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Abstract

In this paper we compute the simplicial homology groups of some digital
surfaces.
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1. INTRODUCTION

Digital topology [19, [I7] has been used in different image processing and computer
graphics algorithms for several decades. It addresses the fundamental properties of binary
object connectivity in two dimensional (2D) and three dimensional (3D) digital images.
Concepts and results of Digital Topology are used to specify and justify some important
low-level image processing algorithms including algorithms for thinning, boundary extrac-
tion, object counting, and contour filling. The properties of digital images with tools from
Topology (including Algebraic Topology) are used by many researchers [1—12, 16,17, 19].

Homology is a powerful topological invariant which characterizes an object by its
p-dimensional holes. Intuitively the 0O-dimensional holes can be seen as "tiny holes",
1-dimensional holes can be seen as tunnels, and 2-dimensional holes can be seen as
cavities. The usage of homology groups is a new topic and is not widely spread. Simplicial
homology groups of digital images have been studied by several researchers [1, [10] [16].
Boxer et al. [I0] extend results of [I] about computing simplicial homology groups of
digital images. In this work, we compute simplicial homology groups of certain minimal
simple closed surfaces.

This paper is organized as follows. Section 2 provides some basic notions used in
this paper. In section 3, we compute the simplicial homology groups of certain digital
surfaces.
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2. PRELIMINARIES

Let Z™ be the set of lattice points in the n-dimensional Euclidean space where Z is
the set of integers. For a positive integer [ with 1 < I < n and two distinct points
p=(p1,02,.-,Pn), ¢ = (q1,92,-..,qn) € Z", p and q are ¢;-adjacent |8 if

(1) there are at most ! indices 4 such that |p; — ¢;| = 1; and
(2) for all other indices ¢ such that |p; — ¢;| # 1, pi = ¢i.

Another commonly used notation for ¢;-adjacency reflects the number of neighbors
q € Z™ that a given point p € Z" may have under the adjacency. For example, if n =1
we have ¢; = 2-adjacency; if n = 2 we have ¢; = 4-adjacency and c2 = 8-adjacency; if
n = 3 we have ¢1 = 6-adjacency, co = 18-adjacency, and cs = 26-adjacency [8]. Given
a natural number [ in conditions (1) and (2) with 1 <1 < n, | determines each of the
k-adjacency relations of Z™ in terms of (1) and (2) [14] as follows.

r—2
(2.1) ne{Qn (n>1), 3" =1 (n>2), 3”—2032"*’5—1(zgrgn—l,nzs)}
t=0

The pair (X, k) is considered in a digital picture (Z", x, %, X) for n > 1 in |3, 4} [6}, [13],
which is called a digital image where (k,R) € {(k,2n), (2n,3" — 1)}. Each of k and ¥ is
one of the general x-adjacency relations. We usually do not permit that x and % both
equal 2n when n > 1, because of the digital connectivity paradox [18]. For instance,
(r, %) € {(4,8),(8,4)} and {(6,18),(6,26),(26,6),(18,6)} are usually considered in Z*
and Z3, respectively [6] [[3} 19} 20].

A digital interval is a set of the form [a,b]z = {z € Z | a < z < b} where a,b € Z with
a <b.

Let x be an adjacency relation on Z™. A k-neighbor of a lattice point p is k-adjacent
to p. A digital image X C Z" is k-connected [15] if and only if for every pair of different
points z,y € X, there is a set {xo,z1,...,2z.} of points of a digital image X such that
T = xo, y = r and x; and x;41 are K-neighbors where ¢ =0,1,....,7 — 1. A k-component
of a digital image X is a maximal k-connected subset of X.

