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Some generalizations of the class of analytic
functions with respect to k-symmetric points

Syed Zakar Hussain Bukhari*, Mohsan Raza ™and Maryam Nazir *

Abstract

In this article, we introduce a new class MF* [o, B, A] which generalizes
the various classes of analytic functions with respect to k-symmetric
points. Naturally, the class M¥[a, 8, A\] combines the classes S¥ (a, 8)
and C* (a, ). We also study the coefficient estimates and obtain some
inequalities related to the coefficients of functions in these classes. We
develop the integral representation, inclusions and convolution condi-
tions for the functions in the class M¥[a, 8, A].
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1. Introduction and preliminaries

Let A be the class of functions f of the form
o0

(1.1)  f(r) =2+ Zanzn,
n=2

which are analytic in the open unit disc £ = {z: |z| < 1}. A function f is said to be
subordinate to a function ¢ written as f < g, if there exists a schawarz function w with
w(0) = 0 and |w(2)| < 1 such that f(z) = g(w(z)). In particular if g is univalent in
E, then f(0) =g (0) and f(E) c g(E).

The classes of starlike and convex univalent functions are defined as
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- {f:feAandRe 22 g, zeE},
f(z)
(=/'()"
f'(2)
A function which is analytic in the open unit disc E is said to be starlike with respect to
the symmetric point if it satisfies

(2f'(2))
Re —/——— 22—
f(z) = f(=2)
The class S¥ of starlike functions with respect to symmetric points was introduced and
studied by Sakaguchi, see [5]. The class S¥[a, 8] consists of functions f € S satisfying
the inequality
2:f(2)
fi(2)

where fi is defined as

Z_] 2" f(3™2)

with »* = 1 and k > 1 a fixed positive integer. Similarly the class}C§ [, ] is defined
by:

={f:feAandRe > 0, zeE}.

>0, ze E.

2azf'(2)
Ji(2)

<B

+1‘ for0<a<1,0<p<1, ze E,

(1.2)  fil

?v\*—‘

C*la, B] = {f e §and |A @) o (ef'(z)) + 1‘} ,

fi(2) fi(2)

where 0 < @ < 1, 0 < 8 < 1 and fj is given in (1.2) . The classes
S¥[a, B] and CF[a, 8] were defined by Wang [8] and Gao and Zhou [2]
respectively. These classes are further studied in |7, 9]. Keeping in view
the above mentioned classes, we define the following subclass of analytic
function with respect to k-symmetric point.

—1‘<ﬂ

1.1. Definition. A function f € S is in the class M¥[a, 8, \] if it satisfies
the following condition:

(1.3)

N

9

2= (Zf’( )’ ' [ 2f'(2) (Zf’(z))'}
S O AC S O O
where fj is defined by (1.2), 0 < a <1, 0 < <1, k > 1 a fixed positive
integer, A€ R and z € FE.

where fi is defined by (1.2), 0 < a <1, 0 < <1, k> 1 a fixed
positive integer, A € and z € E.

Special Cases
(i). For k = 2, the class M*[a, 8, A] reduces to the class M|[a, 3, A] consisting



of univalent functions which satisfy the condition:

2f'(z) \(&f'(2)

02) + A 702) 1< p a[(l A)
where 0 <a<1,0<f<1, k=21, AeRand z€e F.
(ii). For A = 1, the class M¥[a, 8, \] yields the class C¥ («, 3) introduced
and studied by Wang [8].

(4ii). When X\ = 0, the class M¥[«, 3, \] produces the class S¥ (a, 8) stud-
ied by Gao and Zhou [2].

(iv). For k =2, A =1, we obtain the class Cs («, /).

(v). Taking k = 2, A = 0, M¥[a, 8, \] reduces to the class S¥ (a, ), see [6].
(vi). For k=2, A=0, a = 3 =1, MF[a, 3, \] reduces to the class S¥ [5].

(1=2)

)

2GR
e TN e }“

In the following, we have some useful lemmas.

