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A generalized operational method for solving
integro—partial differential equations based on

Jacobi polynomials

Abdollah Borhanifar*f and Khadijeh Sadri*

Abstract

In this paper, a numerical method is developed for solving linear and
nonlinear integro-partial differential equations in terms of the two vari-
ables Jacobi polynomials. First, some properties of these polynomials
and several theorems are presented then a generalized approach im-
plementing a collocation method in combination with two dimensional
operational matrices of Jacobi polynomials is introduced to approxi-
mate the solution of some integro—partial differential equations with
initial or boundary conditions. Also, it is shown that the resulted ap-
proximate solution is the best approximation for the considered prob-
lem. The main advantage is to derive the Jacobi operational matrices
of integration and product to achieve the best approximation of the
two dimensional integro—differential equations. Numerical results are
given to confirm the reliability of the proposed method for solving these
equations.
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1. Introduction

Finding the analytical solutions of functional equations has been devoted attention of
mathematicians’s interest in recent years. Several methods are proposed to achieve this
purpose, such as [7, 8, 9, 10, 11, 13]. Many problems in theoretical physics and other
sciences lead to integro—partial differential equations. In order to solve these equations,
several numerical methods have been proposed such as [21, 22, 25, 26, 28, 29]. The
solutions of this kind of equations are often quite complicated. For this reason in many
cases, it is required to obtain the approximate solutions. For example the Jacobi collo-
cation method has been applied to solve various differential equations, [3, 14, 15, 17, 18,
19, 20, 23|. Also, Bhrawy and et al have presented a new Legendre spectral collocation
method for fractional Burgers equations, [6]. In [16], authors have used Jacobi-Gauss—
Lobatto collocation method for the numerical solution of 1 + 1 nonlinear Schrédinger
equation. Also, Bhrawy in [1] has presented an pseudospectral approximation based on
Jacobi polynomials for generalized Zakharov system. Two spectral tau algorithms based
on Jacobi polynomials have been applied to solve multi—term time—space fractional par-
tial differential equations and time fractional diffusion-Wave equations, [4, 5]. Bhrawy
and et al have been presented two different collocation scheme for both temporal and
spatial discriminations of mobile-immobile advection—dispersion model (TVFO-MIAD
model), [2]. Borhanifar and Sadri have utilized a Jacobi operational collocation method
for systems of two dimensional integral equations, [12].

In this paper, the Jacobi polynomials are used as a basis function for solving linear
and nonlinear integro—partial differential equations, the numerical solution, u(z,y), is
approximated in terms of two variables Jacobi polynomials as z, y € [0,1]. In order
to realize this aim, the shifted Jacobi polynomials together the collocation technique are
used. The Jacobi operational matrices of the integration and product are constructed on
the interval [0,1]. The main aim is to improve Jacobi operational matrices to the spec-
tral solution of partial integro-differential equations. For solving the resulted algebraic
system, the (N 4+ 1) roots of one variable Jacobi polynomials PI(\,af; (x) and PI(Vaf; (v)
are considered in the x, y—directions. The domain of two dimensional is represented by a
tensor product points {z;}1- o and {y;}}= ¢ which are roots of P](\,af} (z) and P}ff{ ().
FEach the equations of the algebraic system is collocated in the resulted tensor points
{(z, yj)}é\fj: o and is given linear or nonlinear systems of algebraic equations which can
be solved using the well-known Newtons iterative method. Thus, the Jacobi coefficients
are obtained and the approximate solution is determined.

The remainder of this paper is organized as follows: The Jacobi polynomials, some of
their properties and one dimensional operational matrix of integration are introduced in
Section 2. Afterwards, some properties of two variables Jacobi polynomials are stated and
the operational matrices of integration and product will be extended to two dimensional
case in Section 3. In Section 4, the existence and uniqueness of the best approxima-
tion are studied and an error estimator is introduced. Section 5 is devoted to applying
two dimensional Jacobi operational matrices for solving the partial integro—differential
equations. For this purpose, four examples are presented. A conclusion is presented in
Section 6.

2. Jacobi polynomials and their operational matrix of integration

The well-known Jacobi polynomials are defined on the interval z € [—1, 1], constitute
an orthogonal system with respect to the weight function w(®® (z) = (1 — 2)* (1 + 2)?,



and can be determined with the following recurrence formula:

P (2) = Ao, B,3) PP (2) + 2 B(a, B,i) PL*?(2) — D(a, B,i) PLY(2),

(2.1) i=1,2,..., l Z Z
where
L QitatB+1)(e® -5
Al Bl = S it et fr D@ itath)’
N ita+pB+2)R2ita+B+1)
B(a, B,1) = 20+ 1)(i+atp+1)
L () +P)R2itatS+2)
Db = DG tatpr@itath)
and
PR () = 1, Pl(a,ﬂ)(z):a+ﬁ+2,z+a—ﬂ,

2 2

The orthogonality condition of Jacobi polynomials is
1
/ PP (2) P (2) w' P (2) dz = hy, 651,
-1

where

29Tk +a+ DIk + B+ 1)
Ck+a+B+ )k TNk+a+B+1)

The analytic form of Jacobi polynomials is given by, [27],

hi, =

2

() (- PTG+ B+ D)+ hk+a+B+1) 142,
P (z)—kZ:O Fk+B8+1I(i+a+8+1) (i —k) & ( 2 i

1=0,1,....

For practical use of Jacobi polynomials on the interval = € [0, 1], it is necessary to
shift the defining domain by means of the following change variable:

z2=2x-1, z€l0,1]
The shifted Jacobi polynomials are generated from the three-term recurrence relation

PSP (@) = A(a, 8,1) PP (@) + (2 2 — 1) Bla, 8,i) P (@)
(2.2) — D(e, 8,4) PP (@), i=1,2,..,
(a+8+2)(2x—-1) n a—p

2 2

The orthogonality condition and weight function are respectively,

PO @) =1, P () =

1
/o P, (@) PP (@) w P (@) do = 0; 6,

where
Li+a+ D)3+ 8+1)
ita+B8+1)ilT(i+a+B8+1)

and

w ()= 1—-2)* 2", zel01]
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Also, the analytic form of shifted Jacobi polynomials will be as follows, [27],

pled) (g Z (“1)W BTG+ B+ YT+ k+atp+1) o

(2.3) ¢ prd Fk+B+1)Ti+a+B+1) (i—k)E
i=0,1,....

A continuous function u(z), square integrable in [0, 1], can be expressed in terms of
shifted Jacobi polynomials as

(24)  u(x)=Y_C; P ()
where the coefficients C; are given by

CJ_H/ ) P (@) w' P (z) dz,  j=0,1,...