Let X C Z™ and Y C Z™ be digital images with ko and ki-adjacency respectively.
Then the function f : X — Y is called (ko, k1)-continuous [0} 20] if for every ko-connected
subset U of X, f(U) is a k1-connected subset of Y. We say that such a function is digitally
continuous. Similar notions are defined on discrete manifolds in [II]: Let D; and D be
two discrete manifolds and f : D1 — D2 be a mapping. f is said to be an immersion
from D; to D2 or a gradually varied operator if x and y are adjacent in D7 implies either
f(z) = f(y) or f(z), f(y) are adjacent in Ds.

Let X be a digital image with x-adjacency. If f : [0,m]z — X is a (2, k)-continuous
function such that f(0) = z and f(m) = y, then f is called a digital path from z to y
in X. If f(0) = f(m) then the k-path is said to be closed, and the function is called a
k-loop. Let f :[0,m — 1]z — X be a (2, k)-continuous function such that f(z) and f(j)
are k-adjacent if and only if j = i£1 mod m. Then the set f([0, m—1]z) is called a simple
closed k-curve. A point x € X is called a k-corner, if x is k-adjacent to two and only two
points y, z € X such that y and z are k-adjacent to each other [4]. Moreover, the k-corner
x is called simple if y, z are not k-corners and if x is the only point k-adjacent to both
¥,z [3]. X is called a generalized simple closed k-curve if what is obtained by removing
all simple k-corners of X is a simple closed k-curve [4]. If (X, k) is a k-connected digital
image in Z*, |X|® = N3 (x) N X, where Nj(z) = {2/ € Z* : » and «’ are 26-adjacent}
[3,4]. Generally, if (X, k) is a xk-connected digital image in Z", | X|* = N, (z) N X, where
Nj(z)={2' € Z" : z and 2’ are cp-adjacent} [13].

Let X C Z™° and Y C Z™ be digital images with ko and ki-adjacency respectively.
A function f: X — Y is a (ko, k1)-isomorphism [9] (called (Ko, k1)-homeomorphism in
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[B]) if f is (o, k1)-continuous, bijective and f~' : Y — X is (k1, ko)-continuous, in which
case we write X ~(xq.xy) Y-

2.1. Definition. [T3] Let ¢* := {zo, Z1, ..., 2, } be a closed k-curve in Z? where {s, R} =
{4,8}. A point x of the complement ¢* of a closed s-curve ¢* in Z? is said to be in the
interior of ¢* if it belongs to the bounded %-connected component of c*. The set of all
interior points of ¢* is denoted by Int(c").
2.2. Definition. [I3] Let (X, x) be a digital image in Z", n > 3 and X = Z" — X. Then
X is called a closed k-surface if it satisfies the following.
(1) In case that (k,R) € {(k,2n), (2n,3"™ — 1)}, where the k-adjacency is taken from
(2.1) with k # 3™ — 2™ — 1 and & is the adjacency on X, then
(a) for each point x € X, | X|® has exactly one k-component x-adjacent to x;
(b) |X]* has exactly two ®-components k-adjacent to x; we denote by C** and
D®” these two components; and
(c) for any point y € Nx(z) N X, Nz(y) N C* # () and Nz(y) N D** # B, where
N« (z) means the k-neighbors of x.
Further, if a closed k-surface X does not have a simple s-point, then X is called simple.
(2) In case that (k,&) = (3" — 2" — 1,2n), then
(a) X is k-connected,
(b) for each point x € X, |X|” is a generalized simple closed k-curve.
Further, if the image | X|” is a simple closed k-curve, then the closed k-surface X is called
simple.
For a closed s-surface S,., we denote by S, the complement of S, in Z". Then a point
x of S is said to be interior of S, if it belongs to the bounded k-connected component
of Sk. The set of all interior points of Sy is denoted by int(Sk).
The 3-dimensional digital images M SS7s and MSSg which are obtained from the
minimal simple closed curves MSCs and MSC, in Z?, respectively, are essentially used
in establishing the notion of a connected sum [I13].

