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Abstract

In this paper, we introduce and investigate the notions of &-strongly copure
projective objects in a triangulated category. This extends Asadollahi’s notion
of &-Gorenstein projective objects. Then we study the &-strongly copure pro-
jective dimension and investigate the existence of &-strongly copure projective
precover.
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1. Introduction

Triangulated categories originated from algebraic geometry and algebraic topology and were in-
troduced by Grothendieck and Verdier in the early sixties as the proper framework for doing homo-
logical algebra in an abelian category. By now triangulated categories have become indispensable
in many different areas of mathematics, such as algebraic geometry, stable homotopy theory, and
representation theory.

In [3], Beligiannis develops a classical homological algebra in a triangulated category C =
(€,Z,A). He introduced &-projective objects, &-projective resolution, &-projective dimension and
their dualities. Based on the works of Auslander and Bridger [2], Enochs and Jenda [8] and Be-
ligiannis [5], Asadollahi [3] introduced and studied &-Gorenstein projective objects and their du-
alities, which maked contributions to develop there relative homological algebra in a triangulated
category.

At the other extreme, Mao [9] investigated strongly P-projective modules. M is called to be
strongly P-projective if Ext;e (M, P) = 0 for all projective left R-modules P, which is dual to strongly
copure injective modules in Enochs and Jenda [6]. So we also call strongly P-projective modules as
strongly copure projective modules in this paper. As we all known, strongly copure projective (resp.
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injective) modules are a generaliation of Gorenstein projective and projective (resp., Gorenstein
injective and injective) modules in categories of modules.

Our aim in this paper is to introduce and study &-strongly copure projective (injective) objects
in a triangulated category €. This is denoted by &-SCprojective (§-SCinjective) objects for conve-
nience. In Section 2, we introduce the notion of -SCprojective objects and study some properties
of E-8Cprojective objects in €. We also investigate &-SCprojective dimension. In Section 3, we in-
troduce the concept of &-8Cprojective precover and show the existence of &-8Cprojective precover.
We also prove that the equivalence between ﬁxtggé,@) (A,—) =0 and &-8CpdA < n under some
conditions.

Next we recall some known notions and facts of triangulated categories needed in the sequel. The
basic reference for triangulated categories and derived categories is the original article of Verdier
[15]. Also [3, 7, 11] give introduction to these concepts.

Let C be an additive category and X : € — C an additive functor. Let Diag(C,X) denotes the
category whose objects are diagrams in € of the form A — B — C — XA, and morphisms
between two objects A; — Bj — C; — XA;, i = 1,2, are triple of morphisms o : A; — A3,
B:By — By and y: C; — (3, such that the following diagram commutes:

| h
Al h B 81 18 1 YA,

S s

Aj B> &) YA,

A triangle (C,X,A) is called a triangulated category, where € is an additive category. X is an autoe-
quivalence of € and A is a full subcategory of Diag(C,X) which satisfies the following axioms. The
elements of A are then called triangles.

(Tr1) Every diagram isomorphic to a triangle is a triangle. Every morphism f: A — B in C

can be embedded into a triangle A L) B-%s ¢ vA. For any object A € C, the diagram

0— A% A—0isa triangle, where 14 denotes the identity morphism from A to A.

. . . . -X .
(Tr2) A L) B cyaisa triangle if and only if B LIVOELI *j; YB is so.
(Tr3) Given triangles A; L B; N C; L YA;, i = 1,2, and morphisms o : A; — Ay and

B : By — By such that o.f, = f1P, there exists a morphism y: C; — C, such that (a,B,7y) is a
morphism from the first triangle to the second.

(Tr4) (The Octahedral Axiom) Given triangles A L5 B — ¢’ s 4, B %5 ¢ L5 4’ Lo 5B,

Al K p K, YA, there exist morphisms f’ : C' — B’ and g’ : B — A’ such that the fol-
lowing diagram commutes and the third row is triangle:

—1p 1
ol B

U A S Sy S A VR )
i k il/\’ i&
A . Sy
i kK
YAy

Throughout the paper, we fix a triangulated category C = (C,Z,A), X is the suspension functor
and A is the triangulation.
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1.1. Proposition. ([3, Proposition 2.1]) Let € be an additive category equipped with an autoequiv-
alence £ : € — C and a class of diagrams A C Diag(C,X). Suppose that the triple (C,X,A),
satisfies all the axioms of a triangulated category except possibly of the Octahedral Axiom. Then
the following are equivalent:

(a) Base change. For any triangle A L> B-%c i> YA € A and morphism € : E — C, there
exists a commutative diagram

0O——M—M——>0
N
AL G g vy
)
AL g8 ot vy
N
0——=3IXM —XM ——>0

in which all horizontal and vertical diagrams are triangle in A.

