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1 Introduction

The classical or the usual convexity is defined as follows,

Definition 1. A function f : 1 — R, 0 #£ I C R, is said to be convex on I if inequality
flx+(1=1)y) <tf(x)+(1-1) f(y)

holds for all x,y € I and t € [0,1].

A number of papers have been written on inequalities using the classical convexty and one of the most captivating
inequalities in mathematical analysis is stated as follows,

f(“+b)< 1 a/bf(x)dxsf(“”f(b) (1)

2 “b—a 2 ’

where f : I C R — be a convex mapping and a,b € I with a < b . Both the inequalities hold in reversed direction if f is
concave. The inequalities stated in (1) are known as Hermite-Hadamard inequalities.

For more results on (1) which provide new proof, significantly extensions, generalizations, refinements, counterparts,
new Hermite-Hadamard-type inequalities and numerous applications, we refer the interested reader to [2,3,5,6,8,9,12,
13,15,16] and the references there in.

The usual notion of convex function have been generalized in diverse manners. One of them is the so called harmonically
s-convex functions and is stated in the definition below.
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Definition 2. [5,7] Let I C (0,0) be a real interval. A function f : I — R is said to be harmonically s-convex(concave),
if

.
! (tx +(1—1)y

holds for all x,y € I and t € [0,1], and for some fixed s € (0,1].

) <))+ (1) f()

It can be easily seen that for s = 1 in Defination 2 reduces to following Defination 3,
Definition 3. [6] A function f:1 CR\{0} — R is said to be harmonically-convex function, if

Xy
() 0+ a-0s0

holds for all x,y € I andt € [0,1] . If the inequality is reversed, then f is said to be harmonically concave.

Proposition 1. [6] Let I C R\{0} be a real interval and f : I — R is function, then:

(i) ifIC (0,00) and f is convex and nondecreasing function then f is harmonically convex.
(i) ifI C (0,00) and f is harmonically convex and nonincreasing function then fis convex.
(i) if1c(

(iv) if1cC(

—o0,0) and f is harmonically convex and nondecreasing function then f is convex.

—o0,0) and f is convex and nonincreasing function then f is harmonically convex.

For the properties of harmonically-convex functions and harmonically-s-convex function, we refer the reader to [1,5,6,7,
8,10,11] and the reference there in.

Most recently, a number of findings have been seen on Hermite-Hadamard type integral inequalities for
harmonically-convex and for harmonically-s-convex functions.

In [14], Fejér established the following Fejér inequality which is the weighted generalization of Hermite-Hadamard
inequality (1).

Theorem 1. Let f : [a,b] — R be convex function. Then the inequality

b b
/ <a§b> [stoax< [ rwsear< T [oan @

holds, where g : [a,b] — R is nonnegative, integrable and symmetric to (a+b)/2.
For some results which generalize, improve, and extend the inequalities (1) and (2) see [15].

In [6], Iscan gave defination of harmonically convex functions and established following Hermite- Hadamard type
inequality for harmonically convex functions as follows.

Theorem 2. [15] Let f : 1 C R\{0}— R be a harmonically convex function and a,b € I witha < b . If f € L{a,b] then
the following inequalities hold:

b
2ab ab [ f(x) f(a)+ f(b)
f(aer)Sba/ 2 PET ©

In [11], Iscan and Wu represented Hermite-Hadamard’s inequalities for harmonically convex functions in fractional
integral form as follows.
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Theorem 3. [11] Let f: I CR™— R be a function such that f € Lla,b], where a,b € I with a < b. If f is harmonically-
convex on [a,b] , then the following inequalities for fractional integrals hold:

F(28) < B (BN o omp) s ren/a} < LOHD

with ot > 0 and h(x) = 1/x.
Definition 4. A function g : [a,b] C R\{0} — R is said to be harmonically symmetric with respect to 2ab/a+ b if

1) ®)

gx)=g <1+

S| =

holds for all x € [a,b].

