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Some generalizations of the class of analytic
functions with respect to k-symmetric points

Syed Zakar Hussain Bukhari˚, Mohsan Raza :;and Maryam Nazir §

Abstract

In this article, we introduce a new class Mk
s rα, β, λs which generalizes

the various classes of analytic functions with respect to k-symmetric
points. Naturally, the class Mk

s rα, β, λs combines the classes Sks pα, βq
and Cks pα, βq. We also study the coefficient estimates and obtain some
inequalities related to the coefficients of functions in these classes. We
develop the integral representation, inclusions and convolution condi-
tions for the functions in the class Mk

s rα, β, λs.
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1. Introduction and preliminaries
Let A be the class of functions f of the form

(1.1) f pzq “ z `
8
ÿ

n“2

anz
n,

which are analytic in the open unit disc E “ tz : |z| ă 1u. A function f is said to be
subordinate to a function g written as f ă g , if there exists a schawarz function w with
w p0q “ 0 and |w pzq| ă 1 such that f pzq “ g pw pzqq . In particular if g is univalent in
E, then f p0q “ g p0q and f pEq Ă g pEq .

The classes of starlike and convex univalent functions are defined as
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S˚ “

"

f : f P A and Re
zf 1pzq

fpzq
ą 0, z P E

*

,

C “

#

f : f P Aand Re

`

zf 1pzq
˘1

f 1pzq
ą 0, z P E

+

.

A function which is analytic in the open unit disc E is said to be starlike with respect to
the symmetric point if it satisfies

Re
pzf 1pzqq

fpzq ´ fp´zq
ą 0, z P E.

The class S˚s of starlike functions with respect to symmetric points was introduced and
studied by Sakaguchi, see [5]. The class Sks rα, βs consists of functions f P S satisfying
the inequality

ˇ

ˇ

ˇ

ˇ

2zf 1pzq

fkpzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

2αzf 1pzq

fkpzq
` 1

ˇ

ˇ

ˇ

ˇ

for 0 ď α ď 1, 0 ď β ď 1, z P E,

where fk is defined as

(1.2) fkpzq “
1

k

k´1
ÿ

m“0

κ´mfpκmzq

with κk “ 1 and k ě 1 a fixed positive integer. Similarly the class}Cks rα, βs is defined
by:

Cks rα, βs “

"

f P S and

ˇ

ˇ

ˇ

ˇ

pzf 1pzqq1

f 1kpzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

α pzf 1pzqq1

f 1kpzq
` 1

ˇ

ˇ

ˇ

ˇ

*

,

where 0 ď α ď 1, 0 ă β ď 1 and fk is given in (1.2) . The classes
Sks rα, βs and Cks rα, βs were defined by Wang [8] and Gao and Zhou [2]
respectively. These classes are further studied in [7, 9]. Keeping in view
the above mentioned classes, we define the following subclass of analytic
function with respect to k-symmetric point.

1.1. Definition. A function f P S is in the class Mk
s rα, β, λs if it satisfies

the following condition:

(1.3)
ˇ

ˇ

ˇ

ˇ

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

α

„

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq



` 1

ˇ

ˇ

ˇ

ˇ

,

where fk is defined by p1.2q, 0 ď α ď 1, 0 ă β ď 1, k ě 1 a fixed positive
integer, λ P R and z P E.

where fk is defined by ( 1.2), 0 ď α ď 1, 0 ă β ď 1, k ě 1 a fixed
positive integer, λ P and z P E.
Special Cases

piq. For k “ 2, the classMk
s rα, β, λs reduces to the classM rα, β, λs consisting
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of univalent functions which satisfy the condition:
ˇ

ˇ

ˇ

ˇ

p1´ λq
zf 1pzq

fpzq
` λ

pzf 1pzqq1

f 1pzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

α

„

p1´ λq
zf 1pzq

fpzq
` λ

pzf 1pzqq1

f 1pzq



` 1

ˇ

ˇ

ˇ

ˇ

,

where 0 ď α ď 1, 0 ă β ď 1, k ě 1, λ P R and z P E.
piiq. For λ “ 1, the class Mk

s rα, β, λs yields the class Cks pα, βq introduced
and studied by Wang [8].
piiiq. When λ “ 0, the class Mk

s rα, β, λs produces the class Sks pα, βq stud-
ied by Gao and Zhou [2].
pivq. For k “ 2, λ “ 1, we obtain the class Cs pα, βq.
pvq. Taking k “ 2, λ “ 0, Mk

s rα, β, λs reduces to the class S˚s pα, βq , see [6].
pviq. For k “ 2, λ “ 0, α “ β “ 1, Mk

s rα, β, λs reduces to the class S˚s [5].