1.2. Lemma. [1| Suppose that the function p is convex univalent in E with
¢ (0) =1 and

Re (Be (z) + ) >0 for ,yeC, z€ E.
If p is analytic in E with p (0) = 1, then

p(z) + m < p(z)impliesp(z) < ¢(z), z€ E.

1.3. Lemma. [4| Let 8,y € C and ¢ be a convez, univalent function with
Re(Bp(2) +v) >0, z€ E.
Also let he A:h(z) <@ (z). Ifpe P and

p()+

+ ——"— <, thenp(z) < v (z).
Bha) o " Pthenp(z) <o (2)
1.4. Lemma. (6] Let G be analytic in E and let
1-G(?)
1.4 —
) mem| <

zeE, 0<n<1, 0<0<1 withG(0)=1. Then
1 — zp(2)

15) G(z) = — 2%

(1.5)  G(2) T+ n20(2)

where ¢ is analytic in E and |p(2)| < § for z € E. Conversely any function
G given by (1.5) is analytic in E and satisfies (1.4).

1.5. Lemma. (3| Let F be analytic and conver in E. If f, g € A and
f, g <F. Then

of+(l—0)g<F, 0<o<l.
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2. Main Results

2.1. Theorem. Let Fi(z) = (I—A)Zf{:((j)) +)\(zf,/g§),,)\ eR, k=1, fand fy
k .
defined by (1.1) and 1.2 respectively. Then Fy(z) = 1+Z;’;2 cjzi 4. eP

forcj =[1=A1=7)i+((L=A)j+A=(1+j))d;]a; , where ¢; < 2.

Proof. Here we let

It can easily follows from (1.2) that

1 k—1 1 k—1 0
fe(z) = z Z w M f(M2) = z P [%mz + Z aj (%mz)]]
m=0 m=0 j=2
e} e}
(2.2) = z+ Z a(l,l)kﬂz( DE+1 — 5 4 2 a;d;2’,
1=2 j=2

},%k = 1. On com-

bining ( 2.1) and ( 2.2) , we have
(1 = Nzf"(2) fi(2) + A(F(2) + 21"(2))) fi(2)

Filz) = Fe(2) FL(2)
1-NG+ Y ja;zl) (1 + 5 jajdiz? 1) + A(1 + 9 j2a;27 1) (z + 5 ajd;z7)
_ j=2 j=2 j=2 j=2
(2 + 2 a;jd;2?)(1+ 3 jajd;zI—1)
7j=2 7j=2

©¢] . .
L 3| ((0= A A) jag + (1= N)jagd; + Aajdy) 29" + j2a2d;2272]

o0
L+ 3 [(1+ 9 agdgzi=t + jadd; =22
j=2

0]
1— Z [(1+7)ajd;z""" +ja?djz2j_2] + ]
j:
w .
= 1+ D (A =A+07+ (=N + A= (1 +j))d] a2/~ + ..

o0
= 1+ Z cjzj*1 + ...

0
= [1 + [ = X+ 4N daj + (1= N)jajd; + Aajdy) 277 + j2a§djz2ﬂ'—2]] x



w .
Thus F(z) =1+ > ¢jz/ '+ .. e P,
j=2
wherec; = [(1 =X+ jA)j+ (1 —N)j+ XA — (1 +j))d;]aj such that |¢j| <
2.1

2.2. Theorem. Let 0 <a <1, 0< <1, k=21, AeR, and z€e E. Then
the function f € MF[a, B, \] if and only if

z2f'(z z2f'(2)) 1+ B2
fi((z)) +/\( ]{;((z)» = 1—04662’
where fi is given in (1.2).
Proof. Let f e MF[a,3,\]. Then from (1.3), we have
2f'(z 2f'(2)) 2f'(z 2f'(2))
(1) ff;((z)) il f,;é;) a[(l—/\) ff;((zf +A(]{;(<Z))) } +1‘.
Taking Fy, as defined in ( 2.1) we write
|Fi(2) = 1] < B |aFi(2) + 1

(2.3) (1-))