In practice, only the first (N + 1)—terms shifted Jacobi polynomials are considered.
Therefore, one has

(25)  un(z) =Y C; PP (2) = 2" (2) C = C" @(x),

where the vectors C' and ®(x) are given by
(26) C=1[Co,Ch,...,Cn]", @) =[PP (z), Pl (x),.., PP ().

Some other properties of the shifted Jacobi polynomials are presented as follows.

W 2P0 =0 (),

7

.
(2) T PP (z) =

P(n+a+ﬁ+l+ 1) P(oHrz B+1i)

TntatBriD) ‘oo @

2.1. Lemma. The shifted Jacobi polynomial Pi<a’6)(x) can be obtained in the form of:

P(O‘»ﬁ) Z,y ,

@,

,Y](ci):(_l)i—k ( i-i-k—i];oz-i—ﬁ ) ( ’itz )

Proof. fy,(f) can be obtained as,

where 7,

i 1 dk a,
W = T dak PP (@) |a=o .

Now, using properties (1) and (2), the lemma can be proved. O
2.2. Lemma. Ifp > g —1, then

1
/ 278 Pl (2) w' P (2) do =
0

n

Z "an+,3+1) I'n+l+a+B8+1)T(p+Il+1)T(a+1)
(I+B8+1)T(n+a+B+1)T(p+l+a+2) (n—0)1I

=0



Proof. For p — 8 < n one has

1
/ 2P PR () w' P (z) dz = 0.
0

Hence, we suppose p — 8 > n. From analytic form of shifted Jacobi polynomials, (2.3),
one has

1
/ 2?78 Pl (2) w P (z) do =
0

z":(—l)"‘lF(n+ﬂ+1) C(n+l+a+p+1)
ri+g+1)r'n+a+8+1) (n-010

(- ' Tn+B+1)T(n+l+a+B+1)I(p+1+1) M(a+1)
TI+B+1)T(n+a+B+1)Tp+l+at+2) (n-—D

Blp+l+1l,a+1)
=0

1=0

where B(s,t) is the Beta function and is defined as

1
I'(s) T
B(s,t) :/ v N1 =) = () I'1) (t)
0 (s +1)
O
2.3. Lemma. If P,"” (z) and P{**”(x) are j—th and k—th shifted Jacobi polynomials,
respectively, then the product of Pj(a’m(a:) and P,ga’ﬁ)(x) can be written as

Jj+k

Qe Z/\(m

Proof. Defining the Q(a’ﬁ)( ) = P]-(a’ﬁ)(x) Plia’ﬁ)(m) as a polynomial of degree j + k that
can be written as

k Jj+k
B k n ik T
Qe = (3o 4 (3o )= oA o
n=0 r=0

)\(nj’k)

The relation between coefficients with coefficients ’y(] ) and fy(k) will be as follows.

Ifj >k :

r=0,1,...,5+k,
if r>j then
j o k
MNP =
(2.7) else
r= min{r k},

j ke k
A = 1= 075])1 'Yz( )

end.

Ifj < k:

r=0,1,...,5+k,
if r<j then
r1 = min{r,j},
j ke k
)‘ﬁj ) = Zl o’V,EJ)z 71( )7

(2:8) else
ro = min{r, k},
g X
WD ERIL LR

end.
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Thus, the coefficients /\Lj *) is determined. O

2.4. Lemma. If Pi<a’6)(m), Pj(o"ﬂ)(:c) and P,ia”B)(x) are i—, j— and k—th shifted Jacobi
polynomials, respectively, then

1

/ Pi(oc,ﬁ)(x) Pj(a’ﬁ)(x) Plgo"ﬁ)(;p) w(a’m(:ﬂ) de =
0

itk 4

ZZ(—I)“’)\S”“) PGi+B+1)T(i4+l+a+B8+1)T(n+l+8+1) T(a+1)
F(+B8+D)T(i+a+p+1)T(n+l+at+p+2) (G-I ’

n=0 =0

where /\53'”“) has been introduced in Lemma 2.3.

Proof. Assuming that Pj(a’m(a:) P,Ea‘ﬁ)(a:) = Qgif)(x) Using of (2.3), Lemmas 2.2 and
2.3 leads to

1
| PP @) P @) P ) 0l ) da =

0

1
/ PO (@) QP () v (z) da
0

jtk

+ 1
-3 /\ﬁf‘k)/ 2" PP (2) w@H) (z) do

n=0 0
j+k i oy .
(=)' +B+1) Ll +1l+a+B8+1)
= B(n+1 La+1),
22 TIrp+ ) Tita+prD) Goprn 2ntirstlaetl)
Thus, desirable result is obtained. O

In performing arithmetic and other operations on the Jacobi bases, we frequently
encounter the integration of the vector ®(z) defined in (2.6) which is called the operational
matrix of the integration. Hence, the matrix relations must be obtained. In this section,
this operational matrix will be derived, then it will be extended to two dimensional case
in next section. To this end, some useful lemmas and theorems are stated.

2.5. Theorem. Let ®(x) be shifted Jacobi vector in (2.6). Then

/ O(t) dt ~ P d(z),
0
where P is the (N + 1) X (N + 1) operational matriz of the integration and is defined by:
Q(0,0) £(0,1) ... Q(0,N)
Q(1,0) Q2(1,1) ... Q(,N)
P= . . . )
Q(N,0) Q(N,1) ... Q(N,N)



and wij; are given by

(-7 TE+B8+ 1) TGE+14+a+B+1)
F(1+5+1) Ti+a+p+1) I+ GE—1)

XZ Y E Ttk tatf+ ) TG +A+1) Dk +1+5+2) Dot
0Fk+ﬂ+n TG+ta+tB+1)T(k+l+a+B+3)k (j—k)

ij 70,1,...,N, 1=0,1,..,i.

