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ABSTRACT

In this study, the delay integral equations with variable bounds are considered and their approximate solutions are obtained by
using a new numerical method based on matrices, collocation points and the generalized Mott polynomials including a
parameter- £ . An error analysis technique consisting of the residual function is performed. The numerical examples are applied
to illustrate the practicability and usability of the method. The behavior of the solutions is monitored in terms of the parameter-
[ . The accuracy of the method is scrutinized for different values of N and also the numerical results are discussed in figures
and tables.
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1. INTRODUCTION

In recent years, integral equations have been encountered in variety applied sciences, such as
mathematics, engineering, thermodynamic, molecular properties, electromagnetics, Stokes flow, heat
and mass transfer, and micromechanics [1-5,16-21]. Most of the time, integral equations and their
different types are too hard to be solved analytically. Therefore, the numerical methods are required.
For this aim, Sezer [6] has obtained the Taylor polynomial solution of Volterra integral equations.
Kiirkeii et al. [7-9] have applied a numerical method based on Dickson polynomials to integro-
differential-(difference) equations and to model problems. Baykus and Sezer [10] have established a
practical Taylor matrix method for obtaining the solutions of Fredholm integro-differential equations
with piecewise intervals. The other polynomial methods can be found in [11-15]. Also, in order to solve
the Volterra integral equations for the second kind, Adomian’s decomposition method has been
employed by Babolian and Davary [16]. Variational iteration method, collocation method, Walsh
functions method and Coiflet-Galerkin method have been introduced to solve the integral equations and
their some types [17-21].

The generalized Mott polynomials [22-26] include a real parameter- . Thereby, we can use g to
monitor the behavior of the approximate solutions of different types of Eq. (1). By considering £ in the

method, our aim in this study is to employ a new matrix-collocation method based on the generalized
Mott polynomials to solve the delay integral equations with variable bounds represented by (see [12])

m, m, Ve (%)
D R(X)Y(Sx+7)=9(x)+ D4 j K, (xt)y(smt+y,)dt, a<xt<b, (1)
k=0 =0 u(x)
or briefly
D(x)=g(x)+1(x),
where
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m, Ve (X)

D(x) =2 R ()y(6x+5) and 1() =34 | K, (x)y(st+7)dt,

=0 =0 ()

~

and also the functions y(x), P, (x), 9(x), vi(x) and u(x) are defined on [a,b]; a<u, (x)<v,(x)<b,
K, (x,t) isalso an analytic functionon [a,b]x[a,b]. &, 7, 4., 1 and y, are suitable constants. We
seek the generalized Mott polynomial solution of Eq. (1) in the form

0029, (=2 4., (%), @

where y, (n=0,1...,N; Ne N)are the Mott coefficients to be obtained, and M (x,/) is the

generalized Mott polynomials [22-26]. We also let the standard collocation points that used in the
matrices as follows:

X :a+(ﬁji, i=01...,N, 3)
N
such that a=x, <X <...<X, =b.
2. BASIC PROPERTIES OF MOTT POLYNOMIALS

In this section, we mention about some basic properties of the Mott Polynomials, which are denoted by
M, (x) in this study. In 1932, Mott [22] introduced these polynomials while observing the behaviors of

electrons for a problem in the theory of electrons. Then, Erdélyi et al. [23, p. 251] constructed an explicit
formula of the polynomials as follows:

[n/2] X—2I

M“(X):(_gjn(n_l)!g (n—-1)i(n—21-1)!
(3] R (-nd-Da-Di-axt)

where ,F, is the generalized hypergeometric function.

In 1984, Roman [24] obtained the following associated Sheffer sequence and generating function

respectively as
M, (), XV1-t% —x
" t“ =exp| —— |.

f(t)= —2 and i
k=0

S 1-t?
Thus the first few Mott polynomials are

t

x x3 x*  x*

X G
M, (x)=1, Ml(X)=—§, MZ(X)ZT’ M3(x):—7—§ and M4(X):?+B'

In addition, a triangle coefficient matrix of the Mott polynomials can be found in the sequence A137378
of OEIS [25]. In 2014, Kruchinin [26] turned the Mott polynomials to a generalized form including a
parameter- 3 :

M, (% 8)= 20 (—1)pq+(n+p)/zw[p][( Fa pr’ n>0,

o140 2p! g )l(n+p)/2
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where the Mott polynomials are obtained for #=0.5.
On the other hand, one can refer to [26] for more details of the generalized Mott polynomials.
3. DESCRIPTION OF METHOD
3.1. Fundamental Matrix Relations