—1'<,8

or
(1 —a?B?) |Fi(2)]* — 2(1 + af*) Re Fy(2) < B2 — 1.
If a # 1 or 8 # 1, then we have

2 5\ 2 ) L2
‘Fk(z)|2_2 (14—0&5) ReFk(z)+<1+a6 ) < 5 —1 +<1—|—aﬁ >

1—a2p? 1—a2p? 1—a2p% \1-a2p?
or
2 2 2
1+ ap? £2(1+
Fk(z) — 5 22 ( ) R
1-a28 ~ (1-a2p?)
This represents the disk with center at lljo‘;ﬂ’; and radius (f S);g%) Also
the function w(2) < p(z) = fjfgz maps the unit disk onto the disk
1 2 1
'w— +04252 _ B( +2a2 '
1—a%p (1 —a?f )

From here we notice that, F(F) < ¢(E), Fr(0) = ¢(0) and ¢ is univalent
in E. Therefore, we write

1+ B2

C1—afBz

145z
1—aBz’

(24)  Fi(z) = %

Fi(2) < ¢(2)

Conversely, let Fj(z) <

Then using subordination, we have
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where w € Q. From ( 2.4), we write

1+ fw(z) _1‘:‘1+ﬁw(2)1+aﬁw(z)

A -1l - |

T—afw(z) L afu(z)
@5) |-l =5 |0

Also

(2.6) |aFg(z)+1| = ?i_zg:}((zz)) ‘<B’1—aﬁw)

Using (2.5) in (2.6) , we have
|F(z) — 1| < BlaFk(z) + 1|, where |w(z)| <1 for all z€ E.
This implies that

) G
o) TN G '

Hence, f € MF[a, B,)]. B

CRMEAD)

o N[N L1 )

2.3. Theorem. Let f € MF[a, 3, \]. Then fi, € My[a, B,\] and also f €
5§ (@, B) -

Proof. Let f € MF[a, 3, \]. Then by Theorem 2.2, we have
2f'(z) |\ (f(z) _ 1+pz

A
e V) 1-apz

where 0 < a <1, 0 < <1, k> 1 (is fixed positive integer), A € R and
fr is defined by (1.2). Now using subordination, we write

(1-3

zf'(2) |\ (zf'(2)) 14 Bw(2) w(0) =0 and |w(z
OO ONEE A T Tau(e) W0 70 <1

On replacing z by 2™z, where m = 0,1,2,....,k — 1 and »* = 1 in (2.7) ,
we have

xhaf () L\ f1T2) + e () 1+ Bw (72)

fr(3mz) fr(emz) 1 —afw(»mz)

From (1.2), we write f(x"2) = »™fi(2) and f(»"z) = f}(2). These
results along with (2.8) yield

(2.8) (1—A)

A"z f (5"2) +)\f’(%mz) + Mz f" (5" 2) _ 14 fw (5™2)

7" fio(2) fi(2) 1 —afw(=mz)

(1=24)



Taking summation from m = 0 to k — 1, we write

15 w2 f! (%" 2) A 15 1. m 15 m. el(.m
(1_/\>kao %mfk(z) +f]/g(2)(km2_0f(% Z)“‘ka_O% zf (% Z))
_ Ly (LA Be(my)
Ok Z:: <1—a6w %mz)>
or
W Ah(2) (sz z - (1+ﬁw ¥ z)>
(1=2) fr(2) A f1.(2) Z:] 1 — afw (#™z)
or

W Ah(R) (zfi(2) 1+ Bw (™2) N
(1=2) fr(2) +A fi(2) Tk Z (1—0¢Bw %mz)> € Pl B,

where P[a, ] is a convex set and containing function p(z) < 11—+f;z' This
implies that

i) AR 146
@ "M Ge S 1-ase

which implies that fy € M[a, 5, A]. Now, let h(z) = Z;;’/“((ZZ)). After some

(1=2)

manipulation, we have

(29) (1-nE) GCREDT L F

fr(2) fi(2) h(z)
This implies that
zh' (2) 1+ Bz
h A .
(2) + h(z) =1 —afz
Using Lemma 1.2, we obtain
1+ 5z
2.10) h :
(210) () < =
Hence, fj, € S¥(a, ). 1
2.4. Theorem. Let 0 < a < < B8 <1, > 2 (fized positive

integer), X\ > 0. Then MF («a, 3, ) c Sk( a,fB) c S
Proof. For f e MF[a, B, )], we have