Figure 1. Minimal simple closed curves M SCys and M SCs.

o MSS§ := MSSs U Int(MSSs) where
MSSs ~=6,6) (MSCy x [0,2]z) U (Int(MSC4) x {0,2})
and M SCj is 4-isomorphic to the set
{(1,0),(1,1),(0,1), (=1,1),(=1,0), (=1, =1), (0, -1), (1, =)}

o MSSig := MSS1sU Int(MSS1g) where
MSSis ~18,18) (MSCs x {1}) U (Int(MSCs) x {0,2})
and M SCs is 8-isomorphic to the set
{(0,0), (=1,1),(=2,0), (=2, =1),(=1,-2), (0, =1)}-
2.3. Definition. [13] Let Sk, be a closed ko-surface in Z™° and S, be a closed k1-surface
in Z"* for ng,n1 > 3. Consider A;O C Ay, C Sk, such that

A;O R(ko,8) Int(MSC’g), A;O R(ko,4) Int(MSCZ) or A;O R(ko,8) Int(MSCé*)

Let f: Axy = f(Ary) C Sk, be a (ko, k1)-isomorphism. Let Sy, = Sk, \ AL, @ € {0,1}.
Then the connected sum, denoted by Sk, #Sx,, is the quotient space Sy, U Sy, / ~, where
i: Agy \ AL, — Sr, is the inclusion map and i(z) ~ f(z) for € Ax, \ Ak, -
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2.4. Definition. [2I] Let S be a set of nonempty subsets of a digital image (X, k). The
members of S are called simplexes of (X, x) if the following holds:
(2) If p and g are distinct points of s € S, then p and ¢ are x-adjacent.
(#1) If se Sand @ #t C s, then t € S (note this implies every point p that belongs
to a simplex determines a simplex {p}).

An m-simplex is a simplex S such that |S| =m + 1.

Let P be a digital m-simplex. If P’ is a nonempty proper subset of P, then P’ is
called a face of P.

Since computing homology groups is easier than computing higher degree homotopy
groups in algebraic topology, for the same reason computing homology groups of digi-
tal images is preferred to computing homotopy groups of digital images. The simplicial
homology groups of n-dimensional digital images from algebraic topology have been in-
troduced in [IJ.

2.5. Definition. [I] Let (X, k) be a finite collection of digital m-simplices, 0 < m < d
for some nonnegative integer d. If the following statements hold, then (X, k) is called a
finite digital simplicial complex:

(1) If P belongs to X, then every face of P also belongs to X.

(2) If P,Q € X, then PN Q is either empty or a common face of P and Q.
The dimension of a digital simplicial complex X is the biggest integer m such that X
has an m-simplex.

Cy(X) is a free abelian group with basis all digital (k, g)-simplices in X [1].

2.6. Corollary. [I0] Let (X,k) C Z™ be a digital simplicial complex of dimension m.
Then for all ¢ > m, Cg(X) is a trivial group.

Let (X, k) C Z" be a digital simplicial complex of dimension m. The homomorphism
0q : C5(X) — C§_1(X) defined by

q

-1 ‘ <p07p15"'a@37"'7p >7 qu,
aQ(< Pbo,P1, .-+, Pq >) = ;( ) !
0, q>m

is called a boundary homomorphism where p; means deleting the point p;. Then for all
1 < g <m, we have 9,1 094 = 0 [I].