Now, we can write the solution (2) of Eq. (1) in the matrix form

y(X) =y () =M(x.B)Y, M(x,B8)=X(x)K(B),
then
y(x)=X(X)K(B)Y, 4)
where

M(xB8)=[M,(x.8) My(x5) ... My(xA)], X(x)=[1 x x* - x"],
Y=[Yo Vi o W]

and by taking the coefficients of M (x, 8), K(/) is constituted for N=5 as follows:

M, (x8)] [1 0 0 0 o 07 [x
M, (x,8)| |0 B 0 0 0 0| |x
M,(x.8)| |0 0 Vig 0 0 0| |x
M,(x,8)| |0 3p° -3p 0 -p 0 0 ||
M,(x.5)| |0 0 ~125° +128 0 B0 | |x
(My(x,8)] |0 —208° +605 405 0 308°-308° 0 -p°| [X]
M™(x. ) K*(p) X"'(x)
If X — o, X+7, isinserted into Eq. (4), then
y(8x+7)= X (5x+7,)K(B)Y . (5)
On the other hand, the matrix relation between X (&, x+7,) and X (x) becomes [11]
X(8x+5)=[1 (6x+7) o (6x+7)" [=X(¥)S(8.7), (6)

where (6, =0,7, =0= 8. =1,7, =1)
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(0 1 2 N i
(O]@Orf [Ojéfri 0 St e (O]éfrkN
1 2 N
0 (Jéﬁrf 1 Sery e [:Jé‘irk“'l
S(o,,7, )= 2 N for 6, #0 and 7, #0.
(8m) 0 0 R (2)55 N-2 ‘ ‘
N
0 0 0 0 (N]aﬁrf
It follows from Egs. (5) and (6) that )
y(8x+17,)= X(x)S(5,7 )K(B)Y, (7
and
y(ut+7,)=X()S (4.7, )K(B)Y . (8)

By (3) and (7), we obtain the matrix relation of D(x) at the collocation points as follows:

D:kipkxs(gk,fk)K(ﬂ)v, ©
where
o(n)]  [R(x) O 0 X)) [1 % o X
o_| Px) B P.(x) 0| | X ]2 % X
D(x,) 0 0 = Rk [XG0) 1%

Let us now construct the matrix relation of the integral part I(x). Since K, (x,t) is an analytic function

on [a,b]x[a,b], the matrix form of K, (x,t) can be formed by using its Taylor expansion as the
following [6]:

N N
K, (%) =D ki xPtT = K, (x,t)= X (x)K, X" (t), a<x,t<b, (10)
where

18K, (00)
K, :[kpq]’ Koa = plg! oxPot®

r=01...,m, and p,q=01...,N.

If we substitute the matrix relations (8) and (10) into I(x), then we have
m, Ve (x)
1()=2"24 [ X()KXT(O)X(1)S (1,7, )K(B)Ydt
0wl (12)

:i,lrx(x)KrQ,(X)S(#r’ﬂ/r)K(ﬂ)Y
where
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v, (x) v (X m+n+1_ u. (x m+n+1
Q (x)= j X" (t) X (t)dt=[ gy, (%)]; qr;n(x)z( () (1. (x)) , mn=01...,N.

0. %) m+n+1

By (3) and the matrix relation (11), we have the matrix form of 1(x) on the collocation points

=24 (X)(K)(Q)S (2.7 )K(B)Y (12)
where
X (%) K, 0 -+ 0
— | o x( 0 K, - 0
X= : : : o, : !
0 (N+2)x(N+1)° 0 0 0 K, (N+1)*x(N-+1)?
Qr(xo) O S(:urlyr)
_ 0 S(u.y,
Q=| . Q(Xl and S (p,.7,)= (y;r 7o)
0 0 (N+1)*x(N+1)? S(‘uf’yf) (N+1)°x(N+1)

3.2. Method of Solution

We can now construct the matrix form of Eq. (1). By substituting the matrix relations (9) and (12) into
Eqg. (1), we have

m,

{iPkXS(ék,rk Z AX K Q S ,u,,;/,)}K(,B)YzG, (13)

r=0

=

where

G=[g(x) 9(x) - 9(x)]"
For brevity, we can write the form (13) as

WY =G or [W ; G], (14)
where
WOO WOl WON g(XO)
[W . G]: Wy Wy o0 Wiy g(Xl) _
WNO WNl WNN g(XN)

