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Asymptotic behavior of associated primes of
certain ext modules
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Abstract

Let R be a commutative Noetherian ring, I an ideal of R and M
a �nitely generated R-module. It is shown that, whenever I is
principal, then for each integer i the set of associated prime ideals
AssRExtiR(R/In,M), n = 1, 2, . . . , becomes independent of n, for large
n.
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1. Introduction

Let R denote a commutative Noetherian ring (with identity), I an ideal of R, and
M a �nitely generated R-module. In [7] L.J. Ratli�, Jr., conjectured about the asymp-
totic behaviour of AssRR/In when R is a Noetherian domain. Subsequently, M. Brod-
mann [1] showed that AssRM/InM is ultimately constant for large n. In [6], Melkersson
and Schenzel asked whether the sets AssRExtiR(R/In,M) become stable for su�ciently
large n. The aim of this paper is to show that, for all i ≥ 0, the sets of prime ideals
AssRExtiR(R/In,M), n = 1, 2, . . . , becomes independent of n, for large n, whenever I is
principal, which is an a�rmative answer to the above question in the case I is principal.
Also, it is shown that, if I is generated by an R-regular sequence and ExtiR(R/I,M) is
Artinian, then the set ∪∞n=1AssRExti+1

R (R/In,M) is �nite.
For any R-module L, the set {p ∈ AssR L| dimR/p = dimL} is denoted by AsshRL.
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2. The Results

2.1. Lemma. Let R be a Noetherian ring, I an ideal of R and M a �nitely generated
R-module. Then the sequence AssRExt1R(R/In,M) becomes eventually constant, for
large n.

Proof. See [4, Corollary 2.3]. �

2.2. Lemma. Let x be an element of the Noetherian ring R. Let M and N be two
�nitely generated R-modules such that pd(N) = t <∞. Then for each i ≥ t + 2 and for
all large k,

AssR ExtiR(N/xkN,M) = AssR Exti−1
R (N/ΓRx(N),M),

and so the sets AssRExtiR(N/xkN,M) are eventually constant.

Proof. Suppose that i ≥ t + 2. As, N is �nitely generated, it follows that there is an
integer n such that

ΓRx(N) :=
⋃∞

i=0(0 :M Rxi) = (0 :N xn) = (0 :N xn+1) = · · · .

Now we claim that for any k ≥ n,

ExtiR(N/xkN,M) ∼= Exti−1
R (N/ΓRx(N),M).

To do this, as (0 :N xk) = ΓRx(N), it follows that xkN ∼= N/ΓRx(N). Therefore for all
j ≥ 0 we have

ExtjR(xkN,M) ∼= ExtjR(N/ΓRx(N),M),

for all k ≥ n. Now the exact sequence

0 −→ xkN −→ N −→ N/xkN −→ 0,

implies that

ExtiR(N/xkN,M) ∼= Exti−1
R (xkN,M) ∼= Exti−1

R (N/ΓRx(N),M),

(Note that pd(N) = t and i ≥ t + 2.) Hence we have

AssR ExtiR(N/xkN,M) = AssR Exti−1
R (N/ΓRx(N),M),

for all k ≥ n, as required. �

2.3. Theorem. Let R be a Noetherian ring and let x be an element of R. Let M be a
�nitely generated R-module and i a non-negative integer. Then the sequence

AssRExtiR(R/Rxk,M),

of associated primes is ultimately constant for large k, and if i ≥ 2, then

AssR ExtiR(R/Rxk,M) = AssR Exti−1
R (R/ΓRx(R),M),

for all large k.

