IKONION JOURNAL OF MATHEMATICS

YEAR: 2019 VOLUME: 1 ISSUE: 1

SOME BOUNDS FOR ECCENTRIC VERSION OF
HARMONIC INDEX OF GRAPHS

Yasar Nacaroglu”
* Kahramanmaras Sutcu Imam University, Department of Mathematics,
46100, Kahramanmaras, Turkey, E-mail: yasarnacaroglu@ksu.edu.tr
( Received: 19.12.2018, Accepted: 21.01.2019,Published Online: 30.01.2019)

Abstract

The harmonic index of a graph G is defined as the sum H(G) = 2

szeE(G)m,
where d; (i) is the degree of a vertex i in G. In this paper, we examined eccentric
version of harmonic index of graphs.
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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The degree of a vertex
u in a graph G is number of incident edges to the vertex. The degree of a vertex i is denoted by d; (7).
The maximum degree is denoted by A. The minimum degree is denoted by §.

The distance between i and j vertices, denoted d; (i, j) is the length of a shortest path between
them. The eccentricity & (i) of a vertex i in a connected graph is its distance to a vertex fatrhest from i.
The radius of a connected graph, denoted r(G) is its minimum eccentricity. The diameter of a connected
graph, denoted D(G) is maximum eccentricity. For other undefined notations and terminology from
graph theory, the readers are referred to [5].

One of the oldest topological indices, the first and second Zagreb indices were defined by [7,8].
The first and second Zagreb indices are defined as

M@= ) @O ad MGE= Y ddds().
iev(G) IJEE(G)

An alternative expression for the first Zagreb index is [1]

M@ = Y [@D+da()).
iJEE(G)
The harmonic index was defined in [3] as

2

) dg(i) +dg ()

H(G) =

Ghorbani et al. [4] and Vukicevic¢ et al. [12] defined the first and the second Zagreb eccentricity
indices by

11



Ikonion Journal of Mathematics 2019,1 (1)

BE@= ) &0 ad BO= ) D)

i€V (G) LJEE(G)

In 1997, The eccentricity connectivity index of a graph G was introduced by Sharma et al. [11].
The eccentric connectivity index is defined as

£O) = Y dDed = Y (d+e().

i€V (G) iJEE(G)

In 2000, Gupta et al. [6] introduced the connective eccentricity index, which is defined to be

dg (1)
gc(@)

@)= ).
i€v(6)
The eccentric version of the harmonic index have been defined in [2] as follows.

2

AR O )

In this paper, we are concerned with the upper and lower bounds of H,(G) which depend on some

of the parameters n, m, r, D etc.

2. Main Results

In this section, we give some upper and lower bounds for the eccentric harmonic index.

Theorem 2.1. Let G be a simple connected graph with n vertices, m edges, r radius and D diameter.
Then

m
D
Equality holds on both sides if and only if G is self centered graph.

< H,(G) < ? €Y

Proof. We know that 2r < £ (i) + &6 (j) < 2D forall ij € E(G). Then we have

2
HO= ), e

iJEE(G)
2 m
.y 2t
2r r
ijJEE(G)
In an analogous manner,
2
H,(G) = — =
i<t g (D) +e6(j)
2 m
= —=—
B 2D D
IjEE(G)

Now suppose that equality holds in (1). Then all the above inequalities must become equalities. Thus
we get g6y (i) = & (j) forall of ij € E(G). So we conclude that G is self centered graph.
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Conversely, if G is self centered graph, it is easy to see that equalities (1) hold.

Proposition 2.2. [13] Let G be a connected graph with n > 3 vertices. Then for all i € V(G) we have
gc()) =n—dg (D), (2)

with equality if and only if K,, — ke, for k = 0,1,2, ..., EJ orG =P,.

Theorem 2.3. Let G be connected graph of order n with maximum degree A. Then
m
H,(G) = p—— 3
The equality holds if and only if G is regular self centered graph.

Proof. By applying Proposition 2.2, we get
2

MO 2 a0+ e0

2

= - -
l-,-ezm 20— (A6 + dg ()

2 m

= = .
B 2Zn—2A n-A
iJEE(G)

Suppose that equality holds in the above inequality. Then &;(i) = n —dg; (i) ve d;(i) = Aforall i €
V(G). So by Proposition 2.2 we conclude that G = K, or G = C,.

Conversely, if G = K,, or G = C, , it is easy see that equality (3) holds.