In the form (14), if rankW =rank[W ; G]=N +1, then we can write Y =(W )71G. Therefore, the

unknown coefficients in the matrix Y are uniquely determined. Thereby, we get the generalized Mott
polynomial solution in the form (2).
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4. RESIDUAL ERROR ANALYSIS

The residual correction was used in [13]. In this section, an error analysis based on the residual function
is constituted to improve the Mott polynomial solution y, (x) of Eq. (1). The residual function is

obtained by substituting y,, (x) into Eq. (1) under a linear operator L as follows:

Ry(¥) =L[yy(0)]-9(x), (15)
where

L[yy (0]=D(x)—1(x).
Also, an error function ey (x) is defined to be

ey (X)=y()—yy (%), (16)
where y(x) is the exact solution of Eqg. (1). By Egs. (15) and (16), we obtain the error equation

Lley ()]=L[y()]-L[yy()]=-Ry(x). (17)

The error equation (17) can be solved by using the same procedure described in Section 3.2. Thereby,
we get

e (9= 2 VM, (. 8). (M>N),

where e\, (x) is the Mott polynomial solution of the error equation (17). Thus, the corrected Mott
polynomial solution and the corrected error function are 'y, , (X)=Yy,(X)+e,y(X) and

Ey wm (X) = Y(X) = Yy m (X), respectively.
5. NUMERICAL EXAMPLES
In this section, we consider some stiff examples. To solve these examples, a general computer program

has been designed on Mathematica. Thus, the numerical results can be sensitively monitored in terms
of different values of £ along with computation limit N. The corrected absolute and estimated absolute

errors are calculated respectively as
|EN,M (X)| = |y(X) ~Ynm (X)| and |eN,M (X)| = |yN,M (X) ~Yn (X)| :
In numerical results, we also use L, error norm, which is defined as
L = maks{|y(x) _ (x)|} .

xe[a,b]

Thus, as N is increased, we can prescribe
lyC) =y ||, <&,

which means that ¢ determines the precision of the method.

Example 5.1 Consider the functional delay integral equation with variable bounds
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x2+1

(x=1)y(x+1)-2xy(2x-1)=g(x)+2 J' (xt+xt*)y(2t)dt, 0<x<1,

where
g(x)=-2-94x/15+6x" —17x> —25x" / 3-18x° — 47x° / 5-50x" / 3—8x°
-8x° —2x" —8x" /5.

In this equation, Py(x)=x-1, {&=4=1, PR(X)=-2x, {§=28=-1, X}=2,
Ko (X, t) =Xt +xt?, {1, =2,7,=0}, v, (x)=x*+1 and u, (x) =x. The exact solution is y(x)=x*+1.
We deal with the equation for N=2 and so the Mott polynomial solution is of the form

2
Yo (X)=2 VM, (X, 8).
n=0
Also, the collocation points (3) are obtained as
{% =0,%=1/2,x,=1}.

By considering the form (13), we construct the fundamental matrix equation:

{POXS(50,70)+ Plxs(él,rl)—zo(Y)(K_O)(Q_O)§(uo,yo)} K(B)Y =G,

where
-1 0 0 00 0 1 0 0 111
P,={0 -1/2 0|,P=|0 -1 0|, X=I1 1/2 1/4|, S(1) 012},
0 0 0 00 -2 11 1 001
1 -1 1 1 0 O 1000 0 000
s(2,-1)=|0 2 4],K(ﬁ)0ﬁ o,?:00011/2 1/4 0 0 0,
0 0 4 00 p 0000 0 0 111
(000000000 0] 1 0 0]
001000000 020
010000000 00 4
0000000O0O0O 100 -2
Ky={0 0 0 0 01 00 0[,S(20)={0 2 0|, G=|-18351/2560 |,
000010000 00 4 ~1369/15
0000000O0GO0O 100
0000000O0O01 020
000000O0O0 1 0] 0 0 4]
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1 1/2 1/3 0 0 0 0 0 0 |
1/2 1/3 1/4 0 0 0 0 0 0
1/3 1/4 1/5 0 0 0 0 0 0
0 0 0 3/4 21/32 39/64 0 0 0
(70: 0 0 0 21/32 39/64 609/1024 0 0 0
0 0 0 39/64 609/1024 3093/5120 O 0 0
0 0 0 0 0 0 1 3/2 7/3
0 0 0 0 0 0 3/2 7/3 15/4
| 0 0 0 0 0 0 7/3 15/4 31/5]
After making the required calculations, we get the matrix form
-1 B - 2
[W; G]=|-24375 254885 -4.73098° ; -7.1684
-9.6667 26.33338 -81.64° ; -91.2667

When this form is solved the Mott coefficient matrix is obtained as follows:

y=[1 0 up].
Thus, we get the solution

¥, (x) ::ZOy”M"(X”B): YoMy (X, B)+ Y M, (X, B)+ Y,M, (x, B)
=1-1+0-(—ﬂx)+%-(ﬂ2x2)
=x"+1,
which is the exact solution. Similarly, the same solution can be obtained for N > 2.