Wijlr =

)

Proof. Integrating the analytical form of Pi(a’ﬁ)(x), ie. (2.3), from 0 to z leads to

T @) gy N~ DT T+ B ) D+l tat f41) et
(2.10) /Pi (1 di=3 PA+B8+1)Tl+a+B+1) I+ -0

0 =0

Now, one can approximate ! in terms of shifted Jacobi polynomials as

N
=N "a; P ()
k=0
where
1 1
a = 5 / # PO (3) ) () da.
J
But according to Lemma 2.2 one has,
1
/o P Pj(a”B)(x) W' (z) do =
DU TG +k+a+B+1)T(G+B+1) D(k+1+B+2) D(a+1)

Z( )
—  TE+B+ DTG +a+B+1)T(k+I+a+B+3)k (j—k)

Therefore, (2.10) will be as follows:

’Ll
(@,8) FrG+8+1)T(i+l+a+8+1)
[ a3 {3 R e s

Z Y FTG+k+a+B+)TG+B+ )T (k+1+8+2) }
0, Fk+,6’+1) TGi+a+B+1)T(k+i+a+B+3) (j—k) (k)

(2.11)
x P.(a’ﬁ)(m)

i\’: (aﬂ)( )

3=0
where (i, j) are given in (2.9). Accordingly, rewriting (2.11) as a vector form gives

/I PPN (1) dt = [Q(3,0),Q(3i, 1), ..., %, N)] ®(z), i=0,1,..,N.

0

This leads to the desired result. O

3. Two variables Jacobi polynomials and their operational matri-
ces

Now in this section, two variables Jacobi polynomials can be defined by means of one
variable Jacobi polynomials as follows:
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3.1. Definition. Let {PT(LQ’m(x)}fLO:O be the sequence of one variable shifted Jacobi
polynomials on D = [0,1]. Two variables Jacobi polynomials, {P,(n(ff)(:c,y)}ﬁn:o are
defined on D? = [0,1] x [0, 1] as

3.1)  PP(x,y) = PP () PP (y),  (z,y) € D

The family {Pﬁff;?)(x, Y) }om.m—o is orthogonal with weighted function
w @ (z,9) = w®? (z) WP (y) on D? and forms a basis for L?(D?).

3.2. Theorem. The basis {Pﬁf)(w,y)}fﬁ,nzo is orthogonal on D?.
Proof. One has

/ / Pl (x,y) PGP (@) 0 (2,y) dedy =
1
/O PP (2) PP ()™ () da

1
< [ PEPWPD () w ) dy
0
_ [ Ombn,  (m,n)=(k]l),
o 0, (m,n) # (k,1) or m # k orn #1.
O

Similar to one variable case, a two variables continuous function u(z,y) defined over
D? may be expanded by the two variables Jacobi polynomials as:

(32)  ulx ZZ z,y),

1=0 5=0

where the Jacobi coefficients, C;;, are obtained as:

UZM/ / P (@, y) ulz,y) w'? (z,y) dedy.

If the infinite series in (3.2) is truncated up to their (/N 4 1)—terms in terms of both two
variables x and y then it can be written as:

(3.3)  u(z,y) ~un(z Z Z Cij Pl(? A (z,y) = T (x,y) C,
i=0 j=0
where C and ®(z,y) are Jacobi coeflicients and Jacobi polynomials vectors, respectively:
C = [Co0, Cot, ey Cony C10y ey C1N s ey Oty ey O] T
(34)  @xy) = B3V (@), BTV (@, y), . BN (.9), Py (@,0),
SRR @, 9), o PR @, 9), o YR ()

A function of four variables, k(z,y,t,s), on D* may be approximated based on Jacobi
operational matrix as:

k(z,y,t,s) = &7 (z,y) K @(t,5),
where ®(x,y) is two variables Jacobi vector defined by (3.4) and K is a (N+1)% x (N +1)2

known matrix. Before proceeding, let us represent the partial series (3.3) as following
form:

M
(35)  Sn(z,y) = di Q" (x,y),
1=0



where
di = CT‘Sy Ql(x7y) = P7§,as7ﬁ)(x7 y)7

)
v

Hence, one has

/ / QL (,9) QI (@,9) v (a,y) dady =

/PW () P (@) w?(2) da
0

\-N+1J N+1

r= s=i—r(N+1), M=(N+1)°—

(v, ) (a,8) (a,B)
x / PP 0 B0 0) 0 ) dy
0s, r=|

=40 0 =0,
3. Remark. The relation (3.5) can be rewritten as:

], s=k—r(N+1).

k_LNIj,lJ(N+1)

LN’;IJ

k-
N+1

M
(36)  Sn(z,y) =Y wi R (x,y),

=0

where

(a;8)
wi = div/0:05, R (2,y) = Q _(@y) ?r(gs y)7 r=|

This shows the sequence {Rga’ (x,y) L, is orthonormal. That is

L s o) 5 L, k=l
| [ R @ B ) 0 ) oty = { ’
0 0 )

otherwise

(3 .
mJ, S—Z—T(N+1).

Now, the two dimensional operational matrices of integration in x and y—direction
are defined by following theorem:

3.4. Theorem. If P is the operational matriz in one dimensional case then the opera-
tional matrices of integration in x and y—direction are defined as follows.

a) /z O(t,y) dt ~ P, ®(z,y) = (PR I) ®(z,y),
0

b) /Oy &(z,s) ds ~ P, ®(z,y) = (I ® P) ®(z,y),

where P, and P, are (N + 1)® x (N + 1)? operational matrices of integration in the
directions © and y, respectively, I is (N +1) x (N + 1) identity matriz and ® denotes the
Kronecker product and is defined for two arbitrary matrices A and B as A® B = (a;;B).

Proof. a) Suppose r; be jth row of matrix P. One has

/0 POty dt = T (x).

Also, noting the definition of the vector ®(z,y) one has
B(z,y) = (P57 (@) P57 (), s B (@) PO (),

(37) (a7 o« (e o«
S PP () B (y), ey PP () PP (1))
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Integrating of (3.7) from 0 to z yields

/ B(t, y)dt = [P (1) / PED (1)t ..., PO () / PP (1),
0 0

0
o PEO (y) / PP (1))
0
= [ro.®(z) PP (), ....r0.®(x) PP (y),....rn.®(x) PSP (y),
oyt ®(z) PP ()]
= [ro [P (z) PSP (y), oo, PSP () BSP ()],
corn [BSP(@) PP (), oy PSP () PP ()]

[ Poo 0 0 Po1 0 0 ... Pon 0 0
0 Poo ... 0 0 Po1 ... 0 0 Pon 0
: : : : 0

0 0 Poyo 0 0 Py 0 0 Pon
Pno 0 0 Pn1 0 0 PnN 0 0
0 Pno 0 0 Pn1 0 0 Pnn 0

L O 0 ... Pno 0 0 Pn1 o ... 0 0 Py

Py (@) B (y)

PP (@) P (y)
Py @) PV ()

PNa’ (z) Py (y)

| PP (@) PO ()

Pool  Poil PonI P()(aﬂ)(x) ®(y)
Plol Plll PlN[ Pl(a’ﬂ)(m) (I)(y)
Pnol Pni1 PnnI P}Va’m(x) <I>(y)

— (P& Do(,y).
Where P;; denotes (¢, j)—th entry of the matrix P. The case (b) is proven similarly. O

The following property of the product of two vectors ®(z,y) and &7 (x,y) will also be
used.

