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ON DIGITAL H-GROUPS

S.DEMIRALP AND ESSAM H. HAMOUDA

ABSTRACT. In this paper, specific properties of digital H-spaces and digital
H-groups are studied. It is shown that there is a contravariant functor from
the homotopy category of the pointed digital images to the category of groups
and homomorphisms. Then it is proven that a pointed digital image having
the same digital homotopy type as a digital H-group is itself a digital H-group.

1. INTRODUCTION

The purpose of digital topology is to study the topological properties of discrete
objects, such as compactness, connectedness. Digital topology was first studied
in [14] by the computer image analysis researcher Rosenfeld. Following years re-
searchers studied the digital versions of many concepts of algebraic topology. Dig-
ital homotopy and digital fundamental group are defined in [4] by Boxer. Digital
H-space is defined in [7] by Ege and Karaca. H-spaces are an important concept
of homotopy theory. An H-space consists of a pointed topological space P with a
continuous multiplication m : X x X — X and with a constant map c¢: X — X,
such that mo (¢,1x) ~ 1x ~mo (1x,c). A group structure can be established on
H-space, called H-group, by homotopy group operations which are similar to group
operations.

2. PRELIMINARIES

Let Z be the set of all integers and Z" the set of all lattice points in Euclidean
n-dimensional space. A finite subset X of Z™ with an adjacency relation « is called
a digital image, denoted by (X, k).
For a positive integer ¢ with 1 < ¢ < n, two distinct points x = (21, z2, ..., ),
y = (y1,Y2,---,Yn) € Z"™ are ky;—adjacent if,
i) there are at most ¢ distinct indices 4 such that |z; — y;| # 1, and
ii) for all indices j, if |z; — y;| # 1, then z; = y;.
Consider the following statements for the commonly used adjacency relations:

(1) p,q € Z are 2-adjacent if |[p —¢| =1
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(2) p,q € Z? are 8-adjacent if they are distinct and differ by at most 1 each
coordinate.

(3) p,q € Z? are 4-adjacent if they are 8-adjacent and differ by exactly one
coordinate.

(4) p,q € Z3 are 26-adjacent if they distinct and differ by at most 1 each
coordinate.

(5) p,q € Z* are 18-adjacent if they are 26-adjacent and differ by at most two
coordinates.

(6) p,q € Z* are 6-adjacent if they are 18-adjacent and differ by exactly one
coordinate.

A digital interval is a set of the form [a,blz = {z € Z | a < z < b}.
The adjacency relation on cartesian product of two digital image is defined as
follows.

Definition 2.1. [8] For two digital image (X, x1) and (Y, k2), the k*-adjacency on
the product image X x Y is obtained as follows: z1,z2 € (X, K1), y1,y2 € (Y, k2),
then (z1,y1) and (z2,y2) are x*-adjacent if and only if one of the following is
satisfied:

(1) 21 = x5 and y; and yo are kg-adjacent,
(2) x1 and x are ki-adjacent and y; = ys,
(3) x1 and x4 are ki-adjacent and y; and ys are ko-adjacent.

Definition 2.2. [6] Let (X, 1) and (Y, k2) be digital images. Then the function
f: X = Y is (k1, ke)-continuous if and only if for every {zo,z1} C X such that z
and z; are kq-adjacent, either f(zg) = f(z1) or f(zo) and f(x1) are ko-adjacent.

Example 2.3. Let f : Z? — Z be defined as f(x) = o1 + x2, for all x = (21, 22) €
Z2. Then it is clear that f is (4,2)-continuous. However it isn’t (8,2)-continuous,
because x = (z1,22) and y = (x1 + 1,22 + 1) are 8-adjacent but f(x) = x1 + xo
and f(y) = x1 + 22 + 2 are not 2-adjacent.

Definition 2.4. [4] Let (X, 1) and (Y, k2) be two digital image and f and g be
(Kq, ky)-continuous functions. If

(1) there exist a function F' : X x [0,m]z — Y, such that, for all z € X,
F(z,0) = f(z) and F(z,m) = g(z),

(2) the induced function Fy : [0,m]|z — Y, Fy(t) = F(x,t) for all x € X and
for all ¢ € [0, m]z, is (2, k,)-continuous and

(3) the induced function Fy : X — Y, Fi(x) = F(x,t) for all x € X and for all
t € [0,m]z, is (K, Ky)-continuous,

then f and g are said to be digitally (k,, k5)-homotopic and F is called a digital
(Kq, Kkg)-homotopy between f and g, written f g(,ﬂm) g (or f ~, x,) 9, for short).