Example 5.2 [16,18,19] Consider the Volterra integral equation

X2

y(x):l—x—?+i(x—t)y(t)dt , 0<x<1.

The exact solution of the equation is y(x)=1-sinh(x). By considering the form (13), we give the

fundamental matrix equation

(P, XS (8,70) ~ 4o (X ) (Ko ) (Q)S (41,7} K (B)Y =G

When this equation is solved, we obtain the generalized Mott polynomial solutions for different N. As
seen from Table 1, the absolute, estimated absolute and corrected absolute errors are far better than those
obtained by the collocation and Adomian methods [16,18,19]. Figure 1 indicates that L_ errors
dramatically decrease in logarithmic scale. The logarithmic plot of L, errors are also compared for
N=10 and different g in Figure 2. It is clearly observed from Figure 2 that the least error value is
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obtained when £ =0.6. In addition, the parameter- # can be taken as either f=-1 or 0.6< g<1.
However, when g =0, we obtain the matrix system, which has no solution. For the best approximation
of the generalized Mott polynomial solution to the exact solution, the parameter- 8 is chosen as
L =0.6.This consistence is also seen in Figure 3.

Error

Error
0%
10°L L, error; g=1
= | error; fz-1
1010 L
107"
10 12
10 13 L
1074 ¢
-1.0 -05 0.0 0.5 1.0 F

Figure 2. Logarithmic plot of L, errors in terms of S for Example 5.2.

1 T T . . . . : : :
\.\‘
&
.
-
0.8+ LN g
~
N
~
0.6 Sa .
~.
~.
%\
> 041 . 4
h-§
~.
A
9.\
0.2r -\\& 8
N
o % Exact solution ~ % .
— & =¥, (%) 5=0.6 N
.
02 I I I I I I I I I ki

0 01 02 0.3 0.4 05 06 07 08 09 1
X

Figure 3. Comparison of the generalized Mott polynomial and exact solutions according to 5 = 0.6 for Example 5.2.
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Table 1. Comparison of the absolute, estimated absolute and corrected absolute errors for Example 5.2.

|e10 (% )| : |eloy12 (%, )| . |Em12 (% )| . Collocation  Collocation Adomian
X; meth. N=10 meth. [19] meth. [16]
p=1/2 p=1/2 p=1/2 [18]
0 0 0 0 1.11e-16 1.98e-14 0
0.2 9.99201e-16 2.63348e-15 3.55271e-15 9.45e-10 2.35e-07 2.20e—-05
0.4 2.22045e -15 2.18811e-15 0 1.03e-09 4.77e-07 8.33e-05
0.6 3.55271e-15 3.39153e-15 1.11022e-16 1.81e-09 7.39e-07 1.77e-04
0.8 4.87110e-15 6.09497e-15 1.17961e-15 3.94e-08 1.03e-06 2.97e—-04
1.0 6.30052e -15 1.27857e-14 6.49480e -15 6.33e-07 1.36e -06 4.38e—-04

Example 5.3 [20, 21] Consider the Volterra integral equation with functional kernel

y(x)=cos(x)—

O Ty <

(x—t)cos(x—t)y(t)dt, 0<x<1.

The exact solution of the equation is y(x)=1/ 3(2003 J3x +1) [20]. Let us solve this equation by taking

N=4, 6 and M=9. In Figure 4, the Mott polynomial solutions are illustrated along with the exact solution.

It is obviously seen that the Mott polynomial solutions coincide well with the exact solution. Also, the

absolute errors in Figure 5 are decreased thanks to both N and the residual error analysis. Table 2 shows
that the better results for N=6 and £ =0.5 are obtained in comparison with Coiflet-Galerkin method

(n=6) [21].

— # — Exact solution
o yd(x); 3=0.5

03k ¥s(x): 5=0.5

ey |
3=

0.2 L L

0 01 02

03

0.4 05 06
X

0.7 08 09

-

Figure 4. Comparison of the exact and Mott polynomial solutions with respect to N for Example 5.3.
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Figure 5. Comparison of the absolute errors with respect to N and £ = 0.5 for Example 5.3.