Theorem 4. In [1] Chan and Wu represented Hermite-Hadamard-Fejer inequality for harmonically convex functions as
follows:

Theorem 5. Suppose that f : I C R\{0} — R be harmonically-convex function and a,b € I, with a < b. If f € L]a, D]
and g : [a,b] CR\{0} — R is nonnegative, integrable and harmonically symmetric with respect to 2ab/a+ b,then

YT Ty

In [10] Iscan and Kunt represented Hermite-Hadamard-Fejer type inequality for harmonically convex functions in

fractional integral forms and established following identity as follows:

Theorem 6. Let f : [a,b] — R be harmonically convex function with a < b and f € L{a,b]. If g : [a,b] — R is
nonnegative, integrable and harmonically symmetric with respect to 2ab/a + b, then the following inequalities for
fractional integrals hold:

£(225 ) [ (eoma/0)+ 75, (eom1/a)] < [18, (eom1/6) 55 (FoR)(1/a)] @
SDLIO [ (gon)(1/)+ 72, (gom)(1 /o)

with & >0 and h(x) = 1/x,x € [4,1].

Definition 5. Let f € L[a,b]. The right-hand side and left-hand side Hadamard fractional integrals J fand J_ f of order
a > 0 with a > 0 are defined by

J% f(x) = ﬁ/ (=0 f(t)dt, x> a
| b
I f(x) = W/ (t— )% f(1)dt, x < b

respectively where I'(ot) is the Gamma function defined by I' (&) = [e~'t*! and J& flx)= Jg, fx)=f(x)
0
Lemma 1. For 0 < 0 <1 and 0 < a < b we have

‘ae—b9’ <(b—a)®.
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In [4] D. Y. Hwang found out a new identity and by using this identity, established a new inequalities. Then in [12] 1.
Iscan and S. Turhan used this identity for GA-convex functions and obtain generalized new inequalities. In this paper, we
established a new inequality similar to inequality in [12] and then we obtained some new and general integral
inequalities for differentiable harmonically-convex functions using this lemma. The following sections, let the notion,

— H _ bH . _ 2ab
L(t) = gy U (1) = gy and H = H (a,b) = 245,

2 Main result

Throughout this section, let ||g||., = sup;c|,; |g(x)], for the continuous function g : [a,b] — [0,0) be differentiable
mapping I°, where a,b € I with a < b, and h : [a,b] — [0, o) be differentiable mapping.

Lemma 2. If f' € L|a,b]then the following inequality holds:

b

) ~2n(a) ) 0 [ pon(wyan ®
b 1 ’ 1
=2 [ @h(0) ~ W) (L) L)+ [ W) b)) ) (U ()
0 0

Proof. By the integration by parts, we have

1= [ h (L)~ ao)a (L) = ) - el Lo~ (53 ) [ FE L) ao)a
0

a b J
and
1 1
b= [2hUE) - hE)d(F ) = RhU©) - hb)f V)]~ (1 —;) [rwan we) we)*a.
0 0
Therefore
1
BEB oy —antan) 2 ey P28 [ it wan e pans [ rwow we) wepa
0 0
9
This complete the proof.
Lemma 3. For a,H,b > 0, we have
1
Gi(a,b) = [ [20(LE) WD) (1 =1) (L(x) (10)
01 1
Golab) = [ 1L 125(L(0) = h(b)|di+ [ H(U0)* 26U () ~h(b) (11
0 0
1
Gilab) = [ RRUE) ~hB) (1 -1) U () dr. (12)
0
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Theorem 7. Let f: I CR = (0,00) —> R be differentiable mapping I°, where a,b € I with a < b. If the mapping || is
harmonically-convex on [a,b], then the following inequality holds:

)~ 20(@)] 2 4 (o) L) /f W x| < 22 (@)1 (@)] + Glab) £ ()| + Gl k) [P B (13)

2

where &) (a,b), 8 (a,b), 83 (a,b) are defined in Lemma 3.

Proof. Continuing equality (8) in Lemma 2

b
[h(b) — 2h(a)] T" +h(b) =~ - / FOOH (x)dx (14)

1
<oe { [ -
0

Using | f’| is harmoncally-convex in (14).

b
£b) ,
= [ e xax

a

n(e) ~ 20(@)] 2 1 (o)

<o { [ 20w = n®)] {e] £ )]+ (1= 0)| £ (@)} (Lie))
1

+/ 2h(U(t))h(b)l{t!f’(H)|+(1t)|f’(b)|}(U(t))2dt}7 (15)
0

by (15) and Lemma 2, this proof is complete.