The notation [ f] is used to denote the digital homotopy class of (x;, k,)-continuous
function f: X — Y ie.

[fl={g9: X =Y |gis (k, ky)-continuous and f ~(., .,) 9}

The set of all digital homotopy classes of (£, £y)-continuous functions is denoted
by [(Xv Hl)v (K ’%2)} ) Le.

(X, 1), (Vimo)] = {[f] | £ (X, k1) = (Vi k2) s (i, y)-continuous}.
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For a digital image (X, ) and its subset (A4, ), (X, A, k) is called a digital image
pair with x-adjacency. Also, if A is a singleton set {p}, then (X, p, k) is called a
pointed digital image.

Definition 2.5. [4] Let (X, k1) and (Y, k2) be two digital image and f be a (K, £y)-
continuous function and g be a (ks2, k1)-continuous function, such that

f © 9 =(r2,k2) ly and go f (k1,51) Ix.

Then (X, k1) and (Y, k) are said to be same (k,, ky)-homotopy type or (kq, ko)-
homotopy equivalent. Also f and g are called (k,, ky)-equivalences.

3. DicIiTAL H-SPACES

In this section some properties of digital H-spaces and digital H-groups are in-
vestigated. It is shown that the set of homotopy classes of digitally continuous
functions, from a homotopy associative digital H-space to a pointed digital image,
is semigroup. Then it is proven that a pointed digital image having the same ho-
motopy type as an abelian digital H-group is itself an abelian digital H-group. Also
it is shown that there is a contravariant functor from the homotopy category of the
pointed digital images to the category of abelian groups and homomorphisms.

Definition 3.1. [7] Let (X,p, k) be a pointed digital image. For a digital con-
tinuous multiplication p : X x X — X and the digital constant map ¢ : X — X,
defined by c(x) = p, if po(e,1x) ~(xn) 1o (1x,¢) ~(rr) 1x, then (X, p, k) is called
a digital H-space.

Example 3.2. Let (Z,0,2) be pointed digital image and let p : Z X Z — Z defined
as u (z,y) = = +y. It is clear that p is (4, 2)-continuous.

pole1x) (@) = ple(),1x(2) (@) = p(0,2) =0+z ==

po (lx,c) (x) p(lx (@), c(@)(z) =p(z,0)=2+0=1

where ¢ : Z — Z is a constant map, ¢(z) = 0. Therefore

po (e 1x) ~2,2) 1x ~22) pto (1x,c).
Consequently (Z,0,2) is a digital H-space.
Definition 3.3. [7] Let (X, p, x) be a digital H-space. If
o (1X X ,U,) 2(,{*7,{) Mo (,LL X 1)()

then p is called digital homotopy associative.
If there exists a map 71 : (X, p, k) — (X, p, k) such that,

o (1,1x) Xy o (1x,1) (i) €
then 7 is called a digital homotopy inverse for u.
If there exists amap T : X x X — X x X, T(x,y) = (y,x), such that
o T E(r*,k) M
then p is called digital homotopy commutative and (X, p, k) is called abelian digital
H-space.

Theorem 3.4. Let (X,p, k1) be a digital H-space with digital homotopy associative
multiplication p and (Y, q, k2) be a pointed digital image. Then [(Y, q, k2), (X, p, k1)]
is a semigroup with identity.
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Proof. For any [f],[g] € [(Y,q, k2), (X, p, k1)], let define the product

[fl1elgl =[no(f xg)o A
where A Y =Y x Y, A(y) = (y,y) .Let [f] = [f'] and [g] = [¢'] , then there exist

(K2, k1)-homotopies H and G such that f g(@m) f and g g(ﬁzm) g'. Define a
digital homotopy F': Y x [0,m]z — X as F = po (G, H). Then

F(y,0) = po(G,H)(y,0)
= u(G(y,0),H(y,0))
= w(f():9(v))
= (uo(fxg)oA)(y)
and similarly F(y,m) = (uo (f' x ¢g') o A)(y). So

(o (f xg)od) g(nz,m) (o (f/ X g/) oA).
Then

(flelg] =

(¢]

Iy

fxg)o
f'xg') o]
).

o (
po(
fleld

g

Consequently ” 7 is well defined.
Let ¢: (X,p, k1) = (X,p, k1) be the constant map c(z) = p,Vz € X. Let define
amap e: (Y,q,k2) = (X,p, k1) such that e(y) = p, for all y € Y. Then

