 + 𝑥2 + 𝑦2
 

≤ |(
𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘) − 1| + |
𝛼𝑛

𝛽𝑛
2 𝑛|. 

So we write 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) − 𝑥2‖

𝜌
≤ lim

𝑛,𝑚→∞
[|(

𝛼𝑛

𝛽𝑛
)

2

𝑛(𝑛 + 𝑘) − 1| + |
𝛼𝑛𝑛

𝛽𝑛
2 |] . 

Using  lim
𝑛→∞

(
𝛼𝑛

𝛽𝑛
)

2
𝑛(𝑛 + 𝑘) = 1 and  lim

𝑛→∞

𝛼𝑛

𝛽𝑛
2 𝑛 = 0 we write 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑡1
2, 𝑥, 𝑦) − 𝑥2‖

𝜌
= 0. 

Similarly for 𝐿𝑛,𝑚(𝑡2
2, 𝑥, 𝑦) = (

𝛼𝑚

𝛾𝑚
)

2
𝑚(𝑚 + 𝑙)𝑦2 +

𝛼𝑚

𝛾𝑚
2 𝑚𝑦 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑡2
2, 𝑥, 𝑦) − 𝑦2‖

𝜌
≤ lim

𝑛,𝑚→∞
[|(

𝛼𝑚

𝛾𝑚
)

2

𝑚(𝑚 + 𝑙) − 1| + |
𝛼𝑚

𝛾𝑚
2

𝑚|] 

so we get 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑡2
2, 𝑥, 𝑦) − 𝑦2‖

𝜌
= 0. 

Consequently 

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑡1
2 + 𝑡2

2, 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖
𝜌

= 0. 
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It means that for every 𝑓 ∈ 𝐶𝜌
𝑘  

lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚(𝑓, 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖
𝜌

= 0. 
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