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Abstract: In this paper we study biharmonic maps on Kenmotsu manifédsexample for biharmonic map of a three-Kenmotsu
manifold is constructed for illustration.
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1 Introduction

1.1 Kenmotsu manifolds.

The notion of Kenmotsu manifolds is defined by K. Kenmotsie (§&]). Let (MZ”H,qo,E,n,g) be an almost contact
Riemannian manifold, wherg is an(1,1) tensor field,j is a 1-form andy is the Riemannian metric. We have for any
X,Y el (TM) (see [7] and [21])

®(&)=0, n(¢(X))=0, n(¢§)=1, (1)
@ (X) = —X+n(X)§E, )
9(X,§)=n(X) (3)

and
g(@(X),e(Y)) =g(X,Y)=n(X)n(Y). (4)

If, moreover

(Bx@)Y =-n(Y)o(X)—9(X,0(Y))¢ )

and
Oxé =X-n(X)¢&, (6)

where[] denotes the Riemannian connexion gothen (Mzn“,(p,f,r),g) is called an almost Kenmotsu manifold. In
kenmotsu manifolds, we have the following relations (s&g)[1

(Oxm)Y =g(e(X),e(Y)), )
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RX,Y)E=n(X)Y-=n(Y)X, (8)
R(&E,X)Y=n(Y)X—-g(X,Y)¢, (9)
R(&,X)E=X-n(X)¢& (10)
and
S(X,&)=—-(-=1)n(X), (11)

whereR is the Riemannian curvature tensor &b the Ricci tensor. Kenmotsu manifolds have been studiechdyy
authors, for example see [8], [14] and [20].

1.2 Harmonic maps.

Letg: (MM g) — (N",h) be a smooth map between riemannian manifolds. Thisrsaid to be harmonic if it is a critical
point of the energy functional :

E(g)= 5 [ Idody, (12

with respect to compactly supported variations. Equivilye is harmonic if it satisfies the associated Euler-Lagrange
equations :
1(g) = TrgOde =0, (13)

7() is called the tension field ap. One can refer to [1], [5], [9], [10], [11] and [12] for bacl@ind on harmonic maps.
Indeed, the Euler-Lagrange equation associated to thgyisethe vanishing of the tension fietd¢) = Trgdg. In the
context of harmonic maps, the stress-energy tensor wagedtuddetails by Baird and Eells in [2]. Indeed, the Euler-
Lagrange equation associated to the energy is the vanishitige tension fieldr(¢) = TrgOdg, and the stress-energy
tensor for a mag : (M™,g) — (N",h) defined by

S(p) =e(@)g—¢*h.

The relation betwee8(¢) andt(@) is given by

div§p) = —h(1(¢),d9).

1.3 Biharmonic maps.
The mapg is said to be biharmonic if it is a critical point of the bi-egg functional :
1 2
Ex(0) =5 [ 1(@)av, 14
M
Equivalently,p is biharmonic if it satisfies the associated Euler-Lagraetgeations :

(@) = —Trg (D“”)2 (@) — TrgRY(1(¢),d@)dp = 0, (15)
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where[? is the connection in the pull-back bundpe!(T N) and, ifg is a local orthonormal frame field dvi, then

Trg (09)°1(9) = (0202 - 07, . ) T(@),

where we sum over repeated indices. We will call the opemai@p), the bi-tension field of the magp. In analogy with
harmonic maps, Jiang In [13] has constructed for a mpé#pe stress bi-energy tensor defined by

S(0) = (5 IT(0)*+ dWh(r().do) ) - 25ymi(Cr(o). o).

where 1
symh(Ut(9),d@) (X,Y) = 5 {h(Dx1(@),d@(Y)) + h(Dv1(9),dp (X))},

foranyX,Y € I (TM). The stress bi-energy tensor @f&atisfies the following relationship

divS (@) = h(12(¢@),dy).