1/a
Corollary 1. Let h(t) = [ {(X— l)a_l + (4 —x)a_l} go@(x)dxforall 1/t € [},1], a>0andg: [a,b] — [0,) be
1/t

continuous positive mapping and symmetric to 2% in Teorem 7, we obtain:
(He ) [J;x/wgmp(l/a)+Jf;fgo<p<1/b>} - [ Geoo) 0/ 435, (eowl/m)]| (19
< ot 8l oy (@] @]+ (@) 0]+ @) 0]
where
Ci(@)= (=000~ (1)) (Lle)

Cr(a)= [1[(1+0)* = (1= [(L(1)* +(U(1))*] dr

G () A=) [(14+0)%— (1 —1)% (L(r))?dr.

O O O~
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Specially in (16) and using Lemma 1, for 0 < a0 < 1 we have:

\(f“;f(”)) 1820 0(1/) +55, g0 0(1/0)] - [18,- (F500) (1/a) 1%, (fgoq»)(l/mH a7

—a o+1
= 2((2b)a+)1r(|(|xg+|°1) [C1 (@) |£'(@)] +Ca (@) | £/ (H)|+C3 (@) | £(B)]

where

1

1
Cl(a):/(l—t)t (L(t))2dt, Cs(at) = /raﬂ (L)) + (U ()] dt, Cs( /1—z ).
0

0

1/a _ B
Proof. By left side of inequality (15) in Teorem 7, when we write h(t) = [ [(x -1 i (1 —x)a 1] go @(x)dx for all
1/t
€ [1/b,1/a] and @(x) = 1/x, we have

() (L 2O [, 0001 /a) 95, 20 001/0)] (@) 5,1 (F200) (1) 5, (reow) (1/0)] |

On the other hand, right side of inequality (15), with

1 o—1 1 o—1
¥(x,a,b) = <x— b> + <a —x> (18)
1 1/a 1/a
<P [l [ weablgopdn— [ 1Pesabgo ot {17/ )] +(1-0)|f @]} (L0)3d
0 | 1/L() 1/b
1 1/a 1/a
/ / (x,a,b)] gO(p(x)dx—/['P(x,mb)]goq)(x)dx {t|fH)|+0=0)|f )|} U 1))*dt
0 | 1/U() 1/b
Since g(x) is symmetric to x = %l,’? we have
1/a 1/a 1/L(1)
2 [ Wwab)gopmdr— [[#wab)goe)wdx =| [ [#ab))(go9)@dx (19)
1/L(r) 1/b L/U ()
and
1/a 1/a 1/L(r)
2 [ Wablgoowdi— [[#rab)(gop) i =| [ [#lrab)gop)d @0
1/U(1) 1/b | /U (1)
for all # € [0,1]. By (18)- (20), we have
b
(PO 0001/ 495, w0001/0)] - 18, (Feo0) 1/ 435, (reo@ (1/0)]| 21
1 1/L(t)
4abF / | weab)| goowa| {e|f/@)]+ (1 -0 @]} @) d
o |[yu
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1| 1/L(z)
+/ W(x,a,b)| g0 p(x)dx| {| £ (H)| + (1~ 1) | £ ()|} (U (1)) dr
0 [1/U(t)
) 1| 1/Lo
gw / /|qf(x,a,b)\dx {t|f(H)|+1=0)|f (@)|} (L(t))*dr
0

4abI” (o)
1/u()
1| /L)
+/ / W (x,a,b)|dx| {t|f'(H)|+(1=1)|f®)]} (U))dt
0 |1/u0)
In the last inequality,
1/L(1) 1/L(1) 1/L(1) Sloa [\
/|'P(x,a,b)|dx: / () dx+ / (x> dx=— ( b) {+n*=(1-0%}. (22
a
1/U(1) 1/U() 1/U(r)
By Lemma 1, we have
1/L(r) 1/L(t) o1 1/L(t) o1 o
" 1 1 2 (b—a
= - i < = a
/\‘I’(x,a,b)|dx / (x b) dx+/ (a x) dx_a(ab>l
1/U(t) 1/U(r) 1/U(1)

A combination of (21) and (22), we have (16). This complete is proof.