(molex f)oA)(y)=p(p, f(y) = (uo(clx)of)(y)
and since o (¢,1x) ~(u, k) 1x, then [e] o [f] = [no (e x f)o A] = [f]. So [e] is
the identity element of [(Y,q, k2), (X, p, k1)].
Let [f],[g], ] € [(Y, g, 52), (X, p, k1)) -

(fle([gle[h]) = [fleluo(gxh)ol]
po(fx(uo(gxh)ol))ol]

pwo(lx xp)o(f xgxh)o(lx x A)oA]
po(uxlx)o(fxgxh)o(lx x A)oA]
po(

[
=
=
=

[

(mo(f xg)ol)xh)oA]
= ([flelg])®[h].

is digital homotopy associative. O

9

Therefore ” o’

Theorem 3.5. [7] Let (X,p, k1) be a digital H-space and (Y,q, k2) be a pointed
digital image. If (X,p,k1) and (Y,q,k2) have the same (K1, k2)-homotopy type,
then (Y, q, k2) is a digital H-space.

Definition 3.6. Let (X, p, 1) and (Y, ¢, k2) be digital H-spaces. Amap f: X — Y
is called a digital H-homomorphism if fou ~,, .,y no(f x f), wheren : Y xY — Y.

Theorem 3.7. Let (X,p, k1) be a digital H-space and (Y,q,k2) have the same
(k1, k2)-homotopy type with X. Then digital (K1, ke)-equivalences are digital H-
homomorphisms.
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Proof. Let f : X — Y be a (ki, ke)-continuous function and let g : ¥ — X be
a (K2, k1)-continuous function, such that f o g ~(., ) ly and go f ~(, .,) 1x.
Let u be (k*, k1)-continuous multiplication of (X, p, k1), then (Y, g, ko) is a digital
H-space with the (k*, k2)- continuous multiplication n = f o po (g x g). Then
gon=go(fopo(gxg)) = m lxopolgxg)=pnolgxg).
So g is a digital H-homomorphism. Also,
no(fxf)=fopol(gxg)o(fx[f) = [onolxxx=Ffop.
Therefore f is a digital H-homomorphism. O

Definition 3.8. A digital H-group is a digital H-space (X,p, ) with the digital
homotopy associative multiplication p and digital homotopy inverse 7.

It is clear that (Z,0,2) in Example 7 is an abelian digital H-group.

Theorem 3.9. Let (X,p, k1) be a digital H-group. If (X,p, k1) and (Y, q, k2) have
the same (K1, ka)-homotopy type, then (Y,q, k) is a digital H-group.

Proof. Let f : X — Y be a (ki, ke)-continuous function and let g : ¥ — X be
a (K2, k1)-continuous function, such that f o g ~(., ) ly and go f ~(, .,) 1x.
Let n = fopuo(gxg) be digital continuous multiplication of (Y,q, ke) where
p: X x X = X. Then (Y, q,K2) is a digital H-space. Since f o g ~(., »,) 1y,
nxly = (fouo(gxg))xly ¥y (f X flo(ux1x)e(gxgxg)
ly xn = 1y x(fopo(gxg)) X um) (f x flo(lx xp)o(gxgxg).
As (X, p, k1) is a digital H-group, p is digital homotopy associative. Then,
nomxly) = (eryfopo(gxg)o(fxflo(uxlx)o(gxgxg)
~ (e fopolxxxo(uxlx)o(gxgxg)
= fo(uo(px1x))o(gxgxg)
~ ey fo(po(lx xp))o(gxgxg)
= fopolxxxo(lx xp)o(gxgxg)
~ (e fopo(gxg)o(fxflo(lx xp)o(gxgxg)
~ (e o (ly x 7).
Therefore 7 is digital homotopy associative.

Let 0 : (X, p, k1) — (X, p, k1) be digital homotopy inverse for y and 8’ = fofog.
Then,

o(0,1y) = (fopo(gxg)o(d,1y)
= (fomo(gxg)o(fobog,ly)
= (fop)o(gofobog,goly)

— (mz,nz)(folu’) (1XO€Ogag)
= fo(uo(f,1x))oyg
= (HQ,KQ)fOCOg
= (NQ,HQ)C/)
where ¢ : (Y, q,k2) = (Y, q, K2), ¢'(y) = ¢, Yy € Y. Similarly, no(ly 08’) ~(,, ., ¢
Hence ¢’ is a homotopy inverse for (Y, q, k2).
Consequently (Y, g, k2) is a digital H-group. a
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Theorem 3.10. Let (X,p, k1) be an abelian digital H-group. If (X,p, k1) and
(Y, q, ko) have the same (K1, k2)-homotopy type, then (Y, q, k2) is an abelian digital
H-group.

