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ON THE SIGMA INDEX OF THE CORONA PRODUCTS OF
MONOGENIC SEMIGROUP GRAPHS

YASAR NACAROGLU AND NIHAT AKGUNES

ABSTRACT. In [1], Das et.al. considered the monogenic semi group Sys with
zero having {0,z,x2,...,2"}. Also they defined undirected graph T'(Sys) asso-
ciated with Sj; whose vertices are the non-zero elements x,z2, ..., 2™ and any
two different vertices z* and x7 are adjacent if i +j > n (for 1 < i,5 < n).

In this paper we present sigma index of corona products of any two mono-
genic semigroup graphs F(S}W) and F(SJQ\/[). Also we give forgotten index and
irregularity index of monogenic semigroup graphs.

1. INTRODUCTION

Each commutative ring R can be described by means of a simple graph I'(R).
There are many studies in the literature about zero-divisor graphs [1-7]. In a
recently study Das et al. [8] the graph I'(Sas) is defined. The authors considered
the finite multiplicative monogenic semi group (with zero) Sy = {0, z, 22, ...,2"}.
The vertices of this graph obtained Sj; monogenic semi-group are the non-zero
elements {z,2?,...,2"} and any two distinct vertices x* and x7 are adjacent with
the rule .27 =0 if and only if i +j >n+1 (1 <4,j <n).

Many graphs of general and in particular of chemical interest arise from simple
graphs via various graph operations sometimes known as graph products. Hence, it
is important to understand how certain invariants of such composite graphs related
to the corresponding invariants of their components. Some more properties and
applications of graph products can be seen in [11-15].

In [8], Das et al. studied the Cartesian product of monogenic semi-group graphs.
In [9] Akgunes defined the Strong product of monogenic semi-group graphs and gave
some properties as diameter,clique number, chromatic number etc.

In [10], Nacaroglu defined the corona product of monogenic semi-group graphs.
Also he examined some graph parameter of this graphs.

The corona product of graphs G and G5, denoted G 0Ga, is the graph obtained
by taking one copy G1 and nj copies of G2 by joining the :—th copy of G2 for
1 <i < mny. The degree of a vertex of G; o G is defined by

ooy = { e £ S0 € V(G
G10Gs da,, (u) + 1, if u € V(Ga;)
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, where |V(Gy o G2)| = n1(1 + ng)(see, for instance [13,17,18]).

In here we replace Gy by I'(S3,) and Gy by T'(S3,), where Si, = {z,2?%,...,2"}
with 0 and S%, = {y,v?,...,y™} with 0. We have rules for monogenic semigroup
graphs as follows:

['(S},)o'(S%,) has vertex set V(I'(S3,)o'(S%,)) = V(Si,) UV (S2H UV (S32)U
..U V(S37) and let us take any two vertices of I'(S},) o I'(S%,) is adjacent if and
only if

rial =0&i+j>n+1,where 2' 27 € V(I'(S})))

or
Yy =0 i+j>m+ 1, where y' 7 € V(I'(S%))
or

vy =06 i+ j > 2,where '€ V(I'(S},)),y’ € V(I(S3))
Theorem 1.1. [8] Let Sy be a monogenic semigroups. Then the degree sequence
of T'(Sr) is given by

n n n n n

DS(L(Sa)) = {1,2,3, [5) = LI5) 5] 5] + L5  + 2 n—2n -1},

Theorem 1.2. Let G = I['(S},) o ['(5%,)). Then the degree sequence of T'(S};) o
['(S%,) is given by

n  times

DS(G) = {234, .., | 2], L%J +1, 2 4, L%

2
2 2 J + 9

n  times

L%J +3,...m—1mm+1m+2m+3,.., ng —1+m,

n n n n
L§J+m7L5J+m; L§J+m+1, L§J+m+2,...,n+m—2,
n—+m—1}.

In this study we present some topological indices corona products of any two
monogenic semigroup graphs as sigma index, irregularity index etc.

2. MAIN RESULTS

A graph G is regular if all its vertices have the same degree, otherwise it is
irregular. Albertson [16] defines the irregularity of G as

irr(G)= > |dg(u)—da(v) |
uwweE(G)

, where dg(u) denotes the degree of a vertex u € V(G).
Theorem 2.1. Let G =T'(Sp. Then

n®—4n
12

, 1S even
wrr(T(Sy) =

3
n_—m ;
5, s odd
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Proof. Assume that n is even:

irr(T(Sy) =

As a result, we get

(dp —di) + (dp —d2) + ... + (dn — dp—2) + (dn, — dp—1) +
(which is written by I,: Let us say J,, to this sum)
+(dp—1 —do) + (dp—1 —d3) + ...+ (d—1 — dn—2) +
(which is written by I,,_1: Let us say J,_1 to this sum)
+...+

+(dgy2 —dn_1) + (dz42 —dz) + (dz42 — dz41)
(which is written by Iz o: Let us say Ju 1o to this sum)
(dy 11— dy)
(which is written by Iz : Let us say Ju 11 to this sum)

wrr(T(Sar))

> ldi—d;|

ij€E(T'Sar)

2n2k

- Sy

k=1 p=1

n® —4dn
12

7

Assume that n is odd: For n is odd, we have |5 | = Lgl. By taking following same
steps as in n is even case, we obtain

Hence the result.