(3.8) D(z,y) <I>T(x,y) C~C d(z,y),

where C' and C are a (N 4 1)2 x 1 vector and a (N +1)? x (N + 1)? operational matrix
of product, respectively.
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3.5. Theorem. The entries of the matriz C, in (3.8), are computed as:

CM’n’L(N-‘,—l)-‘—n,k(N#—l)—H ZZCTS dmrk qnsl, m7n7k,l = 0717-~~7N~

r=0 s=0

Proof. The left side of equality (3.8) is as follows:

SN SN Crs PSSP () P (2, y)

(I)( ) q)T( ) C E'r]'v:[) ZiV:O C’"S Péiﬂ) (xvy) PT('?‘;"B) (x7 y)
T,y T,y = .

SN SN Crs PR (y) PP (2, y)

Consider the (p + 1)th row of above vector. One puts
N N

(3.9) P(a B)(x y) P(O‘ ﬁ)(x y) ZZukl P( m(x v),
k=0 1=0

Multiplying both sides of (3.9) by P,Sff;zﬂ)(x,y), m,n = 0,1,..., N, and integrating the
result from 0 to 1 yields:

/ / P57 (w,y) P (2,y) PR (a,y) 0P (a,y) dedy =
3 / / P () PY? (,9) 0 (,y) dady
k=0 1=0

Therefore,

1 ! «@ [e3 «@ «@
tnn = 5 P} Da) PP () PP (x) w'™P (z)da
/ P(a B) (a /J‘)( )Péa»ﬁ)(y) w(o"ﬂ)(y) dy.

Now suppose fo Pi(a”B)(m) PP (z) PSP (2) w®®) (2) do = gipm. one gets

e = B 8
Substituting wmy into (3.9) one has:
N N
Pi(’f;,ﬂ)( Y) P(a B) Z Z Qirm Qan P(a’ﬁ)(l’, ),
k=0 1=0

Hence each component in the left side of relation (3.8) will be as follows:

Crs 'mrk {nsl
SN {3y Gt} g

k=0 1=0 =0 s=0

N N

o

= > Cowrvsnrevint Py (@),
k=0 1=0

,n=0,1,..,N.
Thus, the desirable result is obtained. O

The Next theorem presents the general formula approximating the nonlinear term
v"(z,y) u’(z,y) which may appear in nonlinear equations.
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3.6. Theorem. If ¢ and v are the (N +1)? vectors, & and © are the (N 4+ 1)* x (N +1)
operational matrices of the product such that
u(z,y) = " (z,y) c =" B(z,y), v(z,y) =" (z,y) v=10" b(z,y),
O(z,y) 7 (z,y) c= & O(z,y)
) T v~ ®(x,y), then the following proposition is hold:

z,y) ~ v’ (0)"7" Bso1 ®(z,y), Bso1= ()"

Proof. One has
W (o,y) ~ (@7 (2,y) ) = ¢ B(z,y) ¥ (z,y) ¢~ ¢ & D(a,y),
So, by use of induction, u®(x,y) will be approximated as
u(z,y) ~ e (@) B(x,y), s=1,2,....
To similar way, v" (z,y) is approximated as
o (x,y) 2ot (0)7 B(x,y), r=1,2,...
By using the expressed relations and induction is easily seen,

v (@,y) ui(@,y) vt (0)7! Beor ®(x,y), Bi1=(E)" e,

r,s=1,2,....

4. Best approximation and Convergence analysis

In this section, the theorems on existence and uniqueness of best approximation,
convergence analysis and error estimation of the proposed method are provided. For this
reason, first the space PM is considered as follows:

4.1. Definition. The set of all the linear combinations of Réa’g)(x,y), R§a’ﬁ)(x,y),
- Rg\?’ﬁ)(x,y), which M = (N + 1) — 1, is represented by PM. On the other hand,

(41) P =span {RS7 (@), B (@,9), 0 B (@ 9)}
where two variables orthonormal polynomials Rl(-a’ﬁ )(x7 y) are introduced by (3.6).

The following lemma is useful to prove the convexity and completeness properties of
space PM.

4.2. Lemma. There is a numbern > 0 such that for every choice of scalars ao, iy ..., s
one has

| a0 RSP (2,y) + a1 R (2,y) + .+ anr RGP (2,y) || >
1 (lao |+ | a1 |+t |au ).

Proof. See [24]. O

4.3. Theorem. The space PM | defined by (4.1), is convex and complete.
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Proof. Suppose v1(z,y) and vz2(z,y) € PM. One has for 0 < A < 1

Aoi(@,y) + (1= X) valw,y) = Y (A wf + (1= 2) wf) R (z,y) e PV

i=0
This shows that PM is convex.
For proving the completeness property, let us consider Cauchy sequence
oo M
{wn(z,y)}nzo € P
Then each wy(x,y) is a unique representation of the form

M
wa(z,y) = > MY RO (2, y).

i=0
Since {wn(x,y)}no is a Cauchy sequence, for every € > 0 there is a N’ such that
| wm(z,y) — wn(z,y) ||< € where m,n > N'. From this and Lemma 4.2, one has for
n>0

M M
e > wm(@,y) — walz,y) || = [ YA =AY RO (@) [ >0 D A =AM .
i=0 =0

Division by n > 0 gives
M €
A=A 2 DI A <

This shows that each of the M + 1 sequences {/\En)}Z":O, 1=0,1,..., M, is Cauchy in R.
Hence it converges. Let A; denotes the limit. Using this M + 1 limits Ao, A1, ..., Ay, one
defines

M
w(z,y) =D A RO (2,y).