(b) Cobase change. For any triangle A i> B-scza € A and any morphism ot : A — D,
there exists a commutative diagram

0——N N——0

i < 5 l
_y-1
sleZWoa S g 8¢
<
~X (W) f ¢
r-Ic D F C
Lok

0——3IN——=3IN——>0

in which all horizontal and vertical diagrams are triangles in A.
(c) Octahedral Axiom For any two morphisms f] : A — B, f» : B— C, there exists a commuta-
tive diagram

Al g s x Moy
kool
AL e & Ly By
NN
B—loc % .7 M _yp
R

XX ——0

in which all horizontal and the third vertical diagrams are triangles in A.

0——3X

A class of triangles & is closed under base change if for any triangle A Lipticizac &

and any morphism € : E — C as in Proposition 1.1(a), the triangle A L> G25Eva belongs
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to &. Dually, a class of triangles is closed under cobase change if for any triangle A i> B-%c

YA € & and any morphism o : A — D as in Proposition 1.1(b), the triangle D L> F2sc L XD

belongs to &. A class of triangles is closed under suspension if for any triangle A L> B-%c s

YA € € and any integer i € Z, the triangle

(TF i () i (1T

T'A T S yic S ri g
isin &. A class of triangles & is called saturated if in the situation of base change in Proposition 1.1,
whenever the third vertical and the second horizontal triangle is in &, then the triangle A —f> B-%
cxaising,
1.2. Definition. ([3, Definition 2.2]) A full subcategory & C Diag(C,X) is called a proper class of
triangles if the following conditions hold:

(i) & is closed under isomorphisms, finite coproducts and Ag C & C A, where Ag denotes the full
subcategory of split triangles.

(ii) & is closed under suspensions and is saturated.

(iii) & is closed under base and cobase change.

Throughout we fix a proper class of triangles & in the triangulated category C.

2. Strongly copure projective objects
2.1. Definition. ([3, Definition 4.1]) An object P € €, (respectively I € C) is called &-projective
(respectively E-injective) if for any triangle A — B — C — XA in &, the induced sequence
0 — Home (P,A) — Home (P,B) — Home (P,C) — 0
(respectively 0 — Home (C,I) — Home (B,I) — Home(A,1) — 0)

is exact in the category of abelian group Ab.

The symbol P(&) (res. I(§)) will denote the full subcategory of &-projective (res. E-injective)
objects of €. It follows easily from the definition that the categories P(&) and J(&) are full, additive,
closed under isomorphisms, direct summands and X-stable.

C is said to have enough &-projective objects if for any object A € C there exists a triangle
K — P — A — YK in & with P € P(§). Dually one defines when C has enough &-injectives.

2.2. Lemma. ([3, Lemma 4.2]) Assume that € is a triangulated category with enough &-projective
objects. Then A — B — C — XA is in § if and only if for all P € P(&) the induced sequence
0 — Home (P,A) — Home (P,B) — Home (P,C) — 0 is exact.

In [3], the &-projective dimension &-pdA of an object A € C is defined inductively.

2.3. Definition. ([3, Definition 4.7]) An &-exact complex Xo — A over A € C is a diagram --- —
dy .
Xn+1 Sl X, — e — X El%X() ﬁo%A — 0 such that for each integer n > 0:
(i) There are triangles K, | LN X, I"% K, ﬁ"—> YK, 41 in &, where Ky = A.
(ii) The differential d,, = g,,—1 f for any n > 1 and dg = fj.

An &-projective resolution of A € € is an E-exact complex Ps — A as above such that P, € P(§),
n>0.

2.4. Definition. ([2, Definition, 3.2]) A triangle A — B — C — XA in & is called Home (—, P(E))-
exact, if for any Q € P(§), the induced complex

0 — Home (C,Q) — Home (B, Q) — Home(A,0) — 0

is exact in Ab.
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2.5. Definition. An object A is said to be &-strongly copure projective object (&- Seprojective object)

[

if there exists an &-projective resolution of A : --- — P,,Jr | —Pp— =P —> Py —> A—0

with P; € P(§) for all i > 0 such that K, < P, i> Ky LN YK, +1 in & are Home (—, P(E))-exact

triangles for all integer .

