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On moduli of smoothness and approximation by

trigonometric polynomials in weighted Lorentz
spaces

Sadulla Z. JAFAROV*

Abstract

We investigate the approximation properties of the functions by
trigonometric polynomials in weighted Lorentz spaces with weights sat-
isfying so called Muckenhoupt’s A, condition. Relations between mod-
uli of smoothness of the derivatives of the functions and those of the
functions itself are studied. In weighted Lorentz spaces we also prove a
theorem on the relationship between the derivatives of a polynomial of
best approximation and the best approximation of the function. More-
over, we study relationship between modulus of smoothness of the func-
tion and its de la Vallée-Poussin sums in these spaces.
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1. Introduction and the main results

Let T = [—m, 7]. A function w : T — [0, 00] will be called a weight function if w is
locally integrable and almost everywhere (a.e.) positive. The function w generates the
Borel measure

w(E) = /w(a:)d:r.

By
fo@®) =inf{v>0: w({zeT:|f(z)| >v}) <t}
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we denote the nondecreasing rearrangement of a function f : T — [0, 0o]. We denote also

£ = 1 [ fawdn

Let 0 < p < 00, 0 < g < 00. A measurable and a.e. finite function f on T belongs to the
Lorentz space LEY(T) if

1/q
ER dt
1= | [ ord ) <.
T

Note that Lorentz spaces, introduced by G. Lorentz in the 1950 s. [24 |, [25 |. As seen the
weighted Lorentz spaces LE(T) is expressed not only in terms of the parameter p, but
also in terms of the second parameter ¢. If p = g, then LPA(T) is the weighted Lebesgue
space L% (T) [10, p. 20]. If ¢ < r, then the space LZ!(T) is contained in LE(T). Detailed
information about properties of the Lorentz spaces can be found in [12], [20], [26] and
[31].

Let 1 < p < oo, p = -2 and let w be a weight function on T. w is said to satisfy

p—1
Muckenhoupt’s Ap-condition on T if

p—1

1 / 1 1—pr
sup | — [ w(t)dt —/w Pr(t) dt < oo,

J J

where J is any subinterval of T and |.J| denotes its length. Note that the weight functions
belonging to the A,— class, introduced by Muckenhoupt [27], play a very important role
in different fields of mathematical analysis.

We use ¢, ci1, c2, ... to denote constants (which may, in general, differ in different
relations) depending only on numbers that are not important for the questions of interest.
We shall also employ the symbol A < B, denoting that cA < B < C, where ¢, C are
constants.

Let « € Z* and f e L! (T). Suppose that x, h are real, and let us take into

AL f(@) = D (-1) (j) f @+ (a—)t),

Jj=0

where (‘;) = a(afl)(aff!)'”(afjﬂ), j > 1is the Binomial coefficients and (§) : =1, (%) :
=a.

Let 1 < p,q < o0, w € A,(T), f € LE(T). We put

| =

5
o3 (@)= 5 [ 1875 (@)at.

If fe LY(T), w € Ap(T) according to [6 | the Hardy-Littlewood Maximal function is
bounded in L% (T), w € Ap(T). Then we have
o5 fllpa < crllfllppa. < oo

For 1 < p,q < 0o, w € Ap(T), f € LPI(T), o € Z" we define the o — th mean modulus
of smoothness wa(f, .)pps by

wal(f, h)qu ‘= sup ||U?f(x||L5‘1
[8|<h
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Let f € LE/(T), a € Z" the modulus of smoothness wa(f, .)pze is a nondecreasing,
nonnegative, function and

wolfi+ f2, ) ppa < wi(fr, 2) pre +wi(fe, .) pes,
61*{%’5» w‘l(fv 6)qu = 0.
For f € LP(T), we define the o — th derivative of f as function g € L2 (T) satistying

AR
ha

(1.1) lim

h—0t

207

Lb?

in which case we write g = f ().
Let

(1.2) % + ZAk(f,:c), Ai(f,x) := ar(f) coskz + b (f) sin kx
k=1

be the Fourier series of thefunction L*(T). The nth partial sums, and de la Vallée-Poussin
sum of the series (1.2 ) are defined, respectively, as

Su(f) =G+ Aw(f2),
k=1

2n—1

Valh) =+ 37 S.0).

