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Abstract 

The harmonic index of a graph G is defined as the sum 𝐻(𝐺) = ∑
2

𝑑𝐺(𝑖)+𝑑𝐺(𝑗)𝑖𝑗∈𝐸(𝐺) , 

where 𝑑𝐺(𝑖) is the degree of a vertex i in G. In this paper, we examined eccentric 

version of harmonic index of graphs. 

Keywords: Topological index; Graph Parameters; Harmonic Index. 

 

1. Introduction 
 

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The degree of a vertex 

u in a graph G is number of incident edges to the vertex. The degree of a vertex i is denoted by 𝑑𝐺(𝑖). 

The maximum degree is denoted by Δ. The minimum degree is denoted by 𝛿. 

 

The distance between i and j vertices, denoted 𝑑𝐺(𝑖, 𝑗) is the length of a shortest path between 

them. The eccentricity 휀𝐺(𝑖) of a vertex i in a connected graph is its distance to a vertex fatrhest from i. 

The radius of a connected graph, denoted r(G) is its minimum eccentricity. The diameter of a connected 

graph, denoted D(G) is maximum eccentricity. For other undefined notations and terminology from 

graph theory, the readers are referred to [5]. 

 

One of the oldest topological indices, the first and second Zagreb indices were defined by [7,8]. 

The first and second Zagreb indices are defined as  

𝑀1(𝐺) = ∑ 𝑑𝐺
2 (𝑖)     and 

𝑖∈𝑉(𝐺)

  𝑀2(𝐺) = ∑ 𝑑𝐺(𝑖)𝑑𝐺(𝑗).

𝑖𝑗∈𝐸(𝐺)

  

 

An alternative expression for the first Zagreb index is [1] 

 𝑀1(𝐺) = ∑ (𝑑𝐺(𝑖)+𝑑𝐺(𝑗)).

𝑖𝑗∈𝐸(𝐺)

 

 

The harmonic index was defined in [3] as 

𝐻(𝐺) = ∑
2

𝑑𝐺(𝑖) + 𝑑𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

. 

Ghorbani et al. [4] and Vukičević et al. [12] defined the first and the second Zagreb eccentricity 

indices by  
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𝐸1(𝐺) = ∑ 휀𝐺
2(𝑖)     and 

𝑖∈𝑉(𝐺)

  𝐸2(𝐺) = ∑ 휀𝐺(𝑖)휀𝐺(𝑗).

𝑖𝑗∈𝐸(𝐺)

 

 

In 1997, The eccentricity connectivity index of a graph G was introduced by Sharma et al. [11]. 

The eccentric connectivity index is defined as 

𝜉𝑐(𝐺) = ∑ 𝑑𝐺(𝑖)휀𝐺(𝑖) = ∑ (휀𝐺(𝑖)+휀𝐺(𝑗))

𝑖𝑗∈𝐸(𝐺)

.

𝑖∈𝑉(𝐺)

 

 

In 2000, Gupta et al. [6] introduced the connective eccentricity index, which is defined to be 

𝜉𝑐𝑒(𝐺) = ∑
𝑑𝐺(𝑖)

휀𝐺(𝑖)
.

𝑖∈𝑉(𝐺)

 

 

The eccentric version of the harmonic index have been defined in [2] as follows. 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
.

𝑖𝑗∈𝐸(𝐺)

 

 

In this paper, we are concerned with the upper and lower bounds of 𝐻4(𝐺) which depend on some 

of the parameters n, m, r, D  etc. 

 

2. Main Results 
 

In this section, we give some upper and lower bounds for the eccentric harmonic index.  

 

Theorem 2.1. Let G be a simple connected graph with n vertices, m edges, r radius and D diameter. 

Then 

                                                                
𝑚

𝐷
≤ 𝐻4(𝐺) ≤

𝑚

𝑟
.                                                                    (1) 

Equality holds on both sides if and only if G is self centered graph. 

 

Proof.  We know that 2𝑟 ≤ 휀(𝐺)(𝑖) + 휀𝐺(𝑗) ≤ 2𝐷 for all 𝑖𝑗 ∈ 𝐸(𝐺). Then we have 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

    ≤ ∑
2

2𝑟
𝑖𝑗∈𝐸(𝐺)

=
𝑚

𝑟
. 

In an analogous manner, 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

    ≥ ∑
2

2𝐷
𝑖𝑗∈𝐸(𝐺)

=
𝑚

𝐷
. 