In the following, we have some useful lemmas.

1.2. Lemma. [1] Suppose that the function ϕ is convex univalent in E with
ϕ p0q “ 1 and

Re pβϕ pzq ` γq ą 0 for β, γ P C, z P E.

If p is analytic in E with p p0q “ 1, then

ppzq `
zp1pzq

βppzq ` γ
ă ϕ pzq implies p pzq ă ϕ pzq , z P E.

1.3. Lemma. [4] Let β, γ P C and ϕ be a convex, univalent function with

Re pβϕ pzq ` γq ą 0, z P E.

Also let h P A : h pzq ă ϕ pzq. If p P P and

p pzq `
zp1 pzq

βh pzq ` γ
ă ϕ, then p pzq ă ϕ pzq .

1.4. Lemma. [6] Let G be analytic in E and let

(1.4)
ˇ

ˇ

ˇ

ˇ

1´Gpzq

1` ηGpzq

ˇ

ˇ

ˇ

ˇ

ă δ

z P E, 0 ď η ď 1, 0 ă δ ď 1 with Gp0q “ 1. Then

(1.5) Gpzq “
1´ zϕpzq

1` ηzϕpzq
,

where ϕ is analytic in E and |ϕpzq| ď δ for z P E. Conversely any function
G given by (1.5) is analytic in E and satisfies (1.4).

1.5. Lemma. [3] Let F be analytic and convex in E. If f, g P A and
f, g ă F. Then

σf ` p1´ σq g ă F, 0 ď σ ď 1.
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2. Main Results

2.1. Theorem. Let Fkpzq “ p1´λq
zf 1pzq
fkpzq

`λ pzf
1pzqq1

f 1kpzq
, λ P R, k ě 1, f and fk

defined by (1.1) and 1.2 respectively. Then Fkpzq “ 1`
ř8
j“2 cjz

j´1`... P P

for cj “ rp1´ λp1´ jqqj ` pp1´ λqj ` λ´ p1` jqq djs aj , where cj ď 2.

Proof. Here we let

(2.1) Fkpzq “ p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
.

It can easily follows from (1.2) that

fkpzq “
1

k

k´1
ÿ

m“0

κ´mfpκmzq “
1

k

k´1
ÿ

m“0

κ´m
«

κmz `
8
ÿ

j“2

aj pκmzqj
ff

“ z `
8
ÿ

l“2

apl´1qk`1z
pl´1qk`1 “ z `

8
ÿ

j“2

ajdjz
j ,(2.2)

where dj “ 1
k

k´1
ř

m“0
κpj´1qm “

"

1, j “ pl ´ 1qk ` 1
0, j ‰ pl ´ 1qk ` 1

*

,κk “ 1. On com-

bining ( 2.1) and ( 2.2) , we have

Fkpzq “
p1´ λqzf 1pzqf 1kpzq ` λpf

1pzq ` zf2pzqqqfkpzq

fkpzqf
1
kpzq

“

p1´ λqpz `
8
ř

j“2
jajz

jqp1`
8
ř

j“2
jajdjz

j´1q ` λp1`
8
ř

j“2
j2ajz

j´1qpz `
8
ř

j“2
ajdjz

jq

pz `
8
ř

j“2
ajdjzjqp1`

8
ř

j“2
jajdjzj´1q

“

1`
8
ř

j“2

”

pp1´ λ` jλq jaj ` p1´ λqjajdj ` λajdjq z
j´1 ` j2a2jdjz

2j´2
ı

1`
8
ř

j“2

”

p1` jq ajdjzj´1 ` ja2jdjz
2j´2

ı

“

«

1`
8
ÿ

j“2

“

pp1´ λ` jλq jaj ` p1´ λqjajdj ` λajdjq z
j´1 ` j2a2jdjz

2j´2
‰

ff

ˆ

«

1´
8
ÿ

j“2

“

p1` jq ajdjz
j´1 ` ja2jdjz

2j´2
‰

` ...

ff

“ 1`
8
ÿ

j“2

rp1´ λ` jλq j ` pp1´ λqj ` λ´ p1` jqq djs ajz
j´1 ` ...