Clearly any harmonic map is biharmonic, therefore it isi@sting to construct non-harmonic biharmonic maps. Injé] t
authors found new examples of biharmonic maps by confoyndallorming the domain metric of harmonic ones. While
in [6] the author analyzed the behavior of the biharmonicagign under the conformal change the domain metric, he
obtained metric§ = €? such that the idendity mdg : (M,g) — (M, @) is biharmonic non-harmonic. Moreover, in [19]
the author gave some extensions of the result in [6] togetiitarsome further constructions of biharmonic maps. The
author in [18] deform conformally the codomain metric in @rtb render a semi-conformal harmonic map biharmonic. In
[3] the authors studied the case wherg(M", g) — (N", h) is a conformal mapping between equidimensional manifolds
where they show that a conformal mappipgs biharmonic if and only if the gradient of its dilation sdiés a second
order elliptic partial differential equation. We can refiee reader to [17], for a survey of biharmonic maps. In [16g t
author obtain some results concerning harmonic maps anadmée morphism on Kenmotsu manifolds, he prove that any
structure preserving map from a Kenmotsu manifold to a Kahignifold is harmonic and that there are no nonconstant
harmonic holomorphic maps from a Kahler manifold to a Kersnahanifold. In this paper, we calculate the bitension
field of ¢ : (N*",3,h) — (M, @,&,n,9), whergN?",J,h) is a Kahlerian manifold andM, ¢,&,n,g) is a Kenmotsu
manifold (Theoreni), with this setting we obtain new example of biharmonic f@mmonic maps.

2 Statement of results.

As first result, we give another formula for the stress birgpéensor for a smooth map: (M™,g) — (N"; h).

Proposition 1. Let@: (M™, g) — (N",h) be a smooth map, then we have

(0) = (370 + Trsh (Cr(9).dp) ) 0 - 25ymA(TT(g).do), (16)

and the trace of 8 ¢) is given by
TroS(@) = 2 [1(@) 2+ (m—2) Trgh(D1(@),dg) . (17)
Let (NZ”,J, h) be a Kahlerian manifoldM, ¢, &, n,g) be a Kenmotsu manifold anfi: N — M be a(J, ¢)-holomorphic

map. To give a necessary and sufficient condition for therhibaicity of the mapy, we will calculate the bi-tension
field T2 (). We get the following theorem :
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Theorem 1.Let (NZ”,J,h) be a Kahlerian manifold,M, @, &, n,g) be a Kenmotsu manifold angl: N — M be a(J, ¢)-
holomorphic map. Then, the bi-tension fieldjofs given by

T2 () = —2(A(e(y)) & +2dy (grad(e(y)))). (18)

The biharmonicity ofp is given by the following result :

Corollary 1. Let (NZ”,J,h) be a Kahlerian manifold(M, ¢,&,n,g9) be a Kenmotsu manifold angl : N — M be a
(J, @)-holomorphic map. Thew is biharmonic if and only if

A(e(y)) & +2dy(grad(e(y))) = 0.

By calculating of the termm o 72 (), we obtain immediately the following Corollary :

Corollary 2.Let (NZ”,J, h) be a Kahlerian manifoldiM, ¢, &, n,g) be a Kenmotsu manifold and: N — M be a(J, ¢)-
holomorphic map. If the mag is biharmonic, then the function(g) is harmonic.

In particular, if the functiore(y) is constant we obtain the following result :

Corollary 3. Let (NZ”,J,h) be a Kahlerian manifold(M, ¢,&,n,g9) be a Kenmotsu manifold angl : N — M be a
(J, @)-holomorphic map. If the function(@) is constant, they is biharmonic.

As an application of Theorem 1, we construct an example @rilonic non-harmonic map.

Example 1. Let (N =R2,J,h = dx? + dy?) be a complex manifold with complex structuhé%) = diy, J (‘%) =-4
and (M =R3\{(0,0,0)},0,&, r],g) be a Kenmotsu manifold with orthonormal basis

= Xq—
€1 30)(1,

= Xq—
€2 30)(2,

9
F

¢ =63,
nX)=9(X,¢),

e3:

where 1
0= (@G + 0%+ )
and
010
¢=1|-100
000

Lety : N — M be a(J, @)-holomorphic map defined by

YY) = (W(Xy), P2 (Xy), P (xY)).

We have
oY _ o
ax oy’
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ow _ ou

ay ox

and
ays _ oys _

oXx oy

The last equation givgss (x,y) = C, whereC is the real constant. A simple calculate give
_ 1 ([(op\?  (oun)?
W <<W) (%))
oy 52(/-’1+52LIJ1 J 9% 524’1+524’1 a
X2 ' oxdy) ax ' dy z?y2 oxady ) ay )’
oy \? 52(/-’1 524’1 19LIJ1 524’1 0%n
ox ox? dxdy dy? (3x0y X1
2 (o awz 0% 0% +%% Y 0%n\\ 9
ox2  dxdy dy 9y \ dy2  dxdy) ) dx

and
2 ((2p\? (0% [(0Pp\® [0\’
A(e(‘l’))@<< d;?) +<0$2) *(0551) *(aylléZ)
2 (2 (B2, 2 (S0, S
CZ\ox o ay3 ay> 0