Proof. Let f : X — Y be a (k1, ke)-continuous function and let g : ¥ — X be
a (kg2,K1)-continuous function, such that f o g ~(., x,) 1y and go f >~ ) 1x.
Let p and n = fopo(gxg) be digital continuous multiplication of (X, p, k1)
and (Y, g, ka), respectively. As p is digital homotopy commutative, there exists a
function T': X x X — X x X, T(x1,72) = (w2, 21) such that poT =~ .y . Now
consider the function 77: Y x Y =Y x Y, T"(y1,y2) = (y2,y1). Then,

noT' =fopo(gxg)oT' = fouoTo(gxg) =iy, forolgxg)=n

So 7 is digital homotopy commutative. O
Proposition 1. [7] Let (X, p, k1) be a digital image, (Y, ¢, k2) be a digital H-group
with digital continuous multiplication n. Then [(X,p, x1), (Y, q, k2)] is a group

under the product [f]e [g] = [ (f x g)o A], for all [f],lg] € [(X,p,k1), (Y, q, 52)]
Also if (Y, g, k2) is an abelian digital H-group, then

([(X7p7 Hl)’ (K q, KQ)] ’.)

is abelian.
Theorem 3.11. A homotopy associative digital H-space (X,p, k) is a digital H-
group if and only if the map ¢ : X x X — X x X defined by p(z,y) = (z,2y) is a
(k*, k*)-homotopy equivalence.
Proof. Let (X, p, k) be a digital H-group with digital homotopy inverse n : X — X.
Consider the digital continuous map j : X x X — X x X defined by j(z,y) =
(1’, 77(95)9) Now (1[)0])(377 y) = ¢(957 77(53)1‘/) = ($7 .TQO(-T)y) 1mphes that ¢ Oj g(n*,n*)
1xxx, since 1 is the digital homotopy inverse. Also

(Jo¥)(z,y) = j(z,zy) = (z,n(z)zy)
implies j o) o (.« o+) 1xxx. Hence 1 is (x*, *) homotopy equivalence. Conversely,
let Q: X x X — X x X be the digital homotopy inverse of ¢ such that o€ =~ .«
Qoth ~(,+ x+) Lxxx . Now we go ahead to prove that (X, p, x1) is a digital H-group.
Define ¢ : X — X by the composite

XA xxx3 x«xxABx

where i1 : X — X x X is defined by i1(z) = (x,p) and pi : X x X — X are
the projections . Let u: X x X — X be the digital continuous multiplication of
(X, p, k), then py 0tp = py,ps 09 = p and therefore

P = (n*,n)plowOQ:ploﬁ

D2 (n*,n)onon:MoQ'

In particular, py 0 Q0 ~(, ,) p1 041 = 1x. Hence

1

po(lx,p)=po(proQoiy, proQoiy)
= po(p1,p2) o (Qoiy)
:MOQOZ'I :(n,n)pZOilzc

where ¢: X — X, ¢(x) = p is the digital constant map. Similarly,

Mo (QD, 1)() Z(Kﬁ) C.
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Hence (X, p, k) is a homotopy associative digital H-space such that ¢ is the digital
homotopy inverse. Consequently, (X, p, k) is a digital H-group. ([

Definition 3.12. [16] Let C and D be two categories. A contravariant functor 7'
from C to D is a mapping which associates to every object X of C an object T(X)
of D and associates to every morphism f : X — Y of C' a morphism

T(f): T(Y) = T(X)
of D such that, T'(1x) = 1px) and T(gf) = T'(f)T(g)-

Theorem 3.13. [15] For any category C and object Y of C, there is a contravariant
functor ITY from C to the category of sets and functions which associates to an object
X of C the set 1Y (X) = hom(X,Y) and to a morphism f : X — X' the function
Y (f) = f* : hom(X',Y) — hom(X,Y) defined by f*(¢') =g’ o f, forg' : X' =Y.

Definition 3.14. The category whose objects are pointed digital images and the
set of morphisms is hom((X,p, k1), (Y, ¢, k2)) = [(X,p, k1), (Y, q, k2)] is called the
homotopy category of the pointed digital images.

Theorem 3.15. Let (X, p, k) be a digital H-space with the digital continuous mul-
tiplication pu and (Y, q, k1) and (Z,r,k2) be any pointed digital images. Then there
exists a homomorphism from [(Z,r, k), (X, p, k)] to [(Y,q, k1), (X, p, K)].