Proof. The result follows from Lemmas 2.1 and 2.2. �

2.4. Proposition. Let R be a Noetherian ring and let M , N be tow �nitely generated
R-modules. Let x be an N -regular element of R. Then, for any given integer j ≥ 0, the
set

∞⋃
n=1

AssRExtjR(N/xnN,M),

of associated prime ideals, is �nite.
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Proof. If j = 0, then

AssRHomR(N/xnN,M) = AssRHomR(N,HomR(R/Rx,M)),

and so
∞⋃

n=1

AssRExt0R(N/xnN,M)

is a �nite set. Suppose then that j ≥ 1, and we use the exact sequence

0 −→ N
xn

−→ N −→ N/xnN −→ 0,

to obtain the exact sequence

· · · −→ Extj−1
R (N,M)

xn

−→ Extj−1
R (N,M) −→ ExtjR(N/xnN,M)

−→ ExtjR(N,M)
xn

−→ ExtjR(N,M) −→ · · · .
Hence we have the following exact sequence,

0→ Extj−1
R (N,M)/xnExtj−1

R (N,M)→ ExtjR(N/xnN,M)→ (0 :
Ext

j
R
(N,M)

xn)→ 0.

Consequently, it follows from Brodmann's result (see [1]) that the set

∞⋃
n=1

AssRExtjR(N/xnN,M)

is �nite. �

2.5. Lemma. Let R be a Noetherian ring and let M be an R-module. Let N be an
Artinian submodule of M . Then

AssRM/N\SuppN = AssRM\SuppN.

Proof. As N is an Artinian R-module, it follows that the set SuppN ⊆ MaxR is �nite.
Let SuppN = {m1, . . . ,mn} and J := m1 · · ·mn. Then we have

AssRM\SuppN = AssRM/ΓJ(M) = AssRM/N\SuppN,

as required. �

Following we let Hj
I (M) denote the jth local cohomology module of M with respect

to an ideal I of a Noetherian ring R (cf. [2] and [3]).

2.6. Theorem. Let R be a Noetherian ring and let I be an ideal of R which is generated
by an R-regular sequence. Let M be a �nitely generated R-module and let i be a non-
negative integer such that the R-module ExtiR(R/I,M) is Artinian. Then the set

∞⋃
n=1

AssRExti+1
R (R/In,M),

is �nite. In particular, the set AssRH
i+1
I (M) is �nite.

Proof. For n ≥ 0, the exact sequence

0 −→ In/In+1 −→ R/In+1 −→ R/In → 0

induces the exact sequence

ExtiR(In/In+1,M)→ Exti+1
R (R/In,M)→ Exti+1

R (R/In+1,M)→ Exti+1
R (In/In+1,M).
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Since I is generated by an R-regular sequence, by [5, page 125] In/In+1 is a �nitely
generated free R/I-module, and so the sets

AssRExti+1
R (In/In+1,M) = AssRExti+1

R (R/I,M), and

SuppExtiR(In/In+1,M) = SuppExtiR(R/I,M)

are �nite, (note that the R-module ExtiR(R/I,M) is Artinian). Therefore in view of the
above exact sequence and Lemma 2.5, the set

AssRExti+1
R (R/In+1,M)\SuppExtiR(R/I,M)

is a subset of

(AssRExti+1
R (R/In,M)\SuppExtiR(R/I,M)) ∪AssRExti+1

R (R/I,M),

and so the set
⋃∞

n=1 AssRExti+1
R (R/In,M) is �nite, as required. The second assertion

follows from the fact that

AssRH
i+1
I (M) ⊆

∞⋃
n=1

AssRExti+1
R (R/In,M).

�

2.7. Corollary. Let R be a Noetherian ring and let I be an ideal of R which is generated
by an R-regular sequence. Let M be a �nitely generated R-module and let i be a non-
negative integer such that ExtiR(R/I,M) = 0. Then the sequence

AssRExti+1
R (R/Ik,M),

of associated primes is increasing and ultimately constant for all large k.

Proof. Since Ik/Ik+1 is a free R/I-module, it follows that ExtiR(Ik/Ik+1,M) = 0, for all
k ≥ 1. Hence the exact sequence

0 −→ Exti+1
R (R/Ik,M) −→ Exti+1

R (R/Ik+1,M) −→ Exti+1
R (Ik/Ik+1,M),

implies that

AssRExti+1
R (R/Ik,M) ⊆ AssRExti+1

R (R/Ik+1,M).

Now the result follows from Theorem 2.6. �

2.8. Lemma. Let (R,m) be a Noetherian local ring of depth d. Let M be a �nitely
generated R-module and N an Artinan submodule of M . Then for all i ≤ d− 1,

ExtiR(M,R) ∼= ExtiR(M/N,R).