We denote by Ey.(f)rra (n = 0,1,2,...) the best approximation of f € L{(T) by
trigonometric polynomials of degree not exceeding n, i. e.,

Eu(f)pzr i= inf {If = Tul o T € 10 },

where II,, denotes the class of trigonometric polynomials of degree at most n.

Let Wy, o(T) (r=1,2,...) be the linear space of functions f € LYI(T), 1 < p,q < oo,

w € Ap(T), such that f ) € LPI(T). It becomes a Banach space with the norm

1w, oy = I lge + |7

The problems of approximation theory in the weighted and nonweighted Lorentz space
have been investigated in [1], [21], [35] and [37]. The approximation problems by trigono-
metric polynomials in different spaces have been investigated by several authors (see, for
example, [2-5], [7], [9], [11], [13-19], [22], [23], [28-30], [33] and [34]).

In this work we study the approximation problems of functions by trigonometric poly-
nomials in the weighted Lorentz space LE?(T) with Muckenhoupt weights. Relations
between moduli of smoothness of the derivatives of a function and those of the function
itself are investigated. We also prove a theorem on the relationship between derivatives
of a polynomial of best approximation and the best approximation of the function in
the weighted Lorentz space LE?(T). In addition, in the weighted Lorentz space LE(T)
relationship between modulus of smoothness of the function and its de la Vallée-Poussin
sums is studied. Similar problems in defferent spaces were investigated in [9], [30], [32].

Our main results are the following.

Theorem 1.1. Let 1 < p, g < 0o, w € Ap(T), f € LEN(T) and T, a trigonometric
polynomial of degree n satisfying the following conditions:

pq
L&

1
I f = Tallpa =0 <ﬁ) and Hg—T,/LHLEq =o0(1), n— oco.
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Then we obtain ' = g, that is, the function g satisfies the condition (1.1).
Using the same method as in the proof of Theorem 1.1 we have the following Corollary.
Corollaryl.1. Let 1 < p, g < oo, w € Ap(T), f,g1,...,9x € LY(T) and T, be a
trigonometric polynomial satisfying, for i =1, ... k, the conditions

1
O(m , N — o0,
1
o oy ) n — oQ.
L1 n

Then we obtain g; = g;_1 (f = go) in the sense of (1.1).
Theorem 1.2. Let 1 <p<ocoand 1 <qg<2o0rp>2and q>2. Then, for a given
w € Ap(T), f € LE(T) and integers o, T satisfying o > r we have

+ 1/s

wa (f, w)3
warr (F051) < /7“” iz g b
b

usr+1

17 =7l

gi — T

0
where s = min (g, 2).
Theorem 1.3. Let 1 < p, ¢ < 00, w € A,(T), f € LEY(T), a,7 € Z' (a > r > 0)

and let T, (f) € 1L, be the polynomial of best approzimation to f in LEYX(T). In order
that

Lg? = 0(™)

(@)
|77 )
it 18 necessary and sufficient that
En(f)quZ o(n™").

Theorem 1.4. Let 1 <p, g < oo, w € Ay(T), a € Z*. If f € LP?, then
1.

1 —« @
eswalfi 1) < (n VD] 5 - Vil f>||qu>
n ~w Lbd
1
(1.3) < C4wa(f7E)Lﬁ’,q
where the constants cq4 and cs are dependent on o, p and q.
2.
1 —x «@
eswalfy ) e < (n SN+ 1@ =Sl >
n w qu L,
1
(1.4) < cowalfs )rpe,

where the constants ceand cr are dependent on o, p and q.

2. Proofs of main results

We need the following results obtained in [35].
Lemma 2.1. Let w € Ay(T), 1 < p,q < oo. If f € LE(T) and o = 1,2, ..., then
there exists a constant ¢z > 0 depending «, p and q such that

1
En(f)qu < C7w0¢(f7 E)Lﬁq'

holds where n =0,1,2, ...
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Lemma 2.2. Let w € Apy(T) and o € ZT, 1 < p,q < co. If T, € I, n > 1, then
there exists a constant cg > 0 depending only on «, p and q such that

