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1. Introduction

There are many articles [4, 5, 7] for fixed points of mappings on product spaces. They focus on difficult
parts in establishment of existence of fixed points. Simple set theoritic arguments also give some fruitful re-
sults which are recorded in the present article. Functions of the type F : H X — H Xi, F((x1,%0,...,%,)) =

i=1 i=1

(fu(xn), fi(x1), f2(x2),..., fu—1(x4—1)) corresponding to given functions f : X1 — Xa, f2: X2 — X3,.., fu—1:
X,—1 — X, and f, : X, — X| are considered in this article for fixed points. The next section 2 is for such single
valued mappings and section 3 is for set valued mappings.

If there is a bijective mapping A from an index set [ into I itself, then for given i; € I; (i) A(i}) = i;; or
(ii) there are distinct ip,i3,...,i, € I such that A(i}) = ip, A(i2) = i3,...,A(in—1) = in,A(iy) = i1; or (iii) there
are distinct i,i3,...,i0,i—1,i—2,... in I such that A(i;) = i;4; for every integer j. So, for given mappings
fi: Xi = Xiy1,i=0,£1,£2,..., fixed points of F : ﬁ Xi — h X; are discussed in section 4. Fixed points of a

j=—o0 j=—oo

special type of mappings on sets of the form [] X; are also discussed in section 4.
i=1

2. Cyclic Single Valued Mappings

Proposition 2.1. Let F : H X — H X; be a mapping defined by the given mappings f1: X1 — Xa, o : Xo — X3,...,
i=1
Jom1 : X1 = X, fu 1 Xa —>X1 and by the relation

F((x1,x2,..,xn)) = (fa(xn), fi(x1), f2(x2)- s fam1 (Xn—1)). Let gi : X; — X; be a mapping defined by g; = fi—1 0
fimpo--rofiofyofy_10---ofifori=2,3,....nand by gy = fyo fy_10---0frofi fori=1. Let Gi={x; € X; :
gi(xi) = x;} be the fixed point set of g; and G be the fixed point set of F. If G| # 0, then G; # 0 for i =2,3,...,n,
G # 0 and f1(G1) = Ga, f2(G2) = G3,..., fu—1(Gu=1) = Gn, fu(Gy) = G1. If (y1,¥2,...,¥n) € G # 0, then
y1 €G1 #0.

Proof. Suppose G| # 0. Let x; € G. Then gl(xl) =x1, fiofpo---0fs Of1<xl) = fl(xl)’ gZ(fl(xl)) (x
83(f20 fi(x1)) = fao filx1),.... gn(fa—10 fa—20---0 f1(x1)) = fa—10 fa—z0---0 fi(x1) and g1 (g1(x1)) = gl(xl)
x1. Thus G; # 0 fori=2,3,...,n. Also,ifx; = fi_j o fipo---ofi(x1) fori=2,3,... n,then fi(x;) = fio fi_1 0"
Si(x1) =xi41 fori=1,2,...,n, with x| = x; and hence F((x1,x2,...,%,)) = (fu(xn), f1(x1),... ,fn,l(x,,,l)) =
(x1,X2,...,X1). SO, G # 0. By cyclic symmetry, the relations fi(G;) = Ga,..., fu—1(Gn—1) = G, and f,,(G,) = G,
are also obtained.
Suppose (y1,y2,-..,yn) € G. Then fi(y1) =2, f2(y2) = y3,-- .. fu—1(ya—1) =y and fu(ys) = y1. Then f, 0 fy_10
-0 f1(y1) = y1 so that g;(y;) = y; and hence G| # 0. O O
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Corollary 2.2. The following are equivalent under the assumptions of the previous proposition 2.1:
1. G#0;

2. Gi £ O forsomei=1,2,....n;

3. Gi#Oforalli=1,2,...,n.

The following are also equivalent:

1. G is a singleton set;

2. Gj is a singleton set for some i =1,2,...,n;

3. Gj is a singleton set forall i =1,2,... n.

Some Applications : (a) Let (X,d;) be nonempty metric spaces and @; be positive numbers for i = 1,2,...,n.
Suppose (Xi,d,) is complete. Assume that @0 -+~ o, < 1. Let f; : X; — Xip1,i = 1,2,...,n (with (X,41,dpy1) =
n

n
(X1,d)) be mappings such that d;y (fi(x), fi(y)) < o4d;(x,y), Vx,y € X;. Define F : [T X; — [ Xi by F((x1,x2,...,%n))
=1 i=1

14

(fu(xn), fi(x1),.-o, fu—1(x4—1)). Since aj0p---a, < 1, by the Banach contraction principle (see p.2 in [6]),
Juo fa—10---0 f1 has a unique fixed point. Thus F' has a unique fixed point. Some (X;,d;) may not be complete and
some ¢ may not be less than 1. So, this is a significant application of Proposition 2.1.