Now suppose that equality holds in (1). Then all the above inequalities must become equalities. Thus 

we get 휀(𝐺)(𝑖) = 휀𝐺(𝑗) for all of 𝑖𝑗 ∈ 𝐸(𝐺). So we conclude that G is self centered graph. 
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 Conversely, if G is self centered graph, it is easy to see that equalities (1) hold. 

 

Proposition 2.2. [13] Let G be a connected graph with 𝑛 ≥ 3 vertices. Then for all 𝑖 ∈ 𝑉(𝐺) we have  

휀𝐺(𝑖) ≤ 𝑛 − 𝑑𝐺(𝑖),                                                           (2) 

with equality if and only if 𝐾𝑛 − 𝑘𝑒, for 𝑘 = 0,1,2, … , ⌊
𝑛

2
⌋,  or 𝐺 = 𝑃4. 

 

Theorem 2.3. Let G be connected graph of order n with maximum degree Δ. Then 

                                                                            𝐻4(𝐺) ≥
𝑚

𝑛 − Δ
.                                                                          (3) 

The equality holds if and only if G is regular self centered graph. 

 

Proof.  By applying Proposition 2.2, we get  

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

                              ≥ ∑
2

2𝑛 − (𝑑𝐺(𝑖) + 𝑑𝐺(𝑗))
𝑖𝑗∈𝐸(𝐺)

 

                        ≥ ∑
2

2𝑛 − 2Δ
=

𝑚

𝑛 − Δ
.

𝑖𝑗∈𝐸(𝐺)

 

Suppose that equality holds in the above inequality. Then 휀𝐺(𝑖) = 𝑛 − 𝑑𝐺(𝑖) ve 𝑑𝐺(𝑖) = Δ for all 𝑖 ∈

𝑉(𝐺). So by Proposition 2.2 we conclude that 𝐺 ≅ 𝐾𝑛 or 𝐺 ≅ 𝐶4. 

 

 Conversely, if 𝐺 ≅ 𝐾𝑛 or 𝐺 ≅ 𝐶4 , it is easy see that equality (3) holds. 

 

Theorem 2.4. Let G be a connected graph with n vertices and m edges. Let k be the number of vertices 

with eccentricity 1 in graph G. Then  

𝐻4(𝐺) =
6𝑚 + 𝑘(2𝑛 + 𝑘 − 3)

12
. 

 

Proof.  𝐾 = {𝑖1, 𝑖2, … , 𝑖𝑘} be the set of vertices with eccentricity 1. Then we have 𝑒(𝑖) = 2 for any 𝑖 ∈

𝑉(𝐺) ∖ 𝐾. From the definition eccentric-harmonic index, we get 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
+ ∑

2

휀𝐺(𝑖) + 휀𝐺(𝑗)
 + ∑

2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

𝑖,𝑗∈𝑉(𝐺)∖𝐾
𝑖𝑗∈𝐸(𝐺)

𝑖∈𝐾,𝑗∈𝑉(𝐺)∖𝐾
𝑖𝑗∈𝐸(𝐺)

𝑖,𝑗∈𝐾

 

             = ∑ 1 + ∑
2

3
 + ∑

1

2
𝑖𝑗∈𝐸(𝐺)

𝑖,𝑗∈𝑉(𝐺)∖𝐾
𝑖𝑗∈𝐸(𝐺)

𝑖∈𝐾,𝑗∈𝑉(𝐺)∖𝐾
𝑖𝑗∈𝐸(𝐺)

𝑖,𝑗∈𝐾

 

              =
6𝑚 + 𝑘(2𝑛 + 𝑘 − 3)

12
. 

So as desired. 
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Lemma 2.5. (Radon Inequality)[10] For every real numbers 𝑝 > 0, 𝑥𝑘 ≥ 0, 𝑎𝑘 > 0, for 1 ≤ 𝑘 ≤ 𝑛, the 

following inequality holds true: 

∑
𝑥𝑘

𝑝+1

𝑎𝑘
𝑝 ≥

(∑ 𝑥𝑘
𝑛
𝑘=1 )𝑝+1

(∑ 𝑎𝑘
𝑛
𝑘=1 )𝑝

.

𝑛

𝑘=1

 

The equality holds if and only if 
𝑥1

𝑎1
=

𝑥2

𝑎2
= ⋯ =

𝑥𝑛

𝑎𝑛
. 

 

Theorem 2.6. For any graph G we have  

                                                                𝐻4(𝐺) ≥
2𝑚2

𝜉𝑐(𝐺)
,                                                                       (4) 

with equality holds if and only if 휀𝐺(𝑖) + 휀𝐺(𝑗) is constant for all 𝑖𝑗 ∈ 𝐸(𝐺). 
                    