=0

Clearly, w(z,y) € P™. Furthermore,

M
| wn (@, y) — @(z,y) | =1 DA =) R*D(a,y) |
=0

IA

M
STIANY =X [ R () |-

1=0

On the right, )\E") — Ai. Hence || wn(z,y) — w(z,y) ||— 0, that is, w,(z,y) — w(z,y).
This shows that {wn(z,y)}5% is convergent in P and the completeness of P is
proven. O

4.4. Theorem. For every given continuous function u(x,y) there exists a unique uy (z,y) €
PM such that

6 = inf |u(z,y)—a(z,y) || = |u(y) —um(z,y) [l
uelP

Proof. Existence. By the definition of an infimum, there is a sequence {wx(z,y)}5%o in
P such that §, — § where 6, = || u(z,y) — wn(x,y) ||. We show that {wn(z, )}, is
Cauchy. Writing v, (z,y) = u(z,y) — wn(z,y), one has || va(z,y) | = 0» and

I om ) + v ,9) 1| = 2| 5 (om ) + wa,)) — ula ) || > 25,
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because P is convex, so that %(wm(z,y) + wn(z,y)) € PM. Furthermore, one has
Um(z,y) — vn(z,y) = wn(x,y) — wm(z,y). Hence by the parallelogram equality
I wn(z,y) = wm (@, y) II° =] vom(z,y) = valz,y) ||
= - || ’Um(l‘,y) +,U"7'(w7y) H2
+2 ([ vm(@,9) 17+ || vala,y) |I*)
< —(268)® +2(62, +62) < €%

This implies that {wn(z,y)}52, is Cauchy. Since P is complete, {wn(z,y)}3o
converges, say, wn(z,y) — w(z,y) € PM. Since w(x,y) € P, one has || u(z,y) —
w(z,y) ||> 6. Also,

| w(z,y) — oz, ) | <[ wz,y) —walz,y) | + || wa(z,y) —o(z,y) |
This shows that || u(z,y) — w(z,y) ||= 9.
Uniqueness. Let us assume that w(z,y) € P and wo(x,y) € PM both satisfy
[ w(z,y) —o(z,y) =06, | ulz,y) —wo(z,y) [|= 6.
By the parallelogram equality,

” ’ll_)(I,y) - U)o(l',y) ||2 :” (u‘)(m,y) - u(m,y)) - ('IUO(I,y) - U(f,y)) H2
=2 || @(z,y) —u(z,y) I +2 || wo(z,y) — u(z,y) |I*
— @z, y) —ulz,y)) + (wolz,y) — u(z,y)) |I*
=488 — 4| 3 (@(w, ) + wo(z,9) — u(a,y) |* <0,

because 1 (w(z,y) + wo(z,y)) € PM. So that w(z,y) = wo(z,y).
Orthogonality. We assume there be a 0 # w (x,y) € P such that

(z(z,y), wr(z,y)) =7 # 0

where z(z,y) = u(x,y) — w(z,y) and (.,.) denotes the inner product. Furthermore, for
any scalar 7,

| 2(z,y) —n wiz,y) I = (2(z,y) —n wi(z,y), 2(x,y) — n wi(z,y))
=[| z(z, ) I” =77 —n (G -7 || wi(z,y)|*),

Choosing 77 = E yields

.y
[[wi (z,9)]

-y _s2_ 7 52

[ wi(z,y) |2 [wiz,y) > =7
But this is impossible because one has || z(z,y) —n wi(z,y) || > & by the definition of 4.
Hence the assumption can not be hold. So (z(z,v), @(x,y)) =0, V a(z,y) € PM.

Now it is shown that @w(z,y) = um(z,y). It was proven that w(z,y) is the best
approximation for u(z,y). So,

v‘j’ -7 20517"7M7 (u(m7y) 71D(x’y)’RJ(a:7y)) :O’
,ﬁ)(

I 2(z,y) = n wi(e,y) I°=[ 2(z,y) |

where two variables polynomials R'*
point,

z,y) are introduced by (3.6). One has from this

(@(iﬂ,y) - uM(xvy),Rj(mvy)) = (u(x7y) - (u(m,y) - "D(x:y)) - uM(:B,y),Rj(x,y))
= (u(z,y), Rj(z,y)) — (u(z,y) — w(z,y), R;(z,y))
- (UM(.’L’,y),R]'(:E,y))

:wj—wj:(), j:O,l,...,M,
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Therefore @w(z,y) — unm(z,y) = 0. This shows that un(z,y) = w(z,y) and proof is
completed. O

Two following theorems state the decaying of the Jacobi coefficients and the conver-
gence of the best approximation.

4.5. Theorem. The Jacobi coefficients w;, introduced by (3.6), decay when the number
of the terms of the partial sum of the series solution, N, increases.

Proof. Employing the w; and the properties of the orthogonality of R;(x,y), we have

Z //R(w y) u(z,y) w? (z,y) dedy
M

If u?(z,y) w? (z,y) as well as u(z,y) w*? (z,y) is integrable, then

/0 /0 [u(z, y)—Sar (z, y)]* w' P (z,y) dedy =

1,1
/ / u®(z,y) w(a’ﬁ)(amy) dzdy
o Jo

1 1
—2 / / w(z,y) Su(z,y) 0 (z,y) dedy
/ / SM z,y) w (e ’B)(w y) dxdy

M
/ / (z,y) WP (2, y) dody — > wi.

i=0
Therefore,
M
Zw </ / (z,y) w*?(z,y) dedy, VN €N,
Consequently Y ° w7 is convergent and lim; e w; = 0. O

Theorem 4.5 states the given function u(z,y) may be approximated using only the
finite numbers of two variables Jacobi polynomials.

4.6. Theorem. The series solution (3.3) converges towards u(x,y) in (3.2).

Proof. Consider the relation (3.6) and define the sequence partial sums

{Sm (z,y)}ir=0

as follows,

Su(z,y) = sz i(,y).
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Let suppose that the Sy (x,y) and Si(z,y) are partial sums with M > L. It is going to
prove that {Sn(z,y)}37—0 is a Cauchy sequence in PM. For this purpose, it is worked
out as follows:

M M M
> wi Ri(z,y) 2= wi Ri(z,y), > w; Ri(x,y))
i=L+1 i=L+1 j=L+1

Z Z Wi (:Jj(Ri(x,y)7Rj(x7y))

i=L+1j=L+1

M
=3
i=L+1
That is || Sar(z,y) — Se(x,y) ||°= ZﬁLH | wi |*. From Bessel inequality S50, | w; |?

is convergent and hence || Sar(x,y) — Sr(2,) ||* < €*. This shows {Sa(z,9)}35—0 is a
Cauchy sequence. Since PM is complete one has Sa(z,y) — S(z,y) € PM. We show
S(z,y) = u(®,y):
(5 ) — u(e,9), Ry (2, 9)) = (S(, ), Ra(w,)) — (u( ), R (2,))
= (]\/}l—r{loo S]\/[(ZC, y)v Rj($, y)) - (’U,({L', y)7 Rj (l’, y))
= A}i_r{loo(sjw(mv y)? R](x7y)) - (U CE,y), R](.:C,y))
=Ww; —w; = 07

= S(z,y) —u(z,y) =0, j=0,1,.., M.