Theorem 2.4. Let G be a connected graph with n vertices and m edges. Let k be the number of vertices
with eccentricity 1 in graph G. Then
6m+k(2n+k —3)

12 '

H4(G) =

Proof. K = {iy, i, ..., i} be the set of vertices with eccentricity 1. Then we have e(i) = 2 forany i €
V(G) \ K. From the definition eccentric-harmonic index, we get

2 2 2
H@= Y —tt Y ot Y

ijJEE(G) ijJEE(G) ijJEE(G)
i,JEK iEK,jEV(G)\K i,JEV(G)\K
2
= Z 1+ =+ =
ijEE(G) ijJEE(G) IjEE(G)
i,JEK i€K,jEV(G)\K i,jJEV(G)\K
_bm+k(2n+k—3)

12
So as desired.
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Lemma 2.5. (Radon Inequality)[10] For every real numbersp > 0,x;, = 0,a;, > 0,for 1 < k < n, the
following inequality holds true:

+1
X o CRy )P

2 2 G
i i fa—X2_.._*
The equality holds if and only |fa—1 =L = T
Theorem 2.6. For any graph G we have
2 2
H,(G) = 4

with equality holds if and only if e; (i) + € (j) is constant for all ij € E(G).

Proof. Using Lemma 2.5 we get
(2)°
g (D) +&c()

(Syer)V2)
Yijee)(E (D) +&6())

H,(G) =
ijEE(G)

>

ijEE(G)
2m?
>
§°(G)
Suppose that equality holds in the above inequality. In this case by Lemma 2.5, &; (i) + &;(j) becomes
constant for all ij € E(G).

Conversely, if e; (i) + ;(j) is constant for all ij € E(G), we can easily see that equality hold
in (4).

Theorem 2.7. For any graph G we have
Hy(6) <=2 (5)

with equality holds if and only if G is self centered graph.

Proof. From arithmetic harmonic mean inequality we have

2
Ha6) = Z (D) + 200)

iJEE(G)

B 2 (EG ) 561(1))

JEE(G)

1 dg(D) _£%(6)

lEV(G) e 2

Suppose that equality holds in the above inequality. Then for every ij € E(G), €5 (i) = €;(j). Thus one
can easily see that the equality holds in (5) if and only if G is self centered graph.
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Conversely let G be self centered graph. Then by applying ¢; (i) = €;(j) = r forall ij € E(G)
we get

H.(G) = 2 m
4 = D~ <=
<Rt g +e() T
and
§e(6) 1 z dg() _ 1 z dg(i) _m
2 2 ity 56 @ 2 & | r
This completes the theorem.
Theorem 2.8. For any graph G we have
2m?r
Hy(G) = ) (6)

with equality holds if and only if e; (i) + £;(j) is constant for all ij € E(G).

Proof. Since &; (i), e (j) = r, we have (g5 (i) —r)(eg(j) —r) = 0. Then we get
g6 (Deg () +1?
r

The equality holds e; (i) = rore;(j) =roregz (i) = €;(j) = r forall ij € E(G). By applying Lemma
2.5 we get

>eq(0)+e:().

2
5 o 5y Vzr)*
ot DN +17 L e De() + 72
(Sijee ‘/ﬂ)z 2m?r

T Yier c(Dec (D + 12 Ex(G) + mr?

Now suppose that equality holds in (6). Then all the inequalities in the above argument must be
equalities. By Lemma 2.5 we have & (i)+¢&;(j) is constant for all ij € E(G).

Conversely if e; (i)+¢&;(j) is constant for all ij € E(G), it is easy to see that equality (6) holds.

Theorem 2.9. For any graph G we have

Jm-1Dmrz+1)+1

Hy(6) < . @
with equality holds if and only if G = K,.
Proof. From definition of the eccentric harmonic index and the relation ————— < 1, we get the

ec(D+eg() —
following conclusion.
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2
HO=| 2, coran

jEE(G)

4 2 2
=) ROETRO A 3 <eg(i>+ea<f)'sc<k)+eaa)>

ijE€E(G) ij€E(G)
ij#kl
H2(G) < Z * +2 Z 1
4 — B 2 .
{jEE(G) (&6 (D) + £6(7) ijEE(G)
ij#kl

m
§—2+m(m—1).
r

So we achieve the desired result. Now suppose that equality holds in (7). Then all the inequalities
in the above argument must be equalities. In this case, for all ij € E(G) should be &; (i) = ¢;(j) = 1.
Then the equality holds if and only if G = K,,.

Conversely, if G = K,, then it is easy to see that equality (7) holds.

Lemma 2.10. (Schwetzers Inequality) Let x4, x5, ..., x,, be positive real numbers suchthat 1 <i<n

holds m < x; < M. Then
zn: zn: 1 - n?(m+ M)? g
*i xi)~  4nM ®

i=1 i=1
Equality holds in the (8) only when n is even, and the if and only if x; = x, = - = x» = m and

Xn, = =x, =M.

Theorem 2.11. For any graph G we have

m?(D +1)?
< -
H,(G) < 2 (G)Dr 9)
with equality holds if and only if G is self centered graph.

Proof. Since 2r < g, (i) + €4 (j) < 2D for all ij € E(G), using (8) we have

. . 1 m?(2r + 2D)?
z (eg () +&6()) z ec () + e6()) = 4(2r)(2D)

ij€E(G) ijEE(G)

Z 1 _ m?(r + D)?
& ec(D) +ec() — 45°(G)Dr
m?(D +1)?

() = e ypr

The equality holds if and only if G is self centered graph. We get the required result.
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