We denote SCP(E) the full subcategory of &-strongly copure projective objects of C. It follows
directly from the definition that the category SCP(E) is full, additive and closed under isomor-
phisms.

Remark. By [2, Definition 3.6], every &-Gorenstein projective object is &-strongly copure pro-
jective. In particular, there is an inclusion of categories GP(§) C SCP(E), where GP () is the class
of &-Gorenstein projective objects.

Let C be an object of C. For any integer n > 0, the E-extension functor E,xtg( C) is defined to

be the nth right &-derived functor of the functor Home (—,C), that is ﬁxt23 (—,0):= RgHome (=,0).

2.6. Proposition. ([3, Corollary 4.12]) If A — B — C — XA is a triangle in &, then for any
X € € we have a long exact sequence

0 — &t (C,X) — &g (B, X) — &xif (A, X) — §xt (C,X) —
2.7. Lemma. Let A be a &-S8Cprojective object of €. Then E,xtg (A,0) = Homg(A,Q) and
E_rxté(A7 Q) =0forany Q € J~9(§) and any i > 0, where fT’(F;) denote the full subcategory of € whose
objects are of finite &-projective dimension.

Proof. Let &-pdQ=n for some nonnegative integer n and P, a &-projective resolution of A. If
n =0, then Q is an &-projective object. Then Home (Py, Q) is an exact sequence, and this implies
that

Home(4,0) = H°(0 — Home (Py, Q) — Home (Py, Q) — ) = &xt (4,0).

Moreover, @xté (A, Q) =0 for any i > 0. Inductively, suppose that the assertions follow for any object
with &-projective dimension n — 1. Consider the triangle K — P — Q — XK in é where P €

1)/xi 1)/%i Z ih s
P(€) and &-pdK = n— 1. For any j € Z, the triangle X/K ( )—> / ZJP( ¢ ZJQ 'Ytk
is also in &. By Proposition 2.6, there is an exact sequence 0 — f;xt (A, XVK) — @xté (A, Z/P),
and then 0 — Home (4,Z/K) — Home (A, Z/P). This implies that Hom@ (A, —) kills &-phantom
map (—1)/X/h. Especially, we have the following commutative diagram:

0 — Home(A,K) — Home (A,P) — Home (A,Q) ——— 0 ,

| l l

0 ——&d(A,K) — &ur{(A,P) —— &xr{(A,0) —=Ext{ (A.K) =0

1R
1R

where rows are exact. Hence §xt§ (A,Q) = Homge (A, Q). Since

Extf (A,P) — Extt (A, Q) — &xf" ! (A,K)
is exact by Proposition 2.6, where éxté (A,P) = &xté“ (A,K) =0. Thus E_,xté(A, 0)=0
2.8. Proposition. Assume that C is a triangulated category with enough &-projective objects and X
is an object in P(&). Then X is E-injective relative to SCP(E) .

Proof. Let A — B — C —> XA be a triangle of SCP(&) in &. By Proposition 2.6, there is an
exact sequence 0 —» Zj,xtg(C,X) — éxtg(&X) — ixtg (4,X) — &xté (C,X). Since Zj,xté (c,x)=
0 by Lemma 2.7 and &xlg(G,X) = Home (G, X) for any G € SCP(E), there is an exact sequence
0 — Home (C,X) — Home (B, X) — Home (A, X) — 0. So X is &-injective relative to SCP(E).
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2.9. Theorem. Assume that € is a triangulated category with enough &-projective objects and A LN

B i> -5 3Aisa triangle in & such that C is &-SCprojective. Then A is E-SCprojective if and

only if B is &-8Cprojective.

Proof. First assume that A is &-SCprojective. We will show that B is also such. Since A and C

are £-8Cprojective, there exist triangles Ky S Py ﬁ) ALy YK, and K¢ L, Pc £> cle, YK¢

in &, where P4 and P¢ are &-projective, Ky and K¢ are &-SCprojective. By [3, Lemma 4.2], Yf¢c = 0.
Using that X is an automorphism and a result of Verdier [16], the commutative square on the top
left corner below is embedded in a diagram

Pe— syp P vp M yp.
fe %/ Xy e
[ S '
he —Xha —Xhg Yhe
YKo % vk, EY yop, TO_vop
—Xgc 2ga gy —X2gc
sPo— 0o y2p, P yop P4 yop

which is commutative except the lower right square which anticommutes and where the rows and
columns are triangles. But the above diagram is equivalent to the following commutative diagram:

Ky Kp Kc YKx
2 35 gc Tea
pp—Lspy T op Y oyp
i fs fe h
A% g P oY vy
hy hp he Xhy
) PP SN A a ) O

Since the second horizontal triangle is split and Py, Pc are E-projective, Pp is &-projective. Applying
to the above diagram the homological functor Home (P,—), VP € P(£), a simple diagram chasing
argument shows that 0 — Home (P,K}) — Home (P,K}) — Home (P,K}) — 0 is exact. By
Lemma 2.2, the first horizontal triangle is in &. Similarly the sencond vertical triangle is in &. Since
there is the commutative diagram for any Q € P(§):
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Home (C, 0) — = Home (B,0) — = Home(4,0)

|

0—— HOII]@ (PC7 Q) E— HOIIl(g (PB,

Home (K¢, Q) — " Home (Kp, Q) —— Home (K4, Q)

—_— HOII]@(PA,Q) —0

Obviously, f is monic and w is epic. Thus g is epic and % is monic. By Home(—,Q) is a co-

homological functor and snake Lemma, the sequence 0 — Home (B,0) — Home(Pg,Q) —
Home (Kp,0) — 0 is exact. Proceeding the above procedure for the triangle K4 — Kp —
Kc — XKy, we get the E-projective resolution of B with appropriate properties. Hence B is

SCprojective.
Assume that B is E-SCprojective. By base change, there is a commutative diagram:

00—kl =—=3"1Kkl ——0

i -
| |

04)1{61‘ Kég)

Since !B and E’lKé are &-8Cprojective, we may use the previous case to deduce that & IDis &
SCprojective. Then there exists an &-projective resolution of 2~!'D: - — £~1 Pll) —x! Pg —

2D satisfying the condition of definition. Since C is E-SCprojective, there exists a triangle Kc]“
& c e YKc in & with Pg &-projective and K} &-8Cprojective and K} —» Pg —C— XK}
is Home(—,fP(é)) exact. For any Q € P(&),there is a commutative diagram:

0 ——&u(B,Q) — & (D, Q) — &t (K, 0) ——0

bk

0 — Home (B, Q) — Home (D, Q) — Home (KL, Q) —0



772

by Lemma 2.7. Moreover, there is the commutative diagram

0 0

&) (C, Q) —— & (B,0) —— &xrf(4,0)

L]

Home (XA, Q) — Home(C, Q) L> Home (B, Q) L Home (4, Q) i> Home(Z*IC, 0)

with the below is exact. Since B* is monic, y* is also so. So 0 — Home(C,Q) —
Home (B,Q) — Home(4,Q) — 0 is exact. Thus £7'A — 7D — =71P0 — 4 is
Home(—,P(E)) exact. Now pasting -+ — L7!P), — 271P§ — £7!D with 2714 —
r'p— Z_ng — A, so0 A is -8Cprojective.

2.10. Proposition. Assume that € is a triangulated category with enough &-projective objects. If
X € 8CP(&) is &-projective relative to SCP(E) , then X € P(§).

Proof. Since € has enough &-projectives, there exists a triangle K — P —» X — XK in § with
P € P(E). But X and P are £-SCprojective, then so is K by Theorem 2.9. Since X is &-projective
relative to SCP(E), there exists an exact sequence

0 — Home (X,K) — Home (X, P) — Home (X,X) — 0.

SoK — P — X — XK is split. Then P =2 K ® X. Hence X € P(E).

It is clear that SCP() is closed under countable direct sums. In the following, we use Eilenberg’s
trick to show that SCP(&) is closed under direct summands.

2.11. Corollary. SCP(§) is closed under direct summands.

Proof. Let A be an object of SCP(&) and B a direct summand of A. So A = B B/, for some
object B’ of C. Set

K=B&B ®B®B &---.

Since K =A@®A® - and SCP(E) is closed under countable direct sum, K belongs to SCP (). We
have K & B@® K and so B® K also belongs to SCP(E). Now consider the split exact triangle

B—BoK —K-2¥B

in & to conclude, from the previous Theorem 2.9 , that B belongs to SCP(&).

Now we introduce a new invariant for an object A of C, namely its E-SCprojective dimension, &-
8CpdA. It is defined inductively. When A=0, put £-SCpdA = —1.If A € SCP(&), then &-SCpdA = 0.
Next by induction, for an integer n > 0, put &-8CpdA < n if there exists a triangle K — P —» A —»
YK in C with P € 8CP(E) and &-SCpdK < n— 1.