“ 1`
8
ÿ

j“2

cjz
j´1 ` ....
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Thus Fkpzq “ 1`
8
ř

j“2
cjz

j´1 ` ... P P,

where cj “ rp1´ λ` jλq j ` pp1´ λqj ` λ´ p1` jqq djs aj such that |cj | ď
2.

2.2. Theorem. Let 0 ď α ď 1, 0 ă β ď 1, k ě 1, λ P R, and z P E. Then
the function f PMk

s rα, β, λs if and only if

(2.3) p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
ă

1` βz

1´ αβz
,

where fk is given in (1.2).

Proof. Let f PMk
s rα, β, λs. Then from p1.3q, we have

ˇ

ˇ

ˇ

ˇ

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

α

„

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq



` 1

ˇ

ˇ

ˇ

ˇ

.

Taking Fk as defined in ( 2.1) we write

|Fkpzq ´ 1|2 ă β2 |αFkpzq ` 1|2

or
`

1´ α2β2
˘

|Fkpzq|
2
´ 2p1` αβ2qReFkpzq ă β2 ´ 1.

If α ‰ 1 or β ‰ 1, then we have

|Fkpzq|
2
´2

ˆ

1` αβ2

1´ α2β2

˙

ReFkpzq`

ˆ

1` αβ2

1´ α2β2

˙2

ă
β2 ´ 1

1´ α2β2
`

ˆ

1` αβ2

1´ α2β2

˙2

or
ˇ

ˇ

ˇ

ˇ

Fkpzq ´
1` αβ2

1´ α2β2

ˇ

ˇ

ˇ

ˇ

2

ă
β2p1` αq2
`

1´ α2β2
˘2 .

This represents the disk with center at 1`αβ2

1´α2β2 and radius βp1`αq

p1´α2β2q
. Also

the function ωpzq ă ϕpzq “ 1`βz
1´αβz maps the unit disk onto the disk

ˇ

ˇ

ˇ

ˇ

ω ´
1` αβ2

1´ α2β2

ˇ

ˇ

ˇ

ˇ

ă
βp1` αq
`

1´ α2β2
˘ .

From here we notice that, FkpEq Ă ϕpEq, Fkp0q “ ϕp0q and ϕ is univalent
in E. Therefore, we write

Fkpzq ă ϕpzq “
1` βz

1´ αβz
.

Conversely, let Fkpzq ă
1`βz
1´αβz . Then using subordination, we have

(2.4) Fkpzq “
1` βω pzq

1´ αβω pzq
,
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where ω P Ω. From ( 2.4), we write

|Fkpzq ´ 1| “

ˇ

ˇ

ˇ

ˇ

1` βω pzq

1´ αβω pzq
´ 1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

1` βω pzq ´ 1` αβω pzq

1´ αβω pzq

ˇ

ˇ

ˇ

ˇ

(2.5) |Fkpzq ´ 1| “ β

ˇ

ˇ

ˇ

ˇ

p1` αqω pzq

1´ αβω pzq

ˇ

ˇ

ˇ

ˇ

.

Also

(2.6) |αFkpzq ` 1| “

ˇ

ˇ

ˇ

ˇ

α` αβω pzq

1´ αβω pzq
` 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

p1` αq

1´ αβω pzq

ˇ

ˇ

ˇ

ˇ

.

Using (2.5) in (2.6) , we have

|Fkpzq ´ 1| ă β |αFkpzq ` 1| , where |ω pzq| ă 1 for all z P E.

This implies that
ˇ

ˇ

ˇ

ˇ

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
´ 1

ˇ

ˇ

ˇ

ˇ

ă β

ˇ

ˇ

ˇ

ˇ

α

„

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq



` 1

ˇ

ˇ

ˇ

ˇ

.

Hence, f PMk
s rα, β, λs.

2.3. Theorem. Let f P Mk
s rα, β, λs. Then fk P Msrα, β, λs and also fk P

Sks pα, βq .

Proof. Let f PMk
s rα, β, λs. Then by Theorem 2.2, we have

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
ă

1` βz

1´ αβz
,

where 0 ď α ď 1, 0 ă β ď 1, k ě 1 (is fixed positive integer), λ P R and
fk is defined by (1.2). Now using subordination, we write

(2.7) p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
“

1` βωpzq

1´ αβωpzq
, ωp0q “ 0 and |ωpzq| ă 1.