2.7. Theorem. [I| Let (X,x) C Z" be a digital simplicial complex of dimension m.
Then

Om—1 a1 o

C6(X) 0

CH(X): 0 C"Q(X)*>C”€ 1(X)
is a chain complex.
Let (X, k) be a digital simplicial complex. The group of digital simplicial g-cycles
is Zy(X) = Ker 0 = {0 € Cyj(X)|0q(0) = 0} and the group of digital simplicial g-
boundaries is By (X) = Im 0411 = {7 € C3 (X )\BqH( ) =7 for 0 € Cg11(X)}. The gth
digital simplicial homology group is Hj (X) = X)/By(X) [].
2.8. Theorem. [I] If f: X — Y is a digital (Ii(), K1 )-isomorphism, then for all ¢
Hgo(X) = Hg* (Y).
2.9. Theorem. [I0] Let (X, k) be a directed digital simplicial complex of dimension m.
(1) Hj(X) is a finitely generated abelian group for every g > 0.
(2) Hj(X) is a trivial group for all ¢ > m.
(3) H;j(X) is a free abelian group, possibly zero.
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2.10. Definition. [10] Let (X, k) be a digital image of dimension m, and for each g > 0,
let ag be the number of digital (k,q)-simplexes in X. The Euler characteristic of X,
denoted by x(X, k), is defined by

X(X, k) =D (~1)7ay.
q=0

2.11. Theorem. [10] If (X, k) is a digital image of dimension m, then

m

X(X, k) =Y _(=1)"rank Hy(X).

q=0
2.12. Example. [10] By the definition of Euler characteristic, we have
X(MSSe,6) = ap — a1 =26 — 48 = —22
X(MSSefMSS6,6) = ap —ar =42 — 80 = —38
X(MSS18,18) =ap —a1 + a2 =10 —-20+8 = -2
X(MSS188MSS18,18) =ap —a1 + a2 =14 — 28 +8 = —6

3. MAIN RESULTS

Simplicial homology groups of several digital surfaces have been computed in [I0]. By
using an argument similar to that of |[10], we have the following theorems.

3.1. Theorem. The digital simplicial homology groups of M SS1s§MSSis are

Z, q=0;
H;g(MsslgﬁMSSm) = Z77 q= 1;
0, g=2

Figure 2. MSSmﬁMSSlg

Proof. Let
MSS18fMSS1s = {co = (1,0,1),¢1 = (1,1,1),¢c2 = (1,2, 1),
cs=(0,3,1),ca =(—1,2,1),¢c5 = (—1,1,1),
c6 = (—1,0,1),¢7 = (0,—1,1),cs = (0,2,2),
co = (0,1,2),c10 = (0,0,2),c11 = (0,2,0),

C12 = (07 170)7013 - (O,O7 O)}

Then we can direct M.SS1s8M S S1s by the ordering cg < ¢5 < ¢4 < ¢7 < 13 < c10 <
ci2 < cg < c11 < g <3 < co < c1 < ca. We have the following simplicial chain
complexes:

C’SS(MSSmﬁMSSm) has for a basis {(Co>, (Cl>, ceey <613>}7
Clls(MSSlsﬁMSsls) has for a basis

{{crco), {c10c0), {c13c0), (coc1), {cocr), (c12¢1), (c1ca), (caca), (c11c2), (caca), (caca),
<CSCS>7 <61163>, <6584>, <C4CS>7 <C4011>, <CGC5>, <6569>, <C5612>, <CGC7>, <C6C10>, <C6C13>,
{crern), (crers), {cocs), {c10co), {c12c11), {c13¢12) },
and ng(MSSmuMsslg) has for a basis

{<C7C1300>7 <C761000>7 <C80302>7 (Cucz’,62>7 <C4CSC3>7 <C4C1103>, <C6C7610>, <CGC7CI3>}~
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Thus, we obtain the following short sequence:

0 -2 CI3(MSS1s8MSS1s) 22 C1¥ (M SS1s§MSSis) 2 Co¥(MSS158MSSis) 22 0.

By Theorem 2.9, H ®(MSS1s§MSS1s) is a trivial group for all ¢ > 2.
‘We determine the kernel of 9. If

02(a1{creizco) + az{creioco) + as(cscsca) + aa{ciicsca) + as{cacses) + as{caciics)
+ ar{cecrcio) + as{cscrcis)) = ai{cizco) + (—a1 — az2){crco) + (a1 + as){crcis)
+ az2{ci0co) + (a2 + ar){crcio0) + (asz + aa){cscz) — as{csca) + (as + as){cscs)
— asa(cr1c2) + (aa + ag){ciics) + (—as — ag){cacs) + as{cacs)
+ ag{caci1) — ar{cscio) + (a7 + as){cscr) — ag{csc13) =0,

then one easily sees that a1 = a2 = a3 = a4 = a5 = ag = a7 = as = 0. Therefore,
Z33(M SS1s4M SS1s) = {0} and hence H3®(MSS1s4M SS1s) = {0}.