() GIR) 1+

(1=2) fr(2) fi(2) = 1—afBz’

Now, we let

p(z) = 2f2)

_ 2hil(2)
(%) and h(z) =

fr(2)’
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where, h and p satisfy the conditions described in Lemma 1.3. Therefore

2f'(z)  \(&f'(2) _ 2 (z) _ 1+82
(2.11) (1-=2X) 02) + A ) =p(z)+ A ) <7 v
By using ( 2.10) ,(2.11) and Lemma 1.3, we obtain

_ z2f'(2) 1+ 8z
p(Z)— fk(z) < 1—aﬁz’

which implies that , f € St )( ,B) < S or MF(a,8,)) Sgk)(a,ﬂ) cS. 1

2.5. Theorem. Let 0 < a < 1 and 0 < f <1, 0 < A1 < Xo. Then
M¥la, B, Aa] € M [a, B, A1)

Proof. Suppose that f € M¥[a, 8, \2]. Then by Theorem 2.2, we have

2f'(2) (2/'(z))" _ 1+p2
fr(2) fi(2) 1—apfz

Also from Theorem 2.4, we write

2f'(z) - 1+ 8z

hl (Z) = (1 — )\2) + )\2

h2 (Z) =

fe(z)  1—apz
Now
) L GPEY (0 AR A )
=T T e~ <1 A2> fk<z>+xz{“ M5

A1 A1
(1—A2)h<>+bh1<>
1+82

Since 1= B is convex set, therefore by using Lemma 1.5 we get the required
result. 1

2.6. Theorem. Let f € MF[a,3,)\]. Then

where w € ). For A = 0,
(M) 1 A
1 —afw(N)
Proof. Let f € MF[a, 3, \]. Then from Theorem 2.2, we have

() () 146
o) TN S Toape

(1—=2)

+ A9

(2f'(2)'

fi(?)

|



Using subordination, we obtain
212) () (Y 1A

fr(2) fi(z)  1-abw(z)
where w is analytic in F with w(0) = 0 and |w(z)| < 1. Now replacing z
by »™z, where m = 0,1,2....,k — 1, »* = 1, using (1.2) with f(3"2) =
»#"™ fi(z) and f[(»"z) = fi(z) and then taking summation for m = 0,1, 2..., k—
1 in (2.12), we obtain

11— (F=d Mz (36M2) )\ b1 o
k {mzo BTy G Zf (12) + 3] " (72)

This implies that

N ACINCIE)]

k-1 k-1
fi(2) + CHE <k+5m220w(% z))/(k—aﬁZw(% z))

m=0

or

- 2fi(2) (Zf’/“(z))/—}— « k_lw #"2) | /2 | k— « k_lw 7"z
(1=0) =5+ e z_<(1+ )/BmZ:O ( ))/ (k: ﬂmZ:O (>"2) | -

Integrating from 0 to z, we write

10g{(fk<z>><1—k><zf,z<z>>k} a8 5 w60

: - i
(—aﬁZ (5m())

(2.13) [Zfl?())] fulz ‘“XPZJ gH—aa/fZ 8)“'
Let

/(4 A
219 ) = L] g, R -0 B -1

Since fi is A-convex and if A is not an integer, then we can select a suitable
branch, so that Fj is analytic in E. Logarithmic differentiation of (2.14)
yields

F(z) AR GRE)
e VRGN e
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Hence, F is starlike in E. Now we solve (2.14) for f by assuming that
A # 0. (The case when A = 0 gives Fj(z) = fr(z)). Formal manipulations
leads to the solution

_ 1 A
@15) 5 - |5 | [F’“(f)]dc] .