In particular, if we consideg; (x,y) = 1 (X) andyk (X,y) = @2 (y), we obtain
Y (xy) = (Ax+B,—-Ay+D,C),
whereA, B,C andD are a real constan{#,C # 0). In this casee(¢)) = é—i and the mapy is biharmonic non-harmonic.
Proposition 2. Let (NZ”,J,h) be a Kahlerian manifold(M, ¢,&,n,g9) be a Kenmotsu manifold angl : N — M be a
(J, @)-holomorphic map. Then, the stress bi-energy tensar isfgiven by
S () =6(e(w)*h—4e(W)g(dy().dy (), (19)
where gdy (+),dy (-)) (X,Y) =g(dy (X),dy(Y)), and the trace of ) is given by

TS () = (12n—8) (e(y))>.

3 Proof of results.

Proof of Proposition 1. Let ¢ : (M™,g) — (N", h) be a smooth map. By definition, we have

S(0) = (5 IT(0)*+ W (r().dp) ) g~ 25ymiCr(e). . (20)
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Let (&), is a local orthonormal frame field dv. For the termdivh(7(¢),dg), we have

divh(7(¢),dg) = (Ueh(1(9),d@)) (&)
=& (h(1(¢),dp(e))) —h(1(¢),dp(lee))
=h(0¢1(9).de(e)) +h(1(9),T¢de(e))
—h(7(¢),dp(Uee))
=h(0¢t(9),de(e)) +h(t(p),0¢dp(e) —dp(Tea)).

But we know that
h(D¢t(9).do(&)) = Trgh(O1 () . do)
and
h(1(@),0¢de(e) —dp(Dea)) =h(t (), T(9) = |T(@)f,
it follows that
divh( (¢),d) = Trgh(Ot (9) ,de) + |7 (@) (21)

If we replace 21) in (20), we obtain

S(9) = <% |T(qo)|2+Trgh(Dr((p),d(p)> g— 2symh(01(),d@).
By definition the trace 0% (@), we have
TrgS(9) = S(9) (8,8)
_ (%|r((p)|2+Trgh(DT((0),d(0)> g(ee)
—2symh(01(@),do) (&,8)
- m<% |r(qo)|2+Trgh(Dr((p),d(p)> —2h(0eg1(9),do(e))

= %1 |T(qo)|2 +mTigh(81(@),de) — 2Trgh(O1(@),d@)

which gives m
TreS () = 5 T(9)|*+(m—2)Trgh(Ot(9),do).

The proof of PropositioA is complete. To prove Theoretlywe need the following Lemma :

Lemma 1. Let (NZ”,J, h) be a Kahlerian manifold(M, ¢, &, n,g) be a Kenmotsu manifold ani: N — M be a(J, ¢)-
holomorphic map. Then, we have for anyeXC (T M)

(nodw)(X) =0,

Proof of Lemma 1. Sincey : N — M is (J, @)-holomorphic map, then for any € I (T N), we have

(d@od)(X) = (pody)(X).
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Using the fact thatN", J, h) is a Kahlerian manifold, then
J2(X) = —X.
As (M, 9,&,n,9) is a Kenmotsu manifold and by using the equatipwe have
noe=0.

Then, we obtain
(nody)(X) = (nody) (—I(X))
=-nodyoJ(JI(X))
=—no@ody(J(X))
=0.

We are now able to prove Theorem

Proof of Theorem 1. By definition, we have

(@) = —Trn(0¥)* 1 (@) — TR (1 (), d) dy.
The tension field of is given by (see [16])
T(Y)=2e(y)¢,

then
w2 (y) = ~2(Tr(0¥)*e(y) & + TR (e() &,dy) dy ). (22)

In the first, we will simplify the termTr, (0¥)?e(y) &. Let (a)izzn1 is a local orthonormal frame field dw, we have
Trg(0¥)%e(y) € = D§0e(w) & - Ty e(W)€. (23)

A direct calculation gives

and
Using the fact that

and

Trg(0¥) = OR04E ~ Ofy €.
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we deduce that
Trn(0%)2e(w) € =e(w) Tr(0¥)°E +A(e(y)) &
]
+ 20 grade(y)) -

Calculate the terrr, (O%)? €, we have
Tra(0¥)%€ = D40¥E - 0F €.

By using equation@), we obtain
04 = Dgy(e)€ =dy(e) — (nody) ()¢,

and by Lemmad., we have
(nody)(ea) =0,

then
0¢¢ =dy(a)

wish gives us
O¢0¢E = 0¢dy (a)
and
ngaf = Hay(0a0)¢
=dy (Oge) — (nody)(Uee) &
=dy (Uge),
we conclude that
Tr (0%)2€ = O¢dy (&) —dy (Ta@) = T ().
Then
T (0%)%¢ = 2e(w)<.