Hence,
S(x,y) =D wi Ri(z,y) = > > Ciy PP (@) PP (y) = u(a,y).
i=0 i=0 j=0

O

Whenever the solution of a problem is not known, specially in nonlinear phenomena,
an error estimator is needed as an essential component of the computational algorithm.
To this end, an error estimator for the proposed method is presented in this section.

For simplicity, discussed equations are written in the operator form

(4.2)  Du(z,y) = f(z,y)

where D is a integro—partial differential operator. Define the error function as
en(z,y) = u(z,y) — un(z,y).

Substituting un (x,y) into given equations yields

(4.3)  Dun(z,y) = f(z,y) + Hn(z,y),

where Hy (z,y) is a perturbation term. Subtracting (4.3) from (4.2) gives
Den(z,y) = —Hn (2, y)-

Now, it can be proceeded by the same way as the basic problem is solved to get the
estimation ey, (x,y) to the error function en(z,y). Note the stated approximations are
also substituted in the conditions of the given problem. Subsequently, the conditions of
new problem will be homogeneous.
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5. Numerical results

In this section, four examples are given to certify the efficiency and accuracy of the
proposed method where the maximum absolute and estimate errors are reported for dif-
ferent values of parameters a and 3. Also, the absolute and estimate errors are computed
at some arbitrary selected points.

5.1. Example. Consider the following linear Volterra—Fredholm integro—partial differ-
ential equation.

y 1
(5.1)  uga(z,y) + sin(zy) u(z,y) = zy sin(zy) — %y?’ +/ / ts ut(t, s) dtds,
o Jo

with the following conditions,

(52)  u(0,9) =y, u(0,y) =0.

The exact solution of this problem is u(z,y) = zy. First, let us consider the following
approximation,

Integrating (5.3) with respect to x from 0 to z, one gets the following approximation for
Uz (:L‘r y) .

(54)  ua(z,y) =@ (2,y) Py C+us(0,y) =" (z,y) P; C+ 0" (z,y) V,

where u,(0,y) is approximated by ®7(z,y) V which V is a (N 4 1) x 1 known vec-
tor. Again, integrating (5.4) with respect to = from 0 to x, one obtains the following
approximation for u(z,y),

(5:5)  ulw,y) =" (x,y) (P)* C+ 0" (x,y) Py V.

In order to approximate the integral part in the (5.1), the kernel ts is approximated as
follows:

(5.6) ts~®"(x,y) K ®(t,s),

where K is a (N + 1) x (N + 1)? known matrix and is determined by inner product.
Now, the integral part in (5.1) is approximated as:

//tsuttsdtdSN// (z,y) K ®(t,s) {®"(t,s) P C

+ @7 (t,5) V} dtds
~ &' (z,y) K{V + B}P, A,

where V is operational matrix of product and its entries are determined in terms of the
components of the vector V, Bis operational matrix of product corresponding to vector
B=PlI'C,and A= fo (t,y) dt. Substituting the approximations (5.3)-(5.7) into (5.1),
leads to the following hnear algebraic equation.

" (2,y) C + sin(zy) ®" (z,y) {(P;)* C+ P, V}
(5.8)

— " (z,y) K{V + BYP, A — xy sin(zy) + 1y3 =0.

6
Setting N = 3 and using the roots of P\ (z) and P{***)(y) in the z and y—directions,
(5.8) is collocated in 16 inner tensor points for different values of parameters o and .
Hereby, the (5.8) reduces the problem to solve a system of linear algebraic equations and
unknown coefficients are obtained for some values of parameters o and 3. Table 1 shows
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the maximum absolute and estimate errors of the approximate solutions for different
values of a and 3. Table 2 displays different values of the exact and approximate solutions
in points (z,y) = (0.14,0.1¢), (¢ = 1,2,...,10) for « = 8 = —1/4. As can be seen from
Tables the results of the solutions obtained by Jacobi polynomials method are almost
the same as the results of the exact solutions.

Table 1. Maximum absolute and estimate errors of Example 5.1 for different values o and 3

[ (a, B) H Error Aps [ Errorgg; H (a, B) [ Erroraps [ Errorgst ]
(0,0) 5.2715 x 10~ 2% [ 4.7132 x 10~ 21 &5 4.9562 x 10~ 20 | 3.8921 x 10~ 2!
(1,1) 2.4802 x 10— 2° [ 2.2000 x 10-2° [[ (=1, -1) [ 5.0940 x 107 1% [ 2.2476 x 10~
(2,2) 5.3375 x 1020 | 3.8880 x 10 21 EED 9.8549 x 10~ 12 | 4.8000 x 10~ 19
(£, 2) ][ 15140 x 10=2T [ 1.5829 x 10— 21 (&, %) [ 1.3500 x 10-T° [ 3.8930 x 1021

Table 2. Maximum absolute and estimate errors of Example 5.1 for various values of a = 8 = 7i
[ (z5,v;) “ Ezact value [ Approzimate value [ Error Aps [ Errorggt ]

(0.1,0.1) 0.01 0.0099999999999999999918 | 8.20 x 10 21 | 1.6649 x 10 21
(0.2,0.2 0.04 0.040000000000000000004 | 4.00 x 10— 21 | 4.7592 x 10— 2!
(0.3,0.3) 0.09 0.090000000000000000008 | 8.00 x 10— 21 [ 6.7477 x 10— 21
(0.4,0.4) 0.16 0.16000000000000000000 | 8.00 x 10— 2! | 5.2854 x 10 21
(0.5,0.5) 0.25 0.25000000000000000001 1.00 x 1029 | 61.9554 x 10— 21
(0.6,0.6) 0.36 0.35999999999999999999 | 1.00 x 10~ 2° | 1.7448 x 10— 20
(0.7,0.7) 0.49 0.49000000000000000000 0.00 04.3963 x 10~ 20
(0.8,0.8) 0.64 0.64000000000000000000 0.00 8.4713 x 10~ 20
(0.9,0.9) 0.84 0.81000000000000000002 | 2.00 x 10— 2° | 1.4349 x 10— 19

(1,1) 1.00 1.0000000000000000001 1.00 x 10~ 19 | 2.2476 x 10— 19

5.2. Example. Consider the following linear Volterra integro—partial differential equa-
tion.

T ry

(5:9)  unley) + (@) = 1+ expla) + exp(u) +exple+9) + [ [ ultys) ds at
o Jo

with the conditions u(z,0) = exp(x) and u(0,y) = exp(y). The exact solution of this

problem is u(x,y) = exp(x + y). Let us consider the following approximation,

(510) uZy(x7y) = (I)T(may) C.