Proof. Using Lemma 2.5 we get  

𝐻4(𝐺) = ∑
(√2)

2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

                                ≥ ∑
(∑ √2𝑖𝑗∈𝐸(𝐺) )

2

∑ (휀𝐺(𝑖) + 휀𝐺(𝑗))𝑖𝑗∈𝐸(𝐺)
𝑖𝑗∈𝐸(𝐺)

 

                                         ≥
2𝑚2

𝜉𝑐(𝐺)
     .                                                   

Suppose that equality holds in the above inequality. In this case by Lemma 2.5,  휀𝐺(𝑖) + 휀𝐺(𝑗) becomes 

constant for all 𝑖𝑗 ∈ 𝐸(𝐺). 

 

Conversely, if 휀𝐺(𝑖) + 휀𝐺(𝑗) is constant for all 𝑖𝑗 ∈ 𝐸(𝐺), we can easily see that equality hold 

in (4).  

 

Theorem 2.7. For any graph G we have  

𝐻4(𝐺) ≤
𝜉𝑐𝑒(𝐺)

2
,                                                         (5) 

with equality holds if and only if G is self centered graph. 

 

Proof. From arithmetic harmonic mean inequality we have 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

                     ≤
1

2
∑ (

1

휀𝐺(𝑖)
+

1

휀𝐺(𝑗)
)

𝑖𝑗∈𝐸(𝐺)

 

                                                                       =
1

2
∑

𝑑𝐺(𝑖)

휀𝐺(𝑖)
=

𝜉𝑐𝑒(𝐺)

2
𝑖∈𝑉(𝐺)

 .                                                    

Suppose that equality holds in the above inequality. Then for every 𝑖𝑗 ∈ 𝐸(𝐺), 휀𝐺(𝑖) = 휀𝐺(𝑗). Thus one 

can easily see that the equality holds in (5) if and only if G is self centered graph. 
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 Conversely let G be self centered graph. Then by applying 휀𝐺(𝑖) = 휀𝐺(𝑗) = 𝑟 for all 𝑖𝑗 ∈ 𝐸(𝐺) 

we get 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
=

𝑚

𝑟
𝑖𝑗∈𝐸(𝐺)

 

and 

𝜉𝑐𝑒(𝐺)

2
=

1

2
∑

𝑑𝐺(𝑖)

휀𝐺(𝑖)
=

1

2
∑

𝑑𝐺(𝑖)

𝑟
=

𝑚

𝑟
.

𝑖∈𝑉(𝐺)𝑖∈𝑉(𝐺)

 

This completes the theorem. 

 

Theorem 2.8. For any graph G we have  

𝐻4(𝐺) ≥
2𝑚2𝑟

𝐸2(𝐺)+𝑚𝑟2,                                                         (6) 

with equality holds if and only if 휀𝐺(𝑖) + 휀𝐺(𝑗) is constant for all 𝑖𝑗 ∈ 𝐸(𝐺). 

 

Proof.  Since 휀𝐺(𝑖), 휀𝐺(𝑗) ≥ 𝑟, we have (휀𝐺(𝑖) − 𝑟)(휀𝐺(𝑗) − 𝑟) ≥ 0 . Then we get 

휀𝐺(𝑖)휀𝐺(𝑗) + 𝑟2

𝑟
≥ 휀𝐺(𝑖) + 휀𝐺(𝑗) . 

The equality holds 휀𝐺(𝑖) = 𝑟 or 휀𝐺(𝑗) = 𝑟 or 휀𝐺(𝑖) = 휀𝐺(𝑗) = 𝑟 for all 𝑖𝑗 ∈ 𝐸(𝐺). By applying Lemma 

2.5 we get 

𝐻4(𝐺) = ∑
2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

 

             ≥ ∑
2𝑟

휀𝐺(𝑖)휀𝐺(𝑗) + 𝑟2
=

𝑖𝑗∈𝐸(𝐺)

∑
(√2𝑟)

2

휀𝐺(𝑖)휀𝐺(𝑗) + 𝑟2

𝑖𝑗∈𝐸(𝐺)

 

              ≥
(∑ √2𝑟𝑖𝑗∈𝐸(𝐺) )

2

∑ 휀𝐺(𝑖)휀𝐺(𝑗) + 𝑟2
𝑖𝑗∈𝐸(𝐺)

=
2𝑚2𝑟

𝐸2(𝐺) + 𝑚𝑟2
. 