ZT‘T(F(SM)) = Z |dl—dj|
ijeE(I‘SM)
o=l ok anl
SR
- n-—n
B 12

Theorem 2.2. Let G =T(S3;) o'(S%,)). Then

irr(I'(G)) =

3_ 3_ 2
o 124" + T 124m + mn(n;m+ ), n,m even
3_ 3_ 2
e+ 124m 4 mnlndmt ), n odd, m even
3_ 3_ 2
e+ e+ mn(";m+ ), n,m odd
n’—4n + m3—m + mn(n+m+2)
2 2 2

,n even, m odd.
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Proof. From definition of graph irregularity we can write

irr(G) = Z | da(u) — da(v) |

weEE(G)
- Y lde(w |+Z Yo lde(u) —da(v)|
wweE(T(S},)) =1 wve E(T(S3}))
(21) FY ldelw) —da() .
u€V (I(Syy))
veV(T(S3))

By applying Theorem 2.1 and Theorem 1.2 we get the following results.
Casel : n and m even: From (2.1) we have

irr(G) = > |da(u) —da(v) |
uveE(G)
nd —4dn m3 —

u€eV(Sy,) ueV(S3h)

n3—4n+m3—4m mn(n +m+ 2)

12 12 2
Case2 : n odd and m even: From (2.1) we have
irr(G) = Y |de(u)—dg(v) |
weEE(G)
3 3

n-—n m- —
= T % rm Z ds1 (u Z dgzi (u)

ueV(Sy,) uEV(S?V})

n®—n  m3—4m  mnn+m+2)

12 12 2
In a similar way, we obtain in other cases.

In [17] forgotten topological index F was defined as
F(G) = ) dg(u)
ueV(G)

Theorem 2.3. Let G =T(Sy). Then
n—1+m

N8 5 meooN L 3
FG) ==Y K+ > E+n(l5]+1) + (5] +m) .
k=2 k=2
Proof. By Theorem 1.2 we have

FG) = Y delw)

ueV(G)
m n—14+m m 3 n 3
= nkz:;k?’ + k:%;llﬁ +n (L;J + 1) + (L§J +m)

n—14+m

(n—l)zm:k3+ Z: k’g-l-n(L%j—Fl)S—F(L%J—Fm)S
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O
If G is a graph and dg(u) the degree of its vertex u, then its sigma index [18,19]

is defined as
o(@) = > (da(u) - da(v)).
weE(G)
, with summation going over all pairs of adjacent vertices.

Theorem 2.4. Let G =T(S},) oT'(S%,)). Then

nt_n3 +2n +4n + m*—m? +2m2+4m + mzn—2m2+mn2—3mn+3m+4n—4

251 %4 5 ,n,m even
nt—n3—n’4n + m*—m342m>4+4m + m2n—2m24+mn? —3mn+3m+4n 4 N odd. m even
_ 4 24 2
J(G) - 2 2? —n3—n4n + m*—m3—m3+m + (n— 1)(mn+m —2n—>5)

51 ,n,m odd
4 3

n*—n34on?+4n + m*—m3—m2+m + (n— 1)(7rm+m;—2n 5)
24 24 2

., n even, m odd.

Proof. From definition of sigma index and Theorem 2.2 we have

o(G) = > (de(u) - +Z > —dg())*+ Y (da(u) — dg(v))?

weE(Sy,) i=1 quE(S?V}) w€EV(Shs)
veV(S3,)
(3] n—2k [3] [%] m—2k L%] n—1 m
= Py B4 p*+ k2| + Zn—l—m—k—p)
k=1 p=1 k=1 k=1 p=1 k=1 k=1 p=2
n—1
+Y» (n+m—-k—|=]+1)
k=1

Casel: n and m are even.

m

2 n—2k > m—2k n—1 m
(@) = ZZ}) —|—Zk2—|—n o> +Zk2 +> ) (n+m—k—p)
p= k=1 p=1 k=1 p=2

—

n—

+ (n+m—k—%+1)

k=1
_ nt—nd4+2m2+4n mt —m3 +2m? +4m
B 24 + 24
m?n —2m2 +mn? —3mn 4+ 3m +4n — 4
2
Case2: n is odd and m is even.
—2k n z 2 m—2k % n—1 m
o(G) = Z + k2+n Zp + Z(n—i—m—k—p)
k=1 p=1 = k=1 p=1 k=1 k=1 p=2
n—1
+ (n—f—m—k—%—i—l)
k=1
_ nt—nd—n24+n m*—md+2m?+41m
N 24 + 24

m2n —2m2 +mn? —3mn+3m+4n —4
2
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Case3: n and m are odd.

— n—1 m,—l

— 5 m—2k n—1 m
@ = XS zzp+zk2 £ tm k)
k=1 p=1 k=1 k=1 p=1 k=1 p=2
n—1
+ (n—|—m—k—%—|—1)
k=1
. n4—n3—n2+n+m4—m3—m2+m
N 24 24
n—(mn+m?—-2n-5
+
2
Case4 : n is even and m is odd.
—2k nT_l m2k n—1 m
(@) = Z +D_ K +n ZZP+Zk2 +D > (ntm—k=p)
k=1 p=1 k=1 k=1 p=1 k=1 p=2
n—1
m
+ (nerfkf?Jrl)
k=1
_ n4—n3+2n2+4n+m4—m3—m2+m
N 24 24
n—1(mn+m?—-2n-5
+
5 .
Hence the result. O
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