Since Ker 8y = Z3%(MSS1s4MSS18) = {0}, Im 92 =2 C5(MSS1stMSS1s), and  so
Bi®(MSS1sfMSSis) = Z5.

We can use standard methods to determine that Z{®(MSSis§MSSis) = Z*°, from
which it follows easily that Bg® (M SS18MSS1s) & Z'3. However, the direct calculation
of Z%S(MsslgﬁMSSm) is very long. Since our goal is to calculate Hlls(MSSwﬁMSSm),
we will do so below without showing a direct calculation of Z{®(M SSis#M SSis).

By using the short sequence again, we have

13
ZH(MSS1stMSS1s) = { Y aile) | ai € 2,0 =0,1,.., 13} = 2"
i=0
13
Any 0-cycle wo = Z a;{c;) can be written as
i=0
wo = 01((—ar){crco) + (a1 + a2 + az){coc1) + (a2 + az)(cic2)
+ (—as){csce) + ar1{caci1) + (asa + a11){csca) + a12{(csci2)
+ (aa 4 as + a11 + a12){cecs) + arz(cec13)
+ (—as —as —ag — a11 — a12 — a13){csc10) + as{cocs)
13
+ (as + ag){ci0co) + (ao + a1 + a2 + as + az){cioco)) + Z ai{cio).
i=0
13
So wp is homologous to 0-chain Zai(cw}. Hence the 0-chain is homologous to an
i=0
integral multiple of (ci0). Thus we deduce H&S(MsslgﬁMSSm) ~ 7.
To compute the H{®(MSS1stMSS1s), we can use the results in [I0]. By Example
2.12, we know that x(MSSis§M SSis,18) = —6. From Theorem 2.11,
2
X(MSSis§MSS1s,18) = > (—1)rank Hy®(MSSis§MSSis)
q=0
—6 =1 —rank H{®*(MSS1sfMSSis) + 0
Thus we get rank Hi®(MSS1sMSSis) = 7 which in turn gives us

H{®(MSS1sfMSS1s) = Z7.

3.2. Theorem. The digital simplicial homology groups of M SS¢ are
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Z7 q= 0;
HE(MSSe) =4 Z%, q=1;
0, q#0,1.

Figure 3. MSSs

Proof. If we take

MSSs = {co = (—1,-1,0),e1 = (0, —1,0), 2 = (1, —1,0), c3 = (1,0,0),
er = (0,0,0),¢5 = (—1,0,0),¢6 = (—1,1,0), 7 = (0,1,0),
cs =(1,1,0),¢c0 = (1,1,1),c10 = (0,1,1),c11 = (-1,1,1),
12 = (=1,0,1),e13 = (1,0, 1), 14 = (1, —1,1), c15 = (0, —1,1),
16 = (=1, -1,1),c17 = (=1, ~1,2),c18 = (0, —1,2), 10 = (1, —1,2),
c20 = (1,0,2),c21 = (0,0,2),c20 = (—1,0,2),c23 = (—1,1,2),
2 = (0,1,2), ca5 = (1,1,2)},

then we can direct M SSs by the ordering co < ci6 < c17 < ¢5 < c12 < €22 < 6 < €11 <

a3 <1 <cip<ccig<cp<cean<cr<cpp<ceuy<c<cyg<cg<ces<cy<cyo<
cg < cg < C25.