Integrating (5.10) with respect to y from 0 to y, one obtains the following approximation
for uz(z,y).

(5.11)  we(z,y) =~ @ (2,y) P} C+uy(x,0) =~ & (z,y) P C+ & (z,y) Vi.

Now, integrating (5.10) with respect to x from 0 to z, one gets the following approxima-
tion for uy(z,y) as follows:

(5.12)  uy(z,y) ~ @T(x,y) PT C+ Uy (0,y) ~ <I>T(:E7y) PTC+ @T(m,y) Vs.

Also, by integrating the relation (5.11) with respect to  from 0 to = an approximation
yields for u(z,y) as follows:

(513) u(z,y) ~ " (z,y) PI P} C+®"(z,y) PI Vi+u(0,y)
' ~ & (z,y) P} P} C+ 8" (z,y) PI Vi + @ (x,y) .
The kernel is approximated as follows:

(5.14) 1~ d"(z,y) K ®(t,s).



329

Now, the integral part in (5.9) is approximated as:

// (,s) dtds~//c1>T:cy K@(tg)@T(x,y){PEPfc

(5.15) + PV vl} dsdt

= (PT(mzy) K A P.U PW ¢(x7y)7

where A is operational matrix of product corresponding to vector A = PL Pf C+PI'vi+
Vi. Substituting the approximations (5.11)-(5.15) into (5.9), leads to the following linear
algebraic equation.

y) Vi + 07 (z,y) PF C+ " (z,y) Va
y) K APy, P, ®(z,y) +1—¢" —e’ — " =0.

" (z,y) P} C+&"(x,

(5.16) o,
Setting N = 7 and using the roots of Péa’ﬁ)(x) and Péa’ﬂ)(y) in the z and y—directions,
(5.16) is collocated in 64 inner tensor points for different values of parameters o and S.
Hereby, the (5.16) reduces the problem to solve a system of linear algebraic equations
and unknown coefficients are obtained for some values of parameters o and S. Table
3 displays the maximum absolute and estimate errors of the approximate solutions for
different values of a and . Table 4 shows different values of the exact and approximate
solutions in points (z,y) = (0.2¢,0.27), (¢ = 1,2,...,5) fora = =1 and N =4,7,8. Tt
can be observed from Table 4 that the errors decrease as N increases. Also,

Table 3. Maximum absolute and estimate errors of Example 5.2 for N = 7 and various values of « and 8

[ (a, B) “ Error Aps [ Errorpgt ]
(0,0) 1.7484 x 10~ 5 [ 8.5474 x 10"
Y 3.1164 x 10~ 1.4839 x 10~
(1,1) 4.6983 x 105 | 2.0999 x 10~

(-3, —3) || 82454 x 1075 [ 4.8751 x 10~
) 2.4007 x 10~ 1.1603 x 10~

Table 4. Comparison of the exact and approximate solutions of Example 5.2 for N =4,7,8 and a=8=1

[ (iyi) ] UBzact [ Error(uq) [ Error(ur) [  wus(z,y) [ Error(us) |
(0.2,0.2) |[ 1.49182469764 | 2.7289 x 10~ ° | 1.6429 x 109 | 1.49182469766 | 2.2390 x 10 11
(0.4,0.4) || 2.22554092849 | 3.3508 x 10~ ° | 4.1350 x 10 10 | 2.22554092853 | 3.5908 x 10 11
(0.6,0.6) || 3.32011692274 | 3.2674 x 10~ ° | 3.5768 x 10~ 10 | 3.32011692270 | 3.8762 x 10~ 1
(0.8,0.8) || 4.95303242440 | 5.6798 x 10~ ° | 3.0065 x 109 | 4.95303242437 | 2.7025 x 10 11

(1,1) 7.38905609893 | 5.8038 x 10 % | 4.6983 x 10 ° | 7.38905609744 | 1.4893 x 10 7

5.3. Example.

differential equation.

san { "

where f1(z,y)
y sin(z) + 3 2% cos(y) —
0 and v(0,y) = 0. The exact solutions of this problem are u(z,y)

u(z,y) —v(z,y +fo
v(z,y) + 3u(z,y)

= g2

Consider the following

u(t,y) ve(t,y) dt =
fO Ut t y) (tay) dt =

nonlinear system of Fredholm integro—partial

fi(z,y),
f2($7y)7

2
=

cos(y) — y sin(z) —y cos(y) (sin(l) — 2 cos(1)) and fao(z,y) =
2y cos(y) (sin(1) — cos(1)) with boundary conditions u(0,y) =
cos(y) and
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v(z,y) =y sin(z). The following approximations are used for N = 5,
us(z,y) = @7 (2,y) 1, ulw,y) =" (z,y) Py C1 valz,y) = " (2,y) Ca,
v(z,y) ~ " (z,y) PI Co 1~d"(z,y) K ®(t,y),
u(t,y) vilty) = AT B(t,y) 87 (1,y) Co = AT Co B(t,y) = (1y) G A,
ui(t,y) v(t,y) ~ CT ®(t,y) @ (t,y) B~C{ B o(t,y) =" (t,y) B C1,

1
/ u(t,y) ve(t,y) dt ~ ®(z,y) K E Gy A,
0

1
/ ue(t,y) v(t,y) dt ~ d(z,y) K E BT Ch,
0

where A = Pl Cy, B = P! C,, Cy and B are the operational matrices of product
corresponding to the vectors C2 and B, and FE is the following matrix:

E= /1 (t,y) " (t,y) dt.

Note for approximating the nonlinear terms u(t,y) v:(¢,y) and u¢(t,y) v(¢,y) has been
used the Theorem 3.6. Substituting above approximations into system (5.17), leads to
the following nonlinear system of algebraic equations.

(5.18) 4 (@) PL Gy =7 (x.y) PL Co+@(z,y) K E Gy A= fi(a,y),
' " (z,y) P; C2+3 0" (z,y) P/ C1 — ®(x,y) K E B C1 = fa(w,y),

Setting N = 5 and using the roots of P\ (z) and P{**)(y) in the z and y—directions,
each equation of the system (5.18) is collocated in 36 inner tensor points for different
values of parameters o and §. Hereby, the system (5.18) reduces the problem to solve
a system of nonlinear algebraic equations and 72 unknown coefficients are obtained for
some values of parameters a and S by using Newton iterative method. Table 5 shows
different values of the exact and approximate solutions in points (x,y) = (0.17,0.13), (i =
1,2,...,10) for « = 8 = % Also, in Figure 1 the exact and approximate solutions are
compared for the case @« = 8 = 0. Also, the absolute errors functions obtained by the

proposed method are displayed in Figure 1 for o = 8 = 0.