On replacing z by κmz, where m “ 0, 1, 2, ..., k ´ 1 and κk “ 1 in (2.7) ,
we have

(2.8) p1´λq
κmzf 1pκmzq
fkpκmzq

`λ
f 1pκmzq ` κmzf2pκmzq

f 1kpκmzq
“

1` βω pκmzq
1´ αβω pκmzq

.

From (1.2), we write fkpκmzq “ κmfkpzq and f 1kpκmzq “ f 1kpzq. These
results along with (2.8) yield

p1´λq
κmzf 1pκmzq
κmfkpzq

`λ
f 1pκmzq ` κmzf2pκmzq

f 1kpzq
“

1` βω pκmzq
1´ αβω pκmzq

.
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Taking summation from m “ 0 to k ´ 1, we write

p1´ λq
1

k

k´1
ÿ

m“0

κmzf 1pκmzq
κmfkpzq

`
λ

f 1kpzq
p
1

k

k´1
ÿ

m“0

f 1pκmzq `
1

k

k´1
ÿ

m“0

κmzf2pκmzqq

“
1

k

k´1
ÿ

m“0

ˆ

1` βω pκmzq
1´ αβω pκmzq

˙

or

p1´ λq
zf 1kpzq

fkpzq
` λ

pzf 1kpzqq
1

f 1kpzq
“

1

k

k´1
ÿ

m“0

ˆ

1` βω pκmzq
1´ αβω pκmzq

˙

or

p1´ λq
zf 1kpzq

fkpzq
` λ

pzf 1kpzqq
1

f 1kpzq
“

1

k

k´1
ÿ

m“0

ˆ

1` βω pκmzq
1´ αβω pκmzq

˙

P P rα, βs,

where P rα, βs is a convex set and containing function ppzq ă
1`βz
1´αβz . This

implies that

p1´ λq
zf 1kpzq

fkpzq
` λ

pzf 1kpzqq
1

f 1kpzq
ă

1` βz

1´ αβz
,

which implies that fk P Msrα, β, λs. Now, let hpzq “
zf 1kpzq

fkpzq
. After some

manipulation, we have

(2.9) p1´ λq
zf 1kpzq

fkpzq
` λ

pzf 1kpzqq
1

f 1kpzq
“ h pzq ` λ

zh1 pzq

h pzq
.

This implies that

h pzq ` λ
zh1 pzq

h pzq
ă

1` βz

1´ αβz
.

Using Lemma 1.2, we obtain

(2.10) h pzq ă
1` βz

1´ αβz
.

Hence, fk P Sks pα, βq .

2.4. Theorem. Let 0 ď α ď 1, 0 ă β ď 1, k ě 2 (fixed positive
integer), λ ą 0. Then Mk

s pα, β, λq Ă Sks pα, βq Ă S.

Proof. For f PMk
s rα, β, λs , we have

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
ă

1` βz

1´ αβz
.

Now, we let

p pzq “
zf 1pzq

fkpzq
andhpzq “

zf 1kpzq

fkpzq
,
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where, h and p satisfy the conditions described in Lemma 1.3. Therefore

(2.11) p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
“ p pzq ` λ

zp1 pzq

h pzq
ă

1` βz

1´ αβz
.

By using ( 2.10) ,(2.11) and Lemma 1.3, we obtain

p pzq “
zf 1pzq

fkpzq
ă

1` βz

1´ αβz
,

which implies that , f P Spkqs pα, βq Ă S or Mk
s pα, β, λq Ă S

pkq
s pα, βq Ă S.

2.5. Theorem. Let 0 ď α ď 1 and 0 ă β ď 1, 0 ď λ1 ă λ2. Then
Mk
s rα, β, λ2s ĂMk

s rα, β, λ1s.

Proof. Suppose that f PMk
s rα, β, λ2s. Then by Theorem 2.2, we have

h1 pzq “ p1´ λ2q
zf 1pzq

fkpzq
` λ2

pzf 1pzqq1

f 1kpzq
ă

1` βz

1´ αβz
.

Also from Theorem 2.4, we write

h2 pzq “
zf 1pzq

fkpzq
ă

1` βz

1´ αβz
.

Now

p1´ λ1q
zf 1pzq

fkpzq
` λ1

pzf 1pzqq1

f 1kpzq
“

ˆ

1´
λ1
λ2

˙

zf 1pzq

fkpzq
`
λ1
λ2

"

p1´ λ2q
zf 1pzq

fkpzq
` λ2

pzf 1pzqq1

f 1kpzq

*

“

ˆ

1´
λ1
λ2

˙

h2 pzq `
λ1
λ2
h1 pzq

Since 1`βz
1´αβz is convex set, therefore by using Lemma 1.5 we get the required

result.