(b) Let X;,i = 1,2,...,n be nonempty weakly compact convex subsets of normed spaces with norms ||.||;,i =
1,2,...,n. Let d; be the metric induced by ||.||;,i = 1,2,...,n. Let @;,i = 1,2,...,n be positive numbers such that
a1on -+ 0y < 1. Suppose X; has normed structure (see [3]). Let f; and F be as in the previous application (a). A
Kirk’s theorem (see [3]) asserts that a nonexpansive mapping from a nonempty weakly compact convex subset
of a normed space with normal structure into itself has a fixed point. Since @0 ---0, <1, f,o f,—10---0 f1 is
nonexpansive and it has a fixed point in X;. Thus F has a fixed point. Here, some X; may not have normal structure.
Weak compactness and convexity of X3, X3, ..., X, may also be relaxed.

(c) R. Cauty [1] (see also [2]) proved that every continuous function from a nonempty compact convex sub-
set of a Hausdorff topological vector space into itself has a fixed point. Let X,,X3,...,X, be nonempty topo-
logical spaces. Let X; be a nonempty compact convex subset of a Hausdorff topological vector space. Let
fi: Xi = Xiy1,i=1,2,...,n (with the convention X, = X}) be continuous mappings. Since f,, o f,_10---0 f] is
continuous on X, it has a fixed point in X; and hence F has at least one fixed point.

These applications are illustrations for significance of Proposition 2.1.
3. Cyclic Set Valued Mappings

There are difficulties in generalizing Proposition 2.1 to set valued mappings. So, the following fixed point result for
contractive type set valued mappings is proposed.

Proposition 3.1. Ler (X;,d;),i =1,2,...,n be nonempty complete metric spaces. Let H; be the Hausdorff metric
corresponding to the metric d; on the collection CB(X;) of all closed bounded nonempty subsets of X;, for i =
1,2,...,n. Let o € (0,1). Let f; : X; — CB(X;+1) be a mapping such that
Hipi(filx), fi(y)) < adi(x,y) Q)
Vx,y € Xi,i = 1,2,...,n, with the conventions (X,+1,dnt1) = (X1,d1) and (CB(Xp+1),Hu+1) = (CB(X1),H)1). De-
n n
fine F: [1X; — HICB(Xi) by F((x1,x2,...,%n)) = (fu(xn), fi(x1)5- -+, fue1(Xu—1)). Then there is a fixed point
i=1 i=
(x7,%5,...,x3) of F in the sense that x} € f,(x};),x5 € fi(x]),x5 € f2(x3),...,x5 € fu—1(x}_,).

Proof. Fix x, 0 € X, and fix x1,1 € fu(xn0),%2,1 € fi(x1,1),%3.1 € fo(x2,1), .-+, Xu,1 € fu—1(Xn—1,1) Successively. Find
X141 € fa(Xnj)s X2,j41 € [i(X1,j+1),%3 741 € f2(x2,j11)5 -+ 3 Xn j+1 € fa—1(Xn—1,j+1) such that

di(x1jyxtji) <0 H(fa(xnjo1), fu(xn ) + o
dy(x2,j,x2,511) < Ha(fi(x1), fi(x1j1)) + o,
d3(x3,j,x3.j41) < H3(fa(x2)), fo(x2j41)) + &/,
dn(Xn X 1) < Hy(foot (ne1j)s a1 (Kne1 j1)) + 07,
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for j=1,2,.... Now

Hy (fu(Xnm—1), fun(Xnm)) + 0™

ady (X m—1,%nm) + Q"

OH, (fue1 (Xn—1m—1), fa1(Xn—1,m)) +20™
Py 1 (X115 Xn—1m) + 20"

di (X1 m, X1 ms1)