We define &-8SCpdA = n if &-SCpdA < n and &-SCpdA £ n— 1. If §-8CpdA # n for all n > 0, we
set &-SCpdA = oo.

2.12. Theorem. Assume that € is a triangulated category with enough &-projective objects and

A—B—C-1YAisa triangle in & such that A # 0 and C is E-8Cprojective. Then £-SCpdA = &-
SCpdB.

Proof. The result is clear from Theorem 2.9 if one of A or B is &-8Cprojective. Let &-SCpdA =
n > 0. So there exists a triangle K4 — P4 — A — XKy in € where P4 is &-8Cprojective and
&-8CpdK4 = n— 1. Since C is &-SCprojective, there exists a triangle K — Pc —» C — XK¢ in
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& where P is &-projective and K¢ is &-8Cprojective. Then by the proof of Theorem 2.9, we have
the following commutative diagram:

Pe—2 > vp, TPy TPc
Y
c YA B C
YKo —> Y2K, ¥2Kp »2Ke
TPc 2Py X’Pg 2P,

which is commutative except the lower right square which anticommutes and where the rows and
columns are triangles. This is equivalent to the commutative diagram:

Ky Kp K¢ YK,
P Py Pc—2 >3p,

A B c—Y oy
K4 YKp K¢ 22Ky,

in which the first three vertical and horizontal diagrams are triangles. The second horizontal triangle
is split, and so belongs to . Since P4 and P are both E-SCprojective, it follows from that Pg is also
E-8Cprojective. Applying Home (P(§), —) to the above commutative diagram , by Lemma 2.2 and
diagram chasing argument, the first horizontal and also second vertical triangles are Home (P(€), —)
exact and so belong to & Now consider the triangle Ky — Kp — K¢ — XKy in &, in which &-
8CpdK4 = n— 1 and use induction to deduce that &-SC€pdKp = n — 1 and hence &-SCpdB = n.

Now suppose &-SCpdB = n. So there exists a triangle Kg — P — B — XKp in &, where Pp
is &-SCprojective and £-SCpdKp = n — 1. Using (Tr2) and base change in Proposition 1.1, we get
the following commutative diagram:

0—>Kp Kg—0

| |

2716‘ Py Pp

-
O=<—-20

——2XKp ——
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in which all horizontal and vertical diagrams are triangles. Since the third horizontal and third
vertical triangles are in &, one can show the second horizontal and second vertical triangles are
Home (P(€), —) exact and so belong to &. Because both Pg and £~'C are £-SCprojective, by Theo-
rem 2.9, so is P4. So &-8CpdA = n.

2.13. Lemma. ([2, Proposition 3.15]) Let the following be a commutative diagram such that rows
are triangles in &:

X Y V4 X

X’ Y’ VA X'
Then it may be completed to a morphism of triangles

X Y V4 X

X' Y VA X’

sothat X — X' ®Y — Y’ — ¥X is a triangle in €.

2.14. Proposition. Assume that C is a triangulated category with enough &-projective objects and
let A be an object of C. Then the following are equivalent:

(i) &-8CpdA < n.

(ii) In any &-exact sequence 0 — B — P,y — - — Ph — A — 0, if P; are &-
SCprojective, then so is B.

Proof. (i) = (ii). There exits a triangle K — Q —» A — XK in & where Q is &-8Cprojective
and &-8CpdK <n—1.Since0 — B — P,_| — --- — Py — A — 0 is &-exact, by definition
of &-exact sequence, there exists a triangle K; — Py — A — XK in &. Since € have enough
&-projectives, there exists a triangle L — P — A — XL in & with P &-projective. So we can
construct morphisms of triangles:

L P A XL L P A YL

K 0 A YK, K Py A YK,
Now consider the diagrams

L P A XL L P A XL

K [0) A YK, K Py A K,

where the rows are triangles in §. By Lemma 2.13, we can complete them such that L — K®P —
Q —XLand L — K; ®P — Py —» XL are both triangles in &. Since Q is £-SCprojective,
by Theorem 2.12, §-8CpdL = &-8Cpd(K ¢ P). Since Py is &-SCprojective, by Theorem 2.12, &-
8CpdL =&-8Cpd(K; ®P). Thus &-SCpd(K & P) =&-8Cpd(K @ P). ButK — K®P — P— XK
and K; — K1 ®P — P — XK are split triangles and so are in &, and P is &-projective, so
is £-SCprojective. By Theorem 2.12 again, then &-SCpdK = &-SCpdK;. The proof now can be
completed by induction.
(ii) = (i). Since € has enough &-projectives, there exists a &-exact complex

0—B—P_1— - —Ph—A—0,

where each P; is E-projective. So by assumption B is &-SCprojective. This gives the result.
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2.15. Proposition. Assume that C is a triangulated category with enough &-projective objects and
let £&-SCpdA < 1 and F,xté (A,P)=0forall P € P(E). Then A is &-SCprojective.