Proof. The exact sequence

0 −→ N −→M −→M/N −→ 0

induces the exact sequence

Exti−1
R (N,R) −→ ExtiR(M/N,R) −→ ExtiR(M,R) −→ ExtiR(N,R).

As N has �nite length and depthR = d, it follows that

ExtiR(N,R) = 0 = Exti−1
R (N,R).

Hence the result follows. �

2.9. Lemma. Let (R,m) be a local Cohen-Macaulay ring of dimension d and I an ideal

of R. Then for any p ∈ AssRExtgrade I
R (R/I,R),

height p = grade I.
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Proof. Let grade I = t. The assertion is clear when t = 0. Now suppose that, t ≥ 1.
There exists an R-regular sequence x1, . . . , xt ∈ I. As

Extgrade I
R (R/I,R) ∼= HomR/(x1,...,xt)(R/I,R/(x1, . . . , xt)),

and R/(x1, . . . , xt) is a Cohen-Macaulay ring it follows that

AssRExtgrade I
R (R/I,R) ⊆ AsshRR/(x1, . . . , xt),

that implies for any p ∈ AssRExtgrade I
R (R/I,R),

height p = grade I,

as required. �

2.10. Theorem. Let (R,m) be a local Cohen-Macaulay ring of dimension d ≥ 3. Let I
be an ideal of R such that 1 ≤ grade I ≤ d− 2. Then

depth Extgrade I
R (R/I,R) ≥ 2,

and if grade I ≤ d−3 then the equality holds if and only if m ∈ AssRExt1+grade I
R (R/I,R).

Proof. Set t := grade I. Let Γm(R/I) := J/I for some ideal J of R with I ⊆ J . Then it is
easy to see that m 6∈ AssRR/J and dimR/I = dimR/J . Hence as R is a Cohen-Macaulay
ring, it follows that grade I = grade J . Moreover, since J/I has �nite length, it follows
from Lemma 2.8 that

ExttR(R/I,R) ∼= ExttR(R/J,R) and Extt+1
R (R/I,R) ∼= Extt+1

R (R/J,R).

Therefore, we may and do replace I with J in the following. Since m 6∈ AssRR/J , it
follows that there exists an element x ∈ R such that x is R/J-regular sequence. Then,
as dimR/(J + Rx) = dimR/J − 1 and R is a Cohen-Macaulay ring, it follows that

grade (J + Rx) = grade J + 1.

Now the exact sequence

0→ R/J
x→ R/J → R/J + Rx→ 0

induces the exact sequence

0→ ExttR(R/J,R)
x→ ExttR(R/J,R)→ Extt+1

R (R/J + Rx,R).

Hence
AssRExttR(R/J,R)/xExttR(R/J,R) ⊆ AssRExtt+1

R (R/J + Rx,R),

and since 1 + grade J ≤ d− 1, it follows from Lemma 2.9 that

m 6∈ AssRExtt+1
R (R/J + Rx,R).

Now, it easily follows that
depth ExttR(R/J,R) ≥ 2.

Now, let grade J ≤ d− 3. Then we have the following exact sequence,

0→ ExttR(R/J,R)/xExttR(R/J,R)→ Extt+1
R (R/J + Rx,R)→ (0 :

Extt+1
R

(R/J,R)
x)→ 0.

Since grade (J + Rx) = t + 1 and t + 1 ≤ d − 2, it follows from the �rst part that
depth Extt+1

R (R/J + Rx,R) ≥ 2. Therefore it follows from the exact sequence

0→ HomR(R/m, (0 :
Extt+1

R
(R/J,R)

x))→ Ext1R(R/m,ExttR(R/J,R)/xExttR(R/J,R))→ 0

that depth ExttR(R/J,R) = 2 if and only if HomR(R/m, (0 :
Extt+1

R
(R/J,R)

x)) 6= 0. Conse-

quently depth ExttR(R/J,R) = 2 if and only if m ∈ AssRExtt+1
R (R/J,R), as required. �
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