Now suppose that equality holds in (6). Then all the inequalities in the above argument must be 

equalities. By Lemma 2.5 we have 휀𝐺(𝑖)+휀𝐺(𝑗) is constant for all 𝑖𝑗 ∈ 𝐸(𝐺). 

 

Conversely if 휀𝐺(𝑖)+휀𝐺(𝑗) is constant for all 𝑖𝑗 ∈ 𝐸(𝐺), it is easy to see that equality (6) holds.   

 

Theorem 2.9. For any graph G we have  

                            𝐻4(𝐺) ≤
√(𝑚 − 1)(𝑚𝑟2 + 1) + 1

𝑟
,                                                 (7) 

with equality holds if and only if 𝐺 ≅ 𝐾𝑛.  

 

Proof. From  definition of the eccentric harmonic index and the relation 
2

𝜀𝐺(𝑖)+𝜀𝐺(𝑗)
≤ 1, we get the 

following conclusion.  
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𝐻4
2(𝐺) = ( ∑

2

휀𝐺(𝑖) + 휀𝐺(𝑗)
𝑖𝑗∈𝐸(𝐺)

)

2

 

            = ∑
4

(휀𝐺(𝑖) + 휀𝐺(𝑗))2
+ 2

𝑖𝑗∈𝐸(𝐺)

∑ (
2

휀𝐺(𝑖)+휀𝐺(𝑗)
.

2

휀𝐺(𝑘)+휀𝐺(𝑙)
)

𝑖𝑗∈𝐸(𝐺)
𝑖𝑗≠𝑘𝑙

 

  𝐻4
2(𝐺) ≤ ∑

4

(휀𝐺(𝑖) + 휀𝐺(𝑗))2
+ 2 ∑ 1

𝑖𝑗∈𝐸(𝐺)
𝑖𝑗≠𝑘𝑙

𝑖𝑗∈𝐸(𝐺)

. 

              ≤
𝑚

𝑟2
+ 𝑚(𝑚 − 1). 

 

So we achieve the desired result. Now suppose that equality holds in (7). Then all the inequalities 

in the above argument must be equalities. In this case, for all 𝑖𝑗 ∈ 𝐸(𝐺) should be 휀𝐺(𝑖) = 휀𝐺(𝑗) = 1. 

Then the equality holds if and only if 𝐺 ≅ 𝐾𝑛.  

 

Conversely, if 𝐺 ≅ 𝐾𝑛 then it is easy to see that equality (7) holds.  

 

Lemma 2.10. (Schwetzers Inequality) Let 𝑥1, 𝑥2, … , 𝑥𝑛 be positive real numbers such that 1 ≤ 𝑖 ≤ 𝑛 

holds 𝑚 ≤ 𝑥𝑖 ≤ 𝑀. Then  

                              (∑ 𝑥𝑖

𝑛

𝑖=1

) (∑
1

𝑥𝑖

𝑛

𝑖=1

) ≤
𝑛2(𝑚 + 𝑀)2

4𝑛𝑀
.                                                     (8) 

Equality holds in the (8) only when n is even, and the if and only if 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑛

2
= 𝑚 and 

𝑥𝑛

2
+1 = ⋯ = 𝑥𝑛 = 𝑀.  

 

Theorem 2.11. For any graph G we have 

                                               𝐻4(𝐺) ≤
𝑚2(𝐷 + 𝑟)2

2𝜉𝑐(𝐺)𝐷𝑟
,                                                          (9) 

with equality holds if and only if G is self centered graph. 

 

Proof. Since 2𝑟 ≤ 휀𝐺(𝑖) + 휀𝐺(𝑗) ≤ 2𝐷 for all 𝑖𝑗 ∈ 𝐸(𝐺), using (8) we have 

     ∑ (휀𝐺(𝑖) + 휀𝐺(𝑗)) ∑
1

휀𝐺(𝑖) + 휀𝐺(𝑗)
≤

𝑚2(2𝑟 + 2𝐷)2

4(2𝑟)(2𝐷)
𝑖𝑗∈𝐸(𝐺)𝑖𝑗∈𝐸(𝐺)

 

   ∑
1

휀𝐺(𝑖) + 휀𝐺(𝑗)
≤

𝑚2(𝑟 + 𝐷)2

4𝜉𝑐(𝐺)𝐷𝑟
               

𝑖𝑗∈𝐸(𝐺)

 

              𝐻4(𝐺) ≤
𝑚2(𝐷 + 𝑟)2

2𝜉𝑐(𝐺)𝐷𝑟
. 

 

The equality holds if and only if G is self centered graph. We get the required result. 
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