We have the following simplicial chain complexes:
CS(MSSs) has for a basis {{co), {c1), ..., {c2s5)}, and CF(M SSs) has for a basis

{{coc1), {cocs), {cocie), (c1c2), (c1ca), {c1c15), (caci1a), (cac3), (caca), (c3cs), (cacia),
(esca), {cacr), (cscs), (csci2), (cocr), (coc1), {cres), (crcio), (csca), {c10ca), (c13c9),
(cocas), (c11¢10), {€r0C24), {€12¢11), {c11C23), (c16C12), (C12C22), (C14C13), (C13C20),
(c15c14), (C14€19), {C16C15), {C15C18), (C16C17), (C17C18), (C17C22), (C18C19), (C18¢C21),
(c19€20), (€21€20), {C20C25), (€22C21), (C21C24), (Ca2C23), (Ca3Caa), (C2aca5) }.

Thus we get the following short sequence:
o)) 6 o1 6 9o
00— C7{(MSSs) ——= C5(MSSs) —0.

By Theorem 2.9, we have HS(MSSs) = {0} for every g > 1.

Direct calculation yields that Z9(MSSs) = Z?3, from which it follows easily that
B§(MSSs) = Z?®. However, direct calculation of Z$(MSSe) is very long. Since our
goal is to calculate HY(MSSs), we do so below without showing a direct calculation of
Z$(MSSe).

By using the short sequence, we have

25
Z8(MSSs) = {Zam) la; €2, i =0, 1,...,25} 7%,

1=0

25

Any 0-cycle wog = Z ai{c;) can be written as
i=0



1018

wo = 01((—as)(csc11) + (—as — a11)(ci1c23) + (as + a11 + aa3){c22c23)
+ (a6 + a11 + a2z + a23){ci2c22) + (as + a11 + a12 + a2z + a23){csci2)

+ (a5 + as + a11 + a12 + a2z + a23){cocs)

+(

+(

+ (—ao — a5 — G — a11 — 12 — A16 — A17 — A22 — 1123)(017618)

ap —as —ae —ail — ai2 — a22 — a23)<00016>

—ap — as — as — a11 — A12 — A1 — G2z — a23){C16C17)

+ ais{(cici5) + (—a1 — ais){cica)
+ (—a1 — a4 — a15){cacr) + (—a1 — as — a7 — ais)(crcio0)

+(—a1 — a4 — a7 —aio — a15)<610024>

(

+ (a1 + a4 + a7 + a10 + a1s + a24){c21c24)

+ (a1 + a4 + a7 + a10 + a15 + a21 + ag4){cisc21) + (—as){cscy)

+ (—as — ag){cocas) + (as + ag + azs)(c20¢25)

+ (as + ag + a20 + a2s){c13c20) + (as + a9 + a13 + az0 + a2s){csci3)

+ (as + as + a9 + a13 + az0 + azs){cacs)

+ (—a2 — a3z —asg —ag — a13 — az0 — a25)<C2C14>

+ (—a2 — a3z —ag — ag — a1z — a14 — a0 — a25){C14C19)
25

+ (a2 + a3 + as + ag + a1 + a14 + a19 + a20 + azs)(cisc19)) + Z ai{cig).
i=0

25
So wo is homologous to 0-chain Z a;{(c1s). Hence the 0O-chain is homologous to an

=0
integral multiple of (cis). Thus we get
H$(MSSe) = 7.

We use the results in [I0] to compute the H?(MSSs). From Example 2.12, we have
x(MSSg,6) = —22. From Theorem 2.11,
1
X(MSSs,6) = (—1)rank Hg(MSSs)

q=0
—22 =1 —rank H?(MSSs)
Thus we get rank HY(MSSe) = 23 which gives us
HY(MSSe) = 77°.