By using (2.13) and (2.15), we have

z]‘"/,’c(z)fA s ex ol (1+ @) pw (5™C)
i | B pmzzoof U= afo (0"

which implies that

— 1 A
k=1 Y A
1 (1 (14 ) Bw (t)
== —|u. -t d .
fe(2) )\Jou[u exp{ZJt(kaﬁw(t)) u
0

This is the required integral representation for f; when f e M, f [a, B, A]. Tt
can be easily verified that for A = 0,

ff’“ LB 4y

1 —afw(N)
|
2.7. Theorem. Let f € MF[a,3,)\]. Then we have
©A
(F 1+c 1+ fw (t)
16 - | st Of O i)

where fi is given in (1.2), ¢ = X —1: X # 0 and w is analytic in E with
w(0) =0 and |w(z)| < 1. If)\ = 0, then we have

fe(A) 1+ Bw (A
f 1 A0 )d/\.
Proof. Let f e MF[a, 3, \]. Then
2f'(2)  \EFR) 1+ Bw(z)

+ = ’
fr(2) fiz)  1—abu(z)
where w € Q. Multiplying both sides of (2.16) by A™! [fx(2)]° fi(2), where
c=%—1:)\7é0,weget

(2.16) (1—\)

(2.17)

e2f'(2) @] S+ ) (F' () = A+e) ()] fil2) % |
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The left hand side of (2.17) is the exact differential of zf(2) [fx(2)]°. On
integrating both sides of (2.17), we obtain

)= tte [ ¢ 1oy LT Pw Q)
1oy = L [ e g LEBR @)
P = e | L
This implies that
PPN
[are 14 fule)
16 - | st Of O Filt) s st

If A =0, then we have
fr(2) 1+ Bw(z)

f'(z) = z 1—afw(z)’
which implies that
j fe(N) 1+ Bw
1—afw( )

|
2.8. Theorem. Let f € MF[a, 3, \]. Then

% {f (2) * <(1 _ZZ)Q - (11_+fﬁije)h(z)>} # 0,

where 0 <O <21, 0<a<1, 0<p<1, A>0and z€ E.

Proof. Let f € MF (a, 8,)). Then by using Theorem 2.3, we have
fe st ).

which implies that for 0 < 0 < 27, we write

z2f'(z) - 1+ 8z
fr(2) 1—aBz

or

2f'(2) . 1+ Bed?
fe(z) © 1—aBel?
Therefore

(2.18) i{zf’(z) _ (%) fk(z)} £0.
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m -
For zf'(z) = f(z) = 7(1_3 E and fr(z) = 2+ ) ajcjz? = (f =h)(2), the
z =0
inequality (2.18) yields

i{fkhylj@2_<;j£i;>uwhﬂw}¢0

i{fwhylja2_<fjji;>g*h“@}#0
% {f (2) * <(1 _ZZ)2 B (11_+f;§9)h (z)>} £0.
"

w .

2.9. Theorem. Let f(z) = z+ >, a;2?. If for0< a<1,0< B <1, k>1,
j=2

and A = 0, we have

(2.19)

j=1 j=1

o0 a0 6]
Z Ba)‘aj)] |aj|+Z X1 (aaﬁv)\aja k) ‘ajk+1|+2 X2 (aaﬁa)\vja k) |ajk‘+1|2 < 6(1 + Oé)—2
76

where x1(a, B, A\, j,k = {(1=XN) (Gk+ 1)+ A} (1 —ap) + (1 —0)(2+ jk),
x (@, 8,,7) = (1 = N)+Aj) (1 —aB)m and
Xa (@, B, 0,4, k) = {(1 — aB) (jk + 1) + (1 = B)} (jk + 1) . Then f € MF[e, B, ].

(X) .