2.6. Theorem. Let f PMk
s rα, β, λs. Then

fkpzq “

»

—

–

1

λ

ż z

0

1

u

$

&

%

u. exp
k´1
ÿ

m“0

u
ż

0

p1` αqβω ptq

t pk ´ αβω ptqq
dt

,

.

-

1
λ

du

fi

ffi

fl

λ

,

where ω P Ω. For λ “ 0,

fpzq “

ż z

0

fkpλq

λ

1` βω pλq

1´ αβω pλq
dλ.

Proof. Let f PMk
s rα, β, λs. Then from Theorem 2.2, we have

p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
ă

1` βz

1´ αβz
.
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Using subordination, we obtain

(2.12) p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
“

1` βω pzq

1´ αβω pzq
,

where ω is analytic in E with ωp0q “ 0 and |ωpzq| ă 1. Now replacing z
by κmz, where m “ 0, 1, 2..., k ´ 1, κk “ 1, using p1.2q with fkpκmzq “
κmfkpzq and f 1kpκmzq “ f 1kpzq and then taking summation form “ 0, 1, 2..., k´
1 in (2.12), we obtain

1´ λ

k

#

k´1
ÿ

m“0

κmzf 1pκmzq
κmfkpzq

+

`
λ

k

1

f 1kpzq

#

k´1
ÿ

m“0

f 1pκmzq `
k´1
ÿ

m“0

κmzf2pκmzq

+

“

1` β
k

k´1
ř

m“0
ω pκmzq

1´ αβ
k

k´1
ř

m“0
ω pκmzq

.

This implies that

p1´λq
zf 1kpzq

fkpzq
`λ
pzf 1kpzqq

1

f 1kpzq
“

˜

k ` β
k´1
ÿ

m“0

ω pκmzq

¸

{

˜

k ´ αβ
k´1
ÿ

m“0

ω pκmzq

¸

or

p1´λq
zf 1kpzq

fkpzq
`λ
pzf 1kpzqq

1

f 1kpzq
´

1

z
“

˜

p1` αqβ
k´1
ÿ

m“0

ω pκmzq

¸

{z

˜

k ´ αβ
k´1
ÿ

m“0

ω pκmzq

¸

.

Integrating from 0 to z, we write

log

#

pfkpzqq
p1´λqpzf 1kpzqq

λ

z

+

“

z
ż

0

p1` αqβ
k´1
ř

m“0
ω pκmζq

ζpk ´ αβ
k´1
ř

m“0
ω pκmζqq

dζ

or

(2.13)
„

zf 1kpzq

fkpzq

λ

fkpzq “ z exp
k´1
ÿ

m“0

z
ż

0

p1` αqβω pκmζq
ζ pk ´ αβω pκmζqq

dζ.

Let

(2.14) Fkpzq “

„

zf 1kpzq

fkpzq

λ

fkpzq, Fkp0q “ 0, F 1kp0q “ 1.

Since fk is λ-convex and if λ is not an integer, then we can select a suitable
branch, so that Fk is analytic in E. Logarithmic differentiation of (2.14)
yields

zF 1kpzq

Fkpzq
“ p1´ λq

zf 1kpzq

fkpzq
` λ

pzf 1kpzqq
1

f 1kpzq
.
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Hence, Fk is starlike in E. Now we solve (2.14) for fk by assuming that
λ ‰ 0. (The case when λ “ 0 gives Fkpzq “ fkpzq). Formal manipulations
leads to the solution

(2.15) fkpzq “

«

1

λ

ż z

0

rFkpζqs
1
λ

ζ
dζ

ffλ

.

By using (2.13) and (2.15), we have
„

zf 1kpzq

fkpzq

λ

fkpzq “ z. exp
k´1
ÿ

m“0

z
ż

0

p1` αqβω pκmζq
ζ pk ´ αβω pκmζqq

dζ,

which implies that

fkpzq “

»

—

–

1

λ

ż z

0

1

u

»

–u. exp

$

&

%

k´1
ÿ

m“0

u
ż

0

p1` αqβω ptq

t pk ´ αβω ptqq
dt

,

.

-

fi

fl

1
λ

du

fi

ffi

fl

λ

.