3.3. Theorem. The digital simplicial homology groups of MSSsiMSSe are

Z, q=0;
HS(MSSe§MSSs) = Z%°, q=1;
0, ¢#0,L
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Figure 4. MSSstMSSe

Proof. Let

MSSeMSSe = {CO = (070,0)701 = (1707 0),02 = (2,0,0)703 = (2a 170)>
ca = (1,1,0),¢5 = (0,1,0),¢6 = (0,2,0),c7 = (1,2,0),
Ccg = (2,2,0 Cg = (2,3,0),010 = (1,3,0),011 = (0,3,0),

N

ca0 = (1,4,2),ca1 = (2,4,2)}.

We can direct M SSsfMSSs by the ordering co < c26 < car < ¢5 < ¢22 < €32 < ¢ <
co1 <33 <c11 <cig<ce3zg<crz2<cir <czg<cer <cgs <cag<ceg<ce3r<cr<ceyg<
C10 < €37 < €13 < C1g < Cq0 < C2 < C24 < C29 < €3 < €23 < €30 < g <20 <35 < g <
c1g < c36 < c1a < ¢15 < C41.-

We have the following simplicial chain complexes:
CS(MSSsMSSs) has for a basis {{co), {c1), ..., {ca1)}, and
Cf(MSSGﬁMSSe) has for a basis

{{coc1), {cocs), (cocae), (c1ca), (cica), (cicas), (cacs), (cacaa), (cacs), (cacs), {c3cas),
(cacr), {csca), {escs), {esca2), {ceci1), (ceca1), {cecr), {crci0), (cres), (csco), (cscao),
09614>7 <C1069>, <CQC19>, <C1oC13>7 <C11010>7 <611012>7 <011C18>, (612613>, <C12617>,

013616>7 <C13614>7 (Cl4015>, <016C15>, <C19015>7 <015641>, (617016>7 <C1604O>7 <018017 s

€23C20/), {€20C35), {€C22C21), (C21C33),

)
)
C26C22), 5 C24C29), (C26C25), {C25C28), 026627>,
) , {e31030), (c32€31), (C31C34)
)
)
)
)

k] )

)

s , {€33C34), (€33C38), (€34C35),

C34C37), ) » \C30C35), \C31C30), (€C32C31),

) ) C€34€37), \C35C36), (C37C36), \C36C41),

) ( ) ), ), ) ) )
), ) ) XS ), ), ) )

) ( XS ), ( ), ( ) ( XS ), ( ), (
€32¢33), {€33C34), (C33C38), (C34C35), (C3aca7), (C35¢36), (C31C34), (C32€33), (€33C34
), ) ) ), ), ), ) )

), ) ) ), ), ), ) )

) ( ) ) ( ) ( ), ( ) ( ) ( ) (

) ( ( )

Thus we obtain the following short sequence:
02~ OO (MSSstMSSs) — 2> CS(MSSetMSSs) — 2> 0.
By Theorem 2.9, HS(MSSefM SSs) is a trivial group for ¢ > 1.
Direct calculation yields that Z%(MSSefMSSs) = Z*°, from which it follows easily
that B§(M SSetM SSe) = Z*'. However, direct calculation of the group Z¢ (M SSeM SSe)
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of digital simplicial 1-cylces is very long. Since our goal is to calculate HY (M SSefM SSe),
we do so below without showing a direct calculation of Z?(MSSGﬁMSS6).
By using the short sequence again, we have

41
Z8(MSSstMSSs) = {Za,(c» la; €2, i=0,1, ...,41} ~ 782,

=0

Any 0-cycle wo = Z?io ai{c;) can be written as

wo = O ( — arz2{ciz2c17) + (—a12 — a17){c17¢39) + (a12 + ar7 + asg)(c3scso)
+ (a12 + a17 + ass + asg)(ciscss)
+ (a12 + a17 + a1s + ass + asg)(c11c18)

ai1 + ai2 + a17 + ais + ass + asg)(cec11)