Proof. Let f(z) = z+ Y] a;27 and fi, be given in (1.2) for z € E. Then, we
=2

have

(220 = |[(1-N)zf ()/2()+A( F1(2)) fr(2) fi(2)] =
Bla((L = Nzf'(2) fi(2) + A(=f ())fk())+fk(2)fk()\-

Also for »* =1 and k > 1,

(2.21)

1 ¢ L 1, 7=010-1Dk+1
=7 E f%z—z+22a]dz fwhered—{o’ j;é(l—l)k+1}
m=0 J
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From ( 2.20) , ( 2.21) and for |z| = r < 1, we have

M < (1=XN1=ap)|zf'(2)fr(2)| + A1 = aB) [(zf"(2)) fx(2)| + (1 = B) | fu(2) fi(2)]
< (1—A)(1—a6)+k(1—a6) (1-5)
+(1—=X)(1—ap) Z]|a]|+)\ (1—ap) Z]|a]|
j=2 J=2
+1 =X (1=aB) ). jladi| + A (1 - ap) Z|a]d|+ (1-5 Z 1+ j) |a;d;]
Jj=2 7j=2 j=2
+(1 =) (1= aB) Y] 5 lajl lajd;| + A (1 - aB) ZJ |a;| [a;d;| + (1 —§ Zylajd °
Jj=2 7j=2
M < 2—fB(a+1)+ 2 (A=N)(1—aB)j+Ar1—aB)j?) e +
jilﬁrl

{A =2 Gk + 1)+ A (A —af) + (1= B) (2 + jk)) lajre] +

s

<
Il
_

{[(1 = apB) Gk +1) + (1 = B Gk + D} ajrs|*.

18

<.
Il
_

For M < 0, we obtain ( 2.19) . Hence, f € M¥[a,3,\]. 1

2.10. Theorem. Let f and fi be defined by (1.1) and (1.2). Suppose that
feME[a,B,)\] and Fy is given by (2.1). Then

(14 (G = DN ajd; — (Af + (1= X)) jay[*

7j—1
< Bla+12+5 Z[(oﬂa = N2 1+ dif + 2N kP + 20(1 = ) 1+ [dg| ah [k] ) [hax]

+252 M) 1+ di| + aX |E]) |aX + 1 + k| |dy] |ax]
j—1
+ Z[ﬂ <\ak—|—dk]2 k2 + oA+ 1+ k]Q) — S (k= ) AP Jarl ldif?
= k=2
7j—1
+ 3R+ (1= ) |k |ag]? 22!1+ — DA+ (1= )] [k |ax]? |di]]-
k=2

For the proof of this theorem, we use Lemma 1.4, (1.2) and follow the same
lines as in Theorem 2.9.



14

References

(1
2]

[3

[4

[5]
(6]

[7

(8]
(9]

Eenigenburg, P., Miller, S.S., Mocanu, P.T., & Read, M.O. On a Briot-Bouquet differential
subordination,Rev.Roumanie Math.Pures Appl.29, 567-573, 1964.

Gao, C.-Y., & Zhou, S.-Q. A new subclass of close-to-convex functions, Soochow J. Math.
31, 41-49, 2005.

Liu, M.-S. On a subclass of p-valent close-to-convex functions of order and type, J. Math.
Study, 30, 102-104, 1997(in chinese).

Parvatham, R. On Starlike and -Close-to convex functions with respect to n-symmetric
points,Indian J.Pure Appl.Math. 16, 1114-1122, 1986.

Sakaguchi, K. On certain univalent mapping, J. Math. Soc. Japan 11, 72-75, 1959.
Sudharsan, T. V., Balasubrahmanyam, P., & Subramanian,.K. G. On functions starlike with
respect to symmetric and conjugate points, Taiwanese J. Math. 2, 57—68, 1998.

Tuneski, N. and Darus, M. On functions that are Janowski starlike with respect to N-
symmetric points, Hacettepe J. Math. and Stat., 41(2), 271 — 275, 2012.

Wang, Z.G. A new subclass of quasi-convex functions with respect to k-symmetric points,
Lobachevskii J. Math. 19, 41-50, 2005.

Wang, Z.-G., Gao, C.-Y., & Yuan, S.-M. On certain subclasses of close-to-convex and quasi-
convex functions with respect to k-symmetric points, J. Math. Anal. Appl., 322, 97-106,
2006.