(Tn , h) < Cs ha

, 0<h<m

P’I

Lemma 2.3. Let w € Ay(T), 1 < p,g<oo. If T, €l,,, n > 1 and o € Z*, then
there exists a constant co > 0 depending only on «, p and q such that

7

«
Lo S OOn 1Tl L -

Proof of Theorem 1.1. We take € > 0. We choose a natural number no = no(e) such
that for n > ng

1
@) Nf =Tl <o Jo-Ta], <=

Taking account of (2.1) for h satisfying the condition ¥= < h <

(22) ch £ S0 TC+R =T

P P
< 2%

Considering [8] we have

r

ARTu(@) =" ( : ) (0T (o4 (5-0) 1) =

SIS () () e
(23)  =h"T(x) + i n(r,5) T (@),
j=r+1

where —% < n(r,j) < § and n(r,j) =0 if j —r is odd. Then using (2.3) and Lemma 2.3

for Y2 < h < 2% we find that

Ta(-+h) =Ta() 0 |” (hm ! ) e
IR 72l gy < ‘ <
| ., Z S
o o c
(2.4) Z (hn) ™"~ V7 |, ||ppq < 4w ||Tn||ppq < cr2e” || T ||p

m=2
Using (2.2), (2.4) and (2.1) for % < h < 2 we reach

Hf h —f0) SHf~+h}1*f(‘)_Tn('+h})L*Tn(')

p

+

Lbe

-9

+ -T.()| +

LB

HTn(~+h) —Tn()

T =gl < e (24262, +2)

From the last inequality we have g = f’ in the sense of (1.2). Then the proof of Theorem
1.1 is completed.
Proof of Theorem 1. 2. The function wm (F, t)qu non-decreasing and according to

reference [34] the following inequality holds:
(2.5)  wa(F,2t)pre < criwa(F, t)ppa
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It is sufficient to prove theorem for ¢ = 27". Then using of (2.5) we obtain

1/s

27”0.) (f U)s pq > e
a\J> L, - vsr —vys
/ Tdu = { E 2 Wa (f, 2 )qu } .

0

Therefore for all n it is sufficient to prove the following inequality:

0o 1/s
(2.6) waT<f<r>,z">qu<{22%a<f, 2”)251} -

By [34] for any trigonometric polynomial @, of degree cn and F € LE(T) we obtain

L£q>

Therefore we aim to find Q2 of degree ¢2" such that both Hf(’") — Qan

Qs

D) wolF, 1ngg < ra (IF = Qully +07"

and

LPe

gn(a=m) ’ngﬂ') " ‘ are bounded by the right-hand side of inequality (2.6). Let
11l pa

T, € II, (n = 0,1,2,...) be the polynomial of best approximation to f. It is known

that [34] the set of trigonometric polynomials is dense in LZ/(T) . Then we have

If = Tov|lppa — 0 as v — oo.
Let f € LEY(T) has the Fourier series

flx) ~ % + i(ak coskx + by sinkzx) = ZAk(f)
k=1

= k=0

We define trigonometric polynomial vy f as

vni = v Ak(f),
k=0

where v € C* [0, 00), v(z) = 1for x < 1 and v(z) = 0for > 1. Note that trigonometric
polynomial v f has the following properties:

I) vnf is a trigonometric polynomial of degree smaller than N;

II) If g is a trigonometric polynomial of degree [N/2], then vng = g;

D) [vn f llgps < cllf llzpa -

According to reference [34] we have

lvwf = fllpps < c13Bny2(f) pas

where Ej(f),,q is the best approximation of f € L{?(T) trigonometric polynomials of
degree not exceeding k. We now choose the Q,, of (2.7) for F = " to be (vnf )™. Tt
is cleary that |[f — vnf || pa = 0(1) as n — oo.

The following identity holds:

k—1 k—1
Vorf —vanf =Y (Wamerf —vamf )= v,.f.

Then
1

W T = (wan T =37 (1, HT.

k—
m=1
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Using the Littlewood- Paley inequality for the weighted Lorentz spaces L (T) in [21]

we have
o™ e,
k—1 ) 1/2
< (Z {0nn} >
m=n Lf}q
(2'8) < oc5 ‘(Vzk f)(r) - (VQﬂ,f)(’") e

According to [21, Lemma 4.2 and 4.3] we get

k—1 ) 1/2 k-1
(2.9) (Z{(vmf)“)}> < <ZH(7mf)(r>

L

1/s
S
L ’

where s = min (g, 2).