Proof. Let h: (Y,q,k1) — (Z,r,K2) be a map and [¢], [¢'] € [(Z,r, k2), (X, p, K)].
Ifit define h* : [(Z,7,K2),(X,p, k)] — [(Y,q,k1),(X,p,K)] as h* ([g]) = [goh].

h*(lglelg]) = h*(juo(gxg')oA])
— [Mo(gxg')voh]
= [po((goh)x (g oh))oA]
= [gohlelg oh]
= K ([g]) e h" ([¢']) .

Therefore h* is a homomorphism. U

Theorem 3.16. Let (Y,q,x) be a digital H-group, then TIY is a contravariant
functor from the homotopy category of the pointed digital images to the category of
groups and homomorphisms.

Proof. Let (X,p, k1) and (Z,r,k2) be objects and [f] € [(X,p, K1), (Z,7, K2)] is a
morphism of the homotopy category of the pointed digital images.

HY ((Xap7 Hl)) = hom((X,p, Kl)7 (K q, K/)) = [(X7p7 Kl)7 (Y7Qa H)] .

Therefore ITY ((X,p, k1)) is a group.

HY ([.ﬂ) = f* ShOHl((Z,’I’,IiQ),(Y7q, K/)) *)hom((Xapﬂ{l)v(Y#]a H))
= f* : [(erv KQ)? (Kq’ H‘)] - [(va’ K‘l)a (}/’ %”i)]

is a function defined as, f*([g]) = [g o f], for any [g] € [(Z,r, k2), (Y,q, &)]. So, f*
is a morphism between groups. Also by Theorem 19, f* is a homomorphism.
Let show that IIY is a contravariant functor.



ON DIGITAL H-GROUPS 49

Let [h] € [(Z7 T, RQ) — (VV7 ta "{3)] . For any HlOI'phiSHl [h/] € [(W t7 K:3)7 (Y7 q, ’%)] )

I ([h]) (W) = [0 oh]
I ([f]) ([h' o h]) = [(W' oh)of]
= [Wo(hof)
= 1" ([ho fI) ([W]) -

Thus,
I ([f]) ([0 o h)) = T ([f]) (11 ([R]) ([(P'])) = (IT¥ ([f]) o TI ([R])) ([']) -

So, I ([ho f]) =TI ([f]) o II¥ ([A]) .
Let [1x] € [(X,p, k1), (X,p, K1)] be the unit morphism of the digital homotopy
category of pointed digital images. Then,

Y ([1x]) = 1% : [(X,p,m1), (Yiq,5)], 1k [(B)] = [R].

Consequently ITY is a contravariant functor. (I

Corollary 3.17. Let (Y,q, k) be an abelian digital H-group, then ITIY is a con-
travariant functor from the homotopy category of the pointed digital images to the
category of abelian groups and homomorphisms.

Theorem 3.18. Let (Y,q,k1) and (Z,r,k2) be digital H-spaces with the multi-
plications p and 1, respectiveliy, and h : (Y,q,k1) — (Z,r,k2) be a digital H-
homomorphism. Then there exist a homomorphism from [(X,p, k), (Y, q,k1)] to
[(X,p, k), (Z, 1, k)] for any pointed digital image (X, p, k).

Proof. Let [gl,[¢] € [(X,p,x), (Y,q, )] and
h* : [(X,p, H) ) (K Qa"{l)] — [(X,p, '%) ) (27 T, K2)]
be a map such that h,.([g]) = [h o g]. Then
he (lg] @ 19']) = hu (o (g x g') 0 A]) = [hopo (g x g') o Al.

Since h is a digital homomorphism, then 1o (h X h) =~ (.« ) h o p. So

[hopo(gxg)ol] = [no(hxh)o(gxg)ol]
= [hogle[hoyg]
= h.(lg]) ® he (lg])-
Therefore h, is a homomorphism. O

Corollary 3.19. Let (X, p, k) be a digital H-space and (Y, ¢, k1) be a digital image.
If (X,p,k) and (Y,q, k1) have the same (k, k1)-homotopy type, then there exist
homotopy equivalences f : (X,p, k) = (Y,q, k1) and g : (Y, q, k1) = (X,p, k). For
any digital image (Z, 7, k2)
(1) since f is a digital H-homomorphism, then there exist a homomorphism
from [(Za T, /92) ) (Xapa H)} to [(Zv T, '“92) ) (K q, ’il)]
(2) since g is a digital H-homomorphism, then there exist a homomorphism
from [(Z,r, k2),(Y,q,K1)] to [(Z,r,k2),(X,p, k)] .
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