Table 5. Comparison of the exact and approximate solutions of Example 5.3 for N =5 and a = 8 = %
[ @iyi) [ vBsact | us(@,y) | Erroraps | YEzact | vs(z,y) [ Erroraps |
(0.1,0.1) 0.00995004 0.00995002 2.0419 x 10~ 0.00998334 0.00998326e 7.8601 X 10~
(0.2,0.2) 0.03920266¢e 0.03920263 2.6117 X 10~ 0.03973387 0.03973376 1.0216 x 10— ©
(0.3,0.3) 0.08598028e 0.08598027 1.2031 x 10~ 0.08865606 0.08865595 1.14 x 107
(0.4,0.4) 0.14736975 0.14736970 5.6500 x 10~ 0.15576734 0.15576711 2.2310 x 10~ 7
(0.5,0.5) 0.21939564 0.21939551 1.2727 x 10~ 7 0.23971277 0.23971243 3.3863 x 10/
(0.6, 0.6) 0.29712082 0.29712075 7.1500 x 10~ 0.33878548 0.33878517 3.1259 x 107
(0.7,0.7) 0.37477267 0.37477277 9.8920 x 10~ 0.45095238 0.45095218 2.0102 x 10~ 7
(0.8,0.8) 0.44589229 0.445892296 2.2183 x 100 0.57388487 0.57388456 3.1067 x 10~/
(0.9,0.9) .50350407 0.50350365 4.1437 x 10~ 7 | 0.70499422 0.70499360 6.1633 X 10~/

(1,1) 0.54030231 0.54030426 1.9550 x 10~ 0 0.84147098 0.84147191 9.2444 x 10~ "

5.4. Example. Consider the following nonlinear system Volterra integro—partial differ-
ential equation.

uy(2,y) +v(z,y) = [§ [§'t sin(s) (u?(t,s) —v?(t,s)) dtds = fr(x,y),
(5.19) uy(x,y)f—ii vy(;c, y) +u(z,y) — 5[5t cos(s) (u(t,s) —vs(t,s)) dtds =
2T, Y),
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Figure 1. Comparison of the exact and approximate solutions and
their error functions for &« = § = 0 in Example 5.3: Plots of (a) us(z, y),
(b) vs(z,y), (c) error function of u(z,y), (d) error function of v(x,y)

where fi(z,y) = &5 (1+2 cos®(y) — 3 cos(y)) z* and fa(z,y) = = (2 cos(y) — sin(y))
with the conditions u(x,0) = « and v(x,0) = 0. The exact solutions of this problem are

u(z,y) = z cos(y) and v(z,y) = = sin(y). The following approximations are used for
N =25,

uy(,y) = 7 (z,y) Cr, wy(z,y) = " (z,y) Ca,

u(z,y) ~ " (z,y) Py C1+u(z,0) ~ &" (z,y) Py Ci+® (z,y) V,
v(z,y) ~ &7 (z,y) PyT Cy, t sin(s) ~ &7 (z,y) K1 " (t,s),

~ 0" (z,y) K2 @7 (t,5),

~ AT D(z,y) <I>T(a:,y) A ~ AT A, O(z,y) = <I>T(x, y) Bi,
v (@) = Ay ®(x,y) @ (z,y) A2 > Ay Az @(x,y) = @ (x,y) B,

/y /zt sin(s) (u®(t,s) —v3(t,s)) dtds ~ ®" (z,y) K1 (B1 — Ba) P, P, ®(z,v),

t cos(s

/Oy Ozt cos(s) (u(t,s) — vs(t, s)) dtds ~ ®" (x,y) Ka (A, — Cy) Py P, ®(x,y),
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Figure 2. Comparison of the exact and approximate solutions and
their error functions for &« = § = 0 in Example 5.4: Plots of (a) us(z, y),
(b) vs(z,y), (c) error function of u(x,y), (d) error function of v(x,y)

W/fﬂﬂ"

(©) (d)

where K; and K2 are known matrices, A1 = PyTCl +V, Ay = PyTCz, B = AT A,
and By = A} A,. Substituting above approximations into system (5.19), leads to the
following nonlinear system of the algebraic equations.

&7 (z,y) C1 + @7 (z,y) P} Co— & (z,y) K1 (B1 — Ba)

(5.20) I;g"c Py 2(z.9) :Tfl(%y)’ T T T T
" (z,y) C1+ @ (2,y) C2+ @ (z,y) (Py C1+V) =2 (z,y) P, C2
—@7(z,y) K2 (A1 — C2) P Py ®(z,y) = fa(z,y).

Setting N = 5 and using the roots of Péa’ﬁ)(az) and Péa’ﬁ)(y) in the z and y—directions,
each equation of the system (5.20) is collocated in 36 inner tensor points for different
values of parameters « and 3. Hereby, the system (5.20) reduces the problem to solve
a system of nonlinear algebraic equations and 72 unknown coefficients are obtained for
a = B = 0 by using Newton iterative method. In Figure 2 the exact and approximate
solutions are compared for the case « = = 0 and the absolute and estimate errors
functions obtained by the proposed method are also displayed in Figure 2 for « = 8 = 0.
The exact and approximate solutions and their error functions are seen in Figure 3 for
various values of y = 0.2, 0.4, 0.5, 0.7, 0.9.
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Figure 3. (a) Comparison of the u(z,y) and us(z,y), (b) Com-
parison of the v(z,y) and ve(x,y), (¢) Plots of absolute error func-
tion u(zx,y), (d) Plots of absolute error function v(z,y) for y =
0.2, 0.4, 0.5, 0.7, 0.9 of Example 5.4.
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6. Conclusion

In this paper, a computational method based on the generalized collocation method
was presented for solving some of linear and nonlinear integro-partial differential equa-
tions in terms of two variable Jacobi polynomials, by converting them to a linear or
nonlinear system of algebraic equations. The illustrative examples with the satisfactory
results were achieved to demonstrate the application of this method. The results indicate
the proposed approach can be regarded as the simple approach and those are applica-
ble to the numerical solution of these type of equations. It is predicted that the Jacobi
collocation method will be a powerful tools for investigating approximate solutions and
even analytic to linear and nonlinear functional equations. For numerical purposes the
computer programmes have been written in Maple 13.
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