Note that v, f is the near best approximation to f in LE?. Then using [35] we reach

the following equivalence

(210)  walf,1/n) = [If = vaf gz + 07 |[waf )

pq
L

From (2.8 )- (2.10 ) and Lemma 2.3 we conclude that

| ) = an )

pq
L&

k—1 1/s
c16 <Z 2mre ||(7mf)||f;gq>

m=n

k-1 1/s
C17 < Z 2""7‘5wa (f’ 2"”)25(1) )

where ¢; independent of m, k and f.
Use of Q2n = von f and (2.10) gives us

|(an )

IN

IN

2771,(0477‘) _ 2777,((177‘)

(2 )|

LE? Ly

1/s
< 2"Twa(f,2”)qu§cls(Z 2’””wa(f,2”)‘zgq) -

The proof of Theorem 1.2 is completed.
Proof of Theorem 1. 8. We suppose that

(211)  En(f)pzs = I = Tu(HIl ,, =007, (r>0).

Taking into account Lemma 2.3 and the relations (2.11) we obtain

|

Now we suppose that

@12) |17 ()]

()

7. ()

Pq &1
Lw

= On*™").

< cron® | Tu(Nllppa <0 I1f = Tl ppa +HITa (DIl ,, < c2on™™"
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Using Lemma 2.1, Lemma 2.2 and (2.2) we get

[Ton(f) = Tn(Ton(f)llgpe < En(Ton(f))rre < c2rwa(Ton, %)qu-

(2.13)

A

ngnia Tz(s)

<cogn” *(n®7") < caan” .

On the other hand, since 75, (T2, (f)) is a polynomial of order n the following inequality
holds:

1To0(F) = Tu(Ton ()] 20

1 = To(T2n(f)) = (f = Ton(f)ll Lpa
1 = Ta(Ton(fDl e = I1f = T2n(F))

En(f)Lfﬂ - E2n(f)L§,‘1 > 0.

vV

LB?

(2.14)

\Y]

Use of (2.13) and (2.14) gives us

(2.15) 0L En(f)pra — EBon(f)ppa < cosn™ .
Since En(f)ps — 0 from the inequality (2.15) we conclude that
Z {Ezk (f)Lﬁ’ﬂ - E2k+1(f)L5‘1} < ca6 Z 27k,
k=ng k=no
Then from the last inequality we obtain
(2.16)  Eano (f) s < car2™ ™"
It is clear that inequality (2.16) is equivalent to En(f)pre < cas(n™"). This completes

the proof.

Proof of Theorem 1. 4. In view of Lemma 2.2 the inequality

T

)

1
(2.17) (,‘)a(Tn7 E)Lﬁq < cogn”

pq
L

holds, where T, is a trigonometric polynomial of order n. Using the properties of smooth-
ness wa (f,.)rpe and (2.17), we reach

A

1 1 1
wa(f, E)qu < (wa(f —Tn, E)qu + wa(Tn, E)qu)

Lfﬂ)

Considering [34] there exists a constant ¢ > 0 depending only on «, p and ¢ such that

(2.18)

IA

T

€30 (||f — Tullpps +n~"

(2.19) n~ |7

1
L8 < cz1wa(Th, H)qu'
By virtue of Lemma 2.1
1
(2.20)  En(f)ppe < csawal(f, E)qu'

It is known that [34] for the de la Vallée-Poussin mean the inequality

(221)  If = Va(Pllpze < cssBn(f)prs-
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holds. Use of (2.19 )-(2. 21) gives us

e[V )

o I =Va(Pllpe

LY

IA

1
34 (wa(Vm E)qu + En(f)Lf,q)

IN

1 1
55 (w0 )+ 0] = Vi Pz + Bz

1
S 036wa(f7 E)qu‘
The last inequality and (2.18) imply that (1.3).
According to [35] there exists a constant cas such that

(2.22) |If - Sn(f)l\qu < esrEn(f)ppa-

If the inequality (2.22) and the scheme of proof of the estimation (1.3) is used we obtain
the estimation (1.4).

Theorem 1.4 is proved.
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