Finally, we obtain
Trn (0%)?e() & = 2(e(y))?E +A (W) & +20 e €

Now simplify the terng’rade(w))E, we have
Ofractetu)é = Dlp(aracetu)
= dy (grad(e(y))) —n (dy (grad(e()))) €
=dy (grad(e(y))) — (nody) (grad(e(y))) &
=dy (grade(y)))-

which finally gives us

Tra(0¥)?e(Y) & = 2(e(Y))?E + A (e(y)) & +2dy (grad(e(y))).

To complete the proof, look at the teffmgR (e() &,dy) dy, we have

(24)

(25)
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TrnRY (e(@) &,dy)dy = e(@) TrnRM (£, dy) dy
e(Y)RY (&,dy(a))dy(e).

Using equation9) , we obtain

RY(£,dw (@) dy(e) = n (dw (@)~ g(dy(e) du (@))€
— (nody)(e) - 2e(y)¢
= —2e(W)¢.

Then
TraRY (e(Y) &,dy)dy = —2(e(y))?&. (26)

If we replace 25) and @6) in (22), wa arrive at

T2(Y) =-2(A(e(y)) & +2dy(grade(y)))) .

This completes the proof of TheoremTheny : N — M is biharmonic if and only if

A(e(y)) & +2dy (grad(e(y))) =0.

Proof of Corollary 2. If we assume that the map: N — M is biharmonic, by Theorerh, we have

A (e(y)) € +2dy (grade(y))) = 0.

Then
no(A(e(y))&+2dy (gradie(y)))) =0,

it follows that

Ae(@)n (§)+2(nody)(grade(y))) = 0.

By using the equation (1), we have

nEg)=1

and by Lemmad., we have
(nody)(grade(y))) = 0.

Which finally gives
Afe(y)) =0.

We deduce that the functi@(y) is harmonic.

Proof of Proposition 2. By definition, for anyX,Y € I" (T N) we have

S) ) = (3 T W)F + Tg(Or(w).dw) ) h(xY)

- ZsquDT (lll) ,dl,U) (XvY) :

(© 2016 BISKA Bilisim Technology
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Since
it follows that

For the terniTr,g (07 () ,dy), we have

Trag (0T (), dy) = 2g(Dee(y) &, dy(a))
=2e(y)g(0¥E,dy(a))
+2e (e(y))g(&,dy(a)),

Where(a)izzn1 is a local orthonormal frame field dv. By equation 6), we obtain

OYE = O )& =dw(a) —n (dy(e)) & =dy(e)
and by @), we have
g(&,dy(e)) =n(dy(e)) =0,

then
Trag (DT (@), dy) = 2e(y)g(dy (a).dy (a)) = 4(e(y))>.

it follow that

1
ST+ Trg (01 () dy) = 6(e(y))”.
Finally, for the termsymg 07 (¢) ,dy) (X,Y), we have

Symg(T (). ) (X.Y) = 20(04T(9),dw (¥)) + 50 (C¥T (1) 4y (X)).

A simple calculate gives

2o(0T(w), dp(v)) = g (CYe(w) €. dy (v))
—e()g(OXE,dy(Y)) + X (e(¢)) g(&,dg(Y)),
but by @), we have
W E = Oy & = dw (X) — 0 (dy (X)) & = dy (X)
and by @), we obtain
g(&,dy(Y)) =n(dy(Y)) =0,

then 1

59(OXT(W).dy (Y)) = g(dy (X),dy (Y)).
A similar calculate gives

20(0¥T(9),dw (X)) = g(dy (X), Ay (Y)).

We deduce that
symg 07 (), dy) (X,Y) =2g(dy (X) ,dg (Y)),
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NTMSCI 4, No. 3, 129-139 (2016)www.ntmsci.com BISKA 139

then

S (W) (X,Y) =6(e(y))*g(X,Y) —4g(dy (X),dg(Y)).

finally, the stress bi-energy tensor is given by
S (@) =6(e(w)?g—4g(dy(-),dy (),

whereg(dy (+),dy (-)) (X,Y) =g(dy (X),dy@(Y)). Now calculateTr, S, (), we have

TS () =S () (a,8)
6(e(y))’g(a,a)—4g(dy(a),dy (e))
*12n(e(4/))2 4|dy?
= 12n(e(y))* - 8(e(y))?

— (120-8) (e(y))%.

We conclude thatrgS, () = 0 if and only if the mapyp is constant.
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