—Qg — Q11 — @12 — A17 — ai18 — a3sg — a39)<06021>

—ag —a11 — @12 — a17 — Q18 — @21 — A3 — A39){C21C33)

a6 + a11 + a12 + a17 + a1s + a21 + ass + ass + aso)(cs2c33)

(
+(
+(
+(
+(
+(

a6 + a11 + a12 + a17 + a1s + a21 + asz + asz + ass + asg)(caz2cs2)
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+ (ae + a11 + a12 + a17 + a1s + a21 + a22 + as2 + ass + ass + aszo)(csc22)
+ (as + as + a11 + a12 + a17 + a1s + a21 + a22 + as2 + ass

+ ass + azg)(cocs) + (—ao — as — ag — a11 — a12 — A17 — A18 — A21

— a2 — az2 — azz — ass — asg)(cocze) + (—ao — as — ag — a11—

— Q12 — a7 —aig — a1 — a22 — G426 — A32 — a33 — a38 — a39)<626627>

+ (—ao —as — as — @11 — @12 — G17 — A18 — G21 — G22 — A26 — G27 — 432
— asgs — ass — ago){carcas) + azs{cices) + (—a1 — azs){cica)

+ (—a1 — as — ags)(cacr) + (—a1 — as — a7 — azs){crcio)

+ (—a1 —as — ar — a10 — azs)(cioc13)

+ (—a1 —as — ar — a0 — a13 — azs)(c13ci¢)

+ (—a1 — a4 — a7 — a10 — a13 — a6 — a25)(C16C40)

+ (a1 + a4 + a7 + a10 + a13 + @16 + a2s + aa0){c3rcao)

+ (a1 + a4 + a7 + a10 + a13 + a16 + azs + as7 + aq0){c34ca7)

+ (a1 + a4 + a7 + a1o + a13 + a16 + a25 + asa + asr + aa0){(c31¢34)

+ (a1 + a4 + a7 + a10 + a13 + a16 + az2s + as1 + asa + asr + aa0){cascs1)

+ (—a1a){c1ac15) + (—a1a — a15){(c15ca1) + (a14 + a15 + aa1)(czsca1)

+ (a14 + a1s5 + ase + aa1){c19cs6) + (a14 + a1s + a19 + ase + aa1){coc19)

+ (a9 + a14 + a1s + a19 + ase + aa1){csco)

+ (—as — a9 — a14 — a15 — a19 — azs — a41){csC20)

+ (—as — a9 — a14 — a15 — a19 — a2 — aze — a41){C20C35)

+ (as + ag + a14 + a15 + a19 + az0 + ass + ase + aa1){cs0css)

+ (as + ag + a4 + a5 + a19 + a20 + aso + ass + ase + aa1){c23c30)

+ (as + ag + a14 + a5 + a9 + a0 + a3 + aso + ass + ase + a1){czca3)

+ (as + as + a9 + a14 + a15 + a19 + a0 + a2s + aso + ass + ase + a41)(cacs)
+ (—az2 —az —ag — ag — a14a — a15 — A19 — G20 — A23 — A30 — G35 — 436

— a41){c2c24) + (—a2 —az —ag — ag — 14 — A15 — G19 — A20 — 23 — (24 — A30

— asgs — age — aa1){c2ac29) + (a2 + as + as + ag + a14 + a15 + aig
41
+ a20 + az3 + a4 + a9 + aso + ass + ase + aa1){casc29)) + Z ai{cas).
i=0
41
So wp is homologous to 0-chain Z a;{ces). Hence the 0-cycle is homologous to an integral
i=0
multiple of (cog). Thus we get HS(MSSstMSSs) = Z
From Example 2.12, Theorem 2.11, and the above, we have

—38 = \(MSS6tMSSs) =rank H§(MSSs§MSSs) — rank Hf(MSSstMSSs)
=1 —rank H{(MSSstMSSe).
Therefore, rank HY (M SSstMSSs) = 39. It follows from Theorem 2.9 that HY (M SSstM SSe) &
739 O
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