Corollary 2. In Corollary 1,

(1) If a =1 is in corollary, we obtain following Hermite-Hadamard-Fejer Type inequality for harmonically-convex
function which is related the left-hand side of (17):

b b 2
l[ﬂ);ﬂ”)} JEar— [1055 x| <SS el [ |1 @]+ ) |7 @) + 6o |7 0)]

(23)

where for a,b,H > 0, we have

(© 2016 BISKA Bilisim Technology
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(i) If g(x) = 1is in corollary, we obtain following Hermite-Hadamard-Fejer Type inequality for harmonically-convex
function which is related the left-hand side of (16):

(LOLI0) OPLEN e gy 1/ 15, (o010 @

< % [C1 (@) £/ (@)| +Ca (@) £ (H)] +C3 (@) | £/ (B)]] -

(i) If g(x) =1 and o = 1 is in corollary, we obtain following Hermite-Hadamard-Fejer Type inequality for
harmonically-convex function which is related the left-hand side of (17):

b
(H ) - 2 [Tl < Sl va ol anlre). e

Theorem 8. Let f: 1 C R\{0} — R be differentiable mapping 1°, where a,b € I with a < b. If the mapping |f'|? is
harmonically-convex on |a,b), then the following inequality holds:

b
400) 20 252 10y ) - [ reomoan) < St ™ g ) s 2o
where
1
m=|/ Zh(L(t))—h(b)ldr) ,
0
1
M= | [ (128(2(0) = hio) ) x (@) | @)+ (1 =) (L)) |f’(H)|q)) ,
0
1
m=| [ pawe) —h<b>|dt) ,
0
1
M= | [ (2 0) =)l dn) (1 @©) |7 @]+ (1-1) (U(t))quf’(H)l”)) :
0

Proof. Continuing from (14) in Theorem 7, we use Holder Inequality and we use that |f’|? is harmonically-convex. Thus
this proof is complete.

1/a

Corollary 3. Let h(t) = [ [(x— %)ail + (é —x) ail] (go @) (x)dx forallt € [a,b] and g : [a,b] — [0,00) be continuous
1/t
positive mapping and symmetric to % in Teorem 8, we obtain:

(P o8, o) (10028, (20 0) 1/0)] = 18, (Geo0) 1/ 475, (Feow) 1/0)] | 2

(b—a)*"|g]., (22(2“ -

-7 |
S 3 T (@b)a T (a + 1) a+11>> [Ci(0.q)|f (@) +Ca (e q) [f ()| +Cs (e ) | (B[]

(© 2016 BISKA Bilisim Technology
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where for g > 1
1
Ci(ag) = [ 1(1+0)% = (1= (L) dr
0
1
Calong) = [ [(1+0% = (1= (1=0) (L) + U 0)*) ds
0
1
s (a,q) :/ [(14+0)% = (1 =) (U (1) dr.
0
Proof. Continuing from (22) of Corollary 1 and (26) in Theorem 8§,
—a o+1
’(W) (&) - [Cz]‘ < M{ﬁ X Uy + €y x {3} (28)
b—a)%t! . 1
< 2a+(l (ab))0‘+'1"||zgo|¢|+ ) (&)1 [a+ 03]
where
20t+1 )
o= Tat1
G =Ugg(b)+Jg(a),
& =J5 (fg) (b)+J- (fg)(a),
1 -3
b= /[(1+t)a—(1—t)a]dt) )
0
| i
= | [10+0% = (=07 (1€ [F @]+ (1 =0 @) @)]") dr) ,
0
| ‘
3= /[(IH)“—(I—I)“} (t(U(t))z‘f\f’(b)\qﬂL 1—1 U(l))2‘1|f’(H>\q) dt) :
0
By the power-mean inequality (a” +b" <2'""(a+b)" for a>0,b>0, r<1)and % + é = | we have
(b—a)™" [g].. (b-a) gl (2% | '
20+ (gp) 4 H T (o + 1) (@) [ta+45] < 201 (gb) @+ (o + 1) ( o+1 > M (G148 +83)d ] @
where
& =[(1+0)" = (1=t (L) | f (@),
& = [(1+0% = (1= (1=1) (L) + U ©)™) [F )],
&=[(1+0)%= (1=t U)]f ()"

(© 2016 BISKA Bilisim Technology
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Corollary 4. When oo = 1 and g(x) = 1 is taken in Corollary 3, we obtain:

(f(a) +f(b)) B (bab fflx

2 —a)) x?
a

(bl_al) [C1(1Lg) |f (@] +Ca(1,q) [/ (H)|"+C3(1,9) [ £/ (B)|'] 7. (30)

2+1

)dxg
2774 (a

This proof is complete.
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