IA N NN

This procedure of calculation and the inequalities of the type

di(XimXtmek) < diXrm Xm) +di (X m1, X1 m2)
4. —|—d] (,xl7m+k71,xl,m+k)

imply that (x1,;)7;, (X2,7) Fopse - o (o) Ty and (f () 721 (fam1(enm1,j)) 7215 -5 (fi(x1,7)) 72, are Cauchy se-
quences in their respective spaces, because n is fixed and 0 < o < 1. Also, if (x; j)‘]’f’:l converges to x;, then
(fi(xi,j)7-1) converges to fi(x;), by the inequality (1) and in this case x7, | belongs to f;(x; ), because x;11,; € fi(xi;)
(with the cyclic convention n+ 1 — 1). This completes the proof. (]

n
Note that, if we consider (f,(xn), f1(x1),- .., fa—1(xs—1)) as the subset f,,(x,) x f1(x1) X -+ X fu_1(xn—1) of [1X;,
i=1
then F' in Proposition 3.1 becomes an usual set valued mapping.

4. Shift Type Mappings

NSy 400
Consider the mappings f; : X; — Xj;1,i = 0,£1,42,... between nonempty sets. Define F': [] X; — [I X;

[=—o0 j=—o0

by F((x)=.) = ((fi(x;))=".,). Then (x;);=°_ is a fixed point of F if and only if x;31 = fi(x;) for every

i=—oo i=—oo j=—o0

i=0,£1,42,.... So, F has a fixed point if and only if there is an integer m such that (or, for every integer
mwe have) (| fin—10fin—20--0 fuy Ofn(Xn) #0.
n<m

Some Applications : (a) If f; is surjective for all n < ng, for some integer ng, then F has a fixed point.

(b) If each X,, is compact and each f; is continuous for all #n < ng, for some integer ng, then F has a fixed point.
(c) Suppose there is an integer ng such that

1. (Xp+1,dny+1) is a complete metric space,

2. (X,,dy) is a metric space for n < ngy and

3. there are positive numbers o, and M), such that d,, 1 (f,(x), fu(y)) < Qudy(x,y) and d(x,y) < M, for all x,y € X,
and for every n < ng and such that My, 0, My, 10— 1+ + - My, Oy — 0 as k — oo

Then F has a fixed point, because diameter of f,,; o fy,)—10 -0 fy,—k(Xy,—k) tends to zero as k — oo,

Consider a sequence of nonempty sets X1,X»,... and a sequence of mappings f; : X; — X;11,i = 1,2,.... Let

Jo: T1 X; — X be a function. Define F((x1,x2,...)) = (fo((x1,x2,...)), f1(x1), f2(x2), f3(x3),...). There are some
i=1

examples of this type functions without fixed points (see [3] and see p.16, p.36 in [6]). Now, this type functions with

fixed points are to be discussed. Define G : X; — X; by G(x1) = fo((x1, fi(x1), 20 fi(x1), 30 f20 fi(x1),...)).

Proposition 4.1. Suppose X1,X>,..., fo, fi,f2,..., F and G be as above. Then G has a fixed point x] if and only if
F has a fixed point, which is, in this case, of the form (x7, fi(x}), f20 fi(x}), f30 fr0 fi(x]),...).

Proof. If G has a fixed point x}, then x7 = fo((x], fi1(x]), 20 fi(x]), f30 fao fi(x]),...)). Now
F((x], fi(x), f20 fi(x]), f30 f20 fi(x]),--.))

(fo((x, fi(x)), fao fi(x1),--.)), f1(x]), fa 0 f1(xT), f3 0 fa o fi(x]), .- )
= (XT,f]()CT),fQOf](XT),f_O,szofl(xT),...).

Conversely, assume that (x},x3,...) is a fixed point of F. Then x} = fo((x],%3,...)),x; = fi(x]),x} = fo(x3),. ...
So, x7 = fo((x7, f1(x]), fa0 fi(x]),...)) or x] = G(x7}). O
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Some Applications : (a) Suppose (X;,d;) is a complete metric space (or a compact metric space). Suppose further
that f1, f2, ... are functions such that G : X; — X; satisfies the relation d; (G(x),G(y)) < ad; (x,y), Vx,y € X; and
for some o € (0,1) (or di(G(x),G(y)) < di(x,y) for x,y € X satisfying x # y). Banach contraction principle (or
another known result (see p.38 in [6])) implies a unique fixed point x| of G. Thus F has a unique fixed point
(7, (), fa0 i), )

(b) Suppose X is a weakly compact convex subset of a normed space with normal structure and norm || ||. Suppose
f1,/2,... are functions such that G : X; — X satisfies the relation ||G(x) — G(y)|| < ||x—||,Vx,y € X;. Then G
has a fixed point and hence F has a fixed point.
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