Proof. Since € has enough &-projectives. We have a triangle K 1, P24 vk in g,
where Py is &-projective. By proposition 2.14, K is &-SCprojective. Thus we have the following
commutative diagram for any P € P(§) :

0

Ed(A,P) ———> Extd(By.P) —— Eul(K.P) ——> Ll (A.P) =0
|
= qlm Biu
| " x
Home (2K, P) — Homg (A, P) &, Home (Py, P) ; Home (K,P) — Homg (E*IA,P)7

in which the rows are exact. Since the two isomorphisms o,  hold by Lemma 2.7, f* is epic.

So g* is monic. Hence K N Py -55A vk s Home(—,P(E)) exact. Since € has enough
&-projectives, we have a triangle K; — P; — K — XK in § with Py &-projective. Thus K is
&-8Cprojective by Theorem 2.9. By Proposition 2.6 and Lemma 2.7, there is an exact sequence

0 — &xt (K, P) — &t (P1,P) — &xif (K1, P) — 0.
This is equivalent to
0 — Home (K, P) — Home (P, P) — Home(K(,P) — 0

is exact. So K| — P — K — XK] is also Homg (—,P(€)) exact. Proceeding this procedure,
we get E-projective resolution of A satisfying the condition of definition of &-SCprojective object.

2.16. Theorem. Assume that C is a triangulated category with enough &—projective'objects and let
A € @ be of finite E-SCprojective dimension. Then &-SCpdA < n if and only if E_,xté (4,0) =0 for

any Q € P(&) and i > n.
Proof. Let £-8CpdA < n. So there exists a &-exact complex
0—P —P_1——P—P—A—0,

with P; £-8Cprojective. But now in view of Lemma 2.7 and using the corresponding triangles, we
see that &xrf (P, Q) = E,;aé’*" (A,Q)=0foralli> 1.

Let 0 —B— P,y — -+ — P — Py — A — 0 is &-exact sequence with P; &-
projective. Since &-SCpdA < oo, E-8CpdB < . Suppose &-SCpdB = m. Then there exists an &-exact
SCprojective resolution

0—Gy— Gy ——Gy—B—0,

with G; £-8Cprojective. Next we show that B is &-SCprojective. Consider a triangle G, —
Gn—1 — Kpy—1 — XGyy, in &, where £-8CpdK,,—; < 1. For any Q € P(&), E,xté (Km—1,0) =
@xté” (B,Q) = §xt£’1+"(A,Q) = 0. By Proposition 2.15, K, is &-8Cprojective. Proceeding this
procedure, we get B is &-8Cprojective. So &-SCpdA < n.

3. £-8Cprojective precover

3.1. Definition. Let A be an object of €. A morphism G — A where G is &-SCprojective is
called a &-8Cprojective precover of A if it can be completed to an Home (SCP(E), —)-exact triangle
K—G—A—YXKin&.

The following proposition implies that the existence of &-SCprojective precover.

3.2. Theorem. Let A be an object of C of finite &-projective dimension. Then there exists an
&-8Cprojective precover.
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Proof. By definition of &-projective dimension in [3], there exists a triangle K L> p-Sialy
YK with P &-projective and &-pdK < co. For any &-8Cprojective object Q, @xté (Q,K) =0by Lemma
2.7. But Home(Q,—) is a cohomological functor, then we have the following commutative dia-
gram:

0

@xtg(Q,K) — éng(QaP) — §xtg(Q,A) — &Xl‘%(Q,K) =0

) - -

Home (Q,Z_IA) — Home(Q,K) L> Home(Q, P) LG Home (Q,A) —— Home (Q, XK),

in which the rows are exact. Since the two isomorphisms o, B hold by Lemma 2.7, g. is epic.

Thus f is monic. Hence K TopSialyrkis Home (SCP(E), —)-exact. Then P — A is a

&-8Cprojective precover of A.

ags ] h 2 h
3.3. Proposition. Assume that K iR P25 A1 vk and Ks LN P 25 A 5 5K, are

triangles in &, where Py £, A and P, 2% A are both &-8Cprojective precovers of A. Then
KieoP,=ZK,dP.

Proof. According to