Table 2. Comparison of the corrected absolute errors in terms of g for Example 5.3.

|E&9 (%, )| - |E€’9 (%, )| - Coiflet-Galerkin
X; meth. n=6 [21]
£=0.1 £=05

0 7.90e-09 9.08e -14 5.7e-10
0.2 1.37e-08 2.43e-11 4.7e-08
0.4 151e-10 152e-11 1.0e-07
0.6 1.11e-09 1.72e-11 1.5e-07
0.8 9.97e-09 3.00e-11 1.8e-07
1.0 2.00e—-09 1.17e-10 1.6e-07

Example 5.4 Finally, consider the delay integral equation with variable bounds

X

x?y(x+1)+sin(x)y(0.5x) = g(x)+](x+t)3 y(t+1)dt—e'|‘(x2 +t*)y(0.2t -1)dt, 0<x<I,

where

g(x)=-5.0488x" +(135.076 + &* (-42.07 - 2.7€" ) - 2.7x" )cos (0.2¢ )
+(~135.076+ x(42.074+5.403x))cos (0.2¢" ) +(210.368 + " ( 27.015-4.207¢* ) sin (0.2¢"
—210.368sin (0.2x) +sin (0.5x)sin (x) + x° (—6. +x* )cos (1+ X ) —27.015xsin(0.2x)
+x° (—4.207 sin(0.2¢" ) +8.415sin (0.2x) +sin (x+1)+ x(6 —3.x* )sin (1+ x* ))

The exact solution of this stiff equation is y(x)=sinx. By the form (13), we give the fundamental
matrix equation

}K(ﬂ)Y=G.

{POXS(5O,TO)+ PXS(8,,7,) 4 X Ky Q S(t0,75)
~AX K, Q S(e.7)
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We apply the present method to solve this equation by taking N from 4 to 12. Table 3 shows that the
accuracy of the method is increased when N is increased. The logarithmic plot of L, errors obtained for
N=12 are illustrated in terms of different g in Figure 6. It can be noticed from Figure 6 that there is an
important role of £ in the results. That is, we encounter the following situations:

e Theerrors increase for <[-0.6,0.4]/{0} .
e Theerrors decrease and stabilize for g (-2,-1] or f€[0.7,2].
e We have no solution for =0, so the matrix system (14) cannot produce any solution.

As seen from the above, S can be chosen on (—2,—1] or on [0.7,2] to get the best approximation in

Example 5.4. In addition, Figure 7 shows that the generalized Mott polynomial solution y,,(x) is in
very good agreement with the exact solution on wide interval [0,10].

Table 3. Comparison of L errors in terms of N for Example 5.4.

4 5 6 7 8 9 10
L, 481e-02 | 414e—-04 | 2.64e—-04 | 8.21e—05 | 6.42e—-06 | 4.74e—-06 | 4.21e—-07

=2

Error

L, error; B2
= | error; Bz2-2

-2 -1 0 1 2 F

Figure 6. Logarithmic plot of L, errors in terms of S for Example 5.4.

osfr® & o R .
@ P

04 @ . . ] 4
@ &

0.2 r# rs ; " bl

02f i N
04r % ey
06+ @ ]
— 8-~ Exact solution | &

08 _ 1
Y 507 | B g

0 1 2 3 4 5 L] 7 8 9 10

Figure 7. Oscillatory behavior of the generalized Mott polynomial solution and exact solution on [0,10] for Example 5.4.

855



Kiirkgii / Eskisehir Technical Univ. J. of Sci. and Tech. A — Appl. Sci. and Eng. 19 (4) — 2018
6. CONCLUSIONS

In this study, we have introduced a new matrix-collocation method based on the generalized Mott
polynomials to numerically solve the delay integral equations with variable bounds. Thanks to this
method, the advanced algebraic properties of the generalized Mott polynomials could be determined in
the future works. We have achieved good approximation to the exact solutions of stiff integral equations.
In the considered examples, the better approximate solutions and results have been obtained by means
of the generalized Mott polynomials with truncation limit N, £ and residual error analysis technique, it

is also monitored from the examples that the parameter- £ has a different role in obtaining the
approximate solutions. That is, the consistency of the approximate solution changes with respect to £,

but we can determine g e [0,2] for the optimal approximation to the exact solutions as seen in Figures

2 and 6. It is clearly seen that the present method is accurate, efficient and simple. For future work, it
would be interesting to apply the present method to other well-known problems, such as fractional and
partial differential equations. However, some modifications are required.
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