This is the required integral representation for fk when f PMk
s rα, β, λs. It

can be easily verified that for λ “ 0,

fpzq “

ż z

0

fkpλq

λ

1` βω pλq

1´ αβω pλq
dλ.

2.7. Theorem. Let f PMk
s rα, β, λs. Then we have

fpzq “

ż z

0

1` c

λ rfkpλqs
c

κmλ
ż

0

rfkptqs
c f 1kptq

1` βω ptq

1´ αβω ptq
dtdλ,

where fk is given in p1.2q, c “ 1
λ ´ 1 : λ ‰ 0 and ω is analytic in E with

ωp0q “ 0 and |ωpzq| ă 1. If λ “ 0, then we have

fpzq “

ż z

0

fkpλq

λ

1` βω pλq

1´ αβω pλq
dλ.

Proof. Let f PMk
s rα, β, λs. Then

(2.16) p1´ λq
zf 1pzq

fkpzq
` λ

pzf 1pzqq1

f 1kpzq
“

1` βω pzq

1´ αβω pzq
,

where ω P Ω. Multiplying both sides of (2.16) by λ´1 rfkpzqsc f 1kpzq, where
c “ 1

λ ´ 1 : λ ‰ 0, we get

(2.17)

czf 1pzq rfkpzqs
c´1 f 1kpzq`rfkpzqs

c
pzf 1pzqq1 “ p1`cq rfkpzqs

c f 1kpzq
1` βω pzq

1´ αβω pzq
.
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The left hand side of (2.17) is the exact differential of zf 1pzq rfkpzqsc . On
integrating both sides of (2.17), we obtain

f 1pzq “
1` c

z rfkpzqs
c

ż z

0
rfkpζqs

c f 1kpζq
1` βω pζq

1´ αβω pζq
dζ

or

f 1pzq “
1` c

z rfkpzqs
c

ż κmz

0
rfkptqs

c f 1kptq
1` βω ptq

1´ αβω ptq
dt.

This implies that

fpzq “

ż z

0

1` c

λ rfkpλqs
c

κmλ
ż

0

rfkptqs
c f 1kptq

1` βω ptq

1´ αβω ptq
dtdλ.

If λ “ 0, then we have

f 1pzq “
fkpzq

z

1` βω pzq

1´ αβω pzq
,

which implies that

fpzq “

ż z

0

fkpλq

λ

1` βω pλq

1´ αβω pλq
dλ.

2.8. Theorem. Let f PMk
s rα, β, λs. Then

1

z

"

f pzq ˚

ˆ

z

p1´ zq2
´

1` βejθ

p1´ αβejθq
h pzq

˙*

‰ 0,

where 0 ď θ ď 2π, 0 ď α ď 1, 0 ă β ď 1, λ ą 0 and z P E.

Proof. Let f PMk
s pα, β, λq. Then by using Theorem 2.3, we have

f P Spkqs pα, βq,

which implies that for 0 ď θ ď 2π, we write

zf 1pzq

fkpzq
ă

1` βz

1´ αβz

or

zf 1pzq

fkpzq
‰

1` βejθ

1´ αβejθ
.

Therefore

(2.18)
1

z

"

zf 1pzq ´

ˆ

1` βejθ

1´ αβejθ

˙

fkpzq

*

‰ 0.
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For zf 1pzq “ f pzq ˚ z
p1´zq2

and fkpzq “ z `
8
ř

j“0
ajcjz

j “ pf ˚ hq pzq, the

inequality (2.18) yields

1

z

"

f pzq ˚
z

p1´ zq2
´

ˆ

1` βejθ

1´ αβejθ

˙

pf ˚ hq pzq

*

‰ 0

or

1

z

"

f pzq ˚
z

p1´ zq2
´

ˆ

1` βejθ

1´ αβejθ

˙

pf ˚ hq pzq

*

‰ 0

or

1

z

"

f pzq ˚

ˆ

z

p1´ zq2
´

1` βejθ

p1´ αβejθq
h pzq

˙*

‰ 0.

2.9. Theorem. Let fpzq “ z`
8
ř

j“2
ajz

j . If for 0 ď α ď 1, 0 ă β ď 1, k ě 1,

and λ ě 0, we have

(2.19)
8
ÿ

j“2
j‰lk`1

χ pα, β, λ, jq j |aj |`
8
ÿ

j“1

χ1 pα, β, λ, j, kq |ajk`1|`
8
ÿ

j“1

χ2 pα, β, λ, j, kq |ajk`1|
2
ă β p1` αq´2

where χ1pα, β, λ, j, k “ tp1´ λq pjk ` 1q ` λu p1´ αβq ` p1´ βq p2` jkq,
χ pα, β, λ, jq “ pp1´ λq`λjq p1´ αβqm and
χ2 pα, β, λ, j, kq “ tp1´ αβq pjk ` 1q ` p1´ βqu pjk` 1q . Then f PMk

s rα, β, λs.

Proof. Let fpzq “ z`
8
ř

j“2
ajz

j and fk be given in p1.2q for z P E. Then, we

have

M “
ˇ

ˇp1´ λqzf 1pzqf 1kpzq ` λpzf
1pzqq1fkpzq ´ fkpzqf

1
kpzq

ˇ

ˇ´(2.20)

β
ˇ

ˇαpp1´ λqzf 1pzqf 1kpzq ` λpzf
1pzqq1fkpzqq ` fkpzqf

1
kpzq

ˇ

ˇ .

Also for κk “ 1 and k ą 1,

(2.21)

fkpzq “
1

k

k´1
ÿ

m“0

κ´mfpκmzq “ z`
8
ÿ

j“2

ajdjz
j , where dj “

"

1, j “ pl ´ 1qk ` 1
0, j ‰ pl ´ 1qk ` 1

*
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From ( 2.20) , ( 2.21) and for |z| “ r ă 1, we have

M ď p1´ λq p1´ αβq
ˇ

ˇzf 1pzqf 1kpzq
ˇ

ˇ` λ p1´ αβq
ˇ

ˇpzf 1pzqq1fkpzq
ˇ

ˇ` p1´ βq
ˇ

ˇfkpzqf
1
kpzq

ˇ

ˇ

ă p1´ λq p1´ αβq ` λ p1´ αβq ` p1´ βq

`p1´ λq p1´ αβq
8
ÿ

j“2

j |aj | ` λ p1´ αβq
8
ÿ

j“2

j2 |aj |

`p1´ λq p1´ αβq
8
ÿ

j“2

j |ajdj | ` λ p1´ αβq
8
ÿ

j“2

|ajdj | ` p1´ βq
8
ÿ

j“2

p1` jq |ajdj |

`p1´ λq p1´ αβq
8
ÿ

j“2

j2 |aj | |ajdj | ` λ p1´ αβq
8
ÿ

j“2

j2 |aj | |ajdj | ` p1´ βq
8
ÿ

j“2

j |ajdj |
2

or

M ă 2´ β pα` 1q `
8
ÿ

j“2
j‰lk`1

`

p1´ λq p1´ αβq j ` λ p1´ αβq j2
˘

|aj | `

8
ÿ

j“1

ptp1´ λq pjk ` 1q ` λu p1´ αβq ` p1´ βq p2` jkqq |ajk`1| `

8
ÿ

j“1

trp1´ αβq pjk ` 1q ` p1´ βqs pjk ` 1qu |ajk`1|
2 .

For M ă 0, we obtain ( 2.19) . Hence, f PMk
s rα, β, λs.

2.10. Theorem. Let f and fk be defined by p1.1q and p1.2q. Suppose that
f PMk

s rα, β, λs and Fk is given by (2.1). Then

|p1` pj ´ 1qλq ajdj ´ pλj ` p1´ λqq jaj |
2

ă β |α` 1|2 ` β

j´1
ÿ

k“2

r

´

α2p1´ λq2 |1` dk|
2
` α2λ2 |k|2 ` 2αp1´ λq |1` |dk||αλ |k|

¯

|kak|s

`2β

j´1
ÿ

k“2

pαp1´ λq |1` dk| ` αλ |k|q |αλ` 1` k| |dk| |ak|

`

j´1
ÿ

k“2

rβ
´

|αk ` dk|
2
|k|2 ` |αλ` 1` k|2

¯

´

j´1
ÿ

k“2

|1` pk ´ 1qλ|2s |ak|
2
|dk|

2

`

j´1
ÿ

k“2

|λk ` p1´ λq|2 |k|2 |ak|
2
´ 2

j´1
ÿ

k“2

|1` pk ´ 1qλ| |λk ` p1´ λq| |k| |ak|
2
|dk|s.

For the proof of this theorem, we use Lemma 1.4, p1.2q and follow the same
lines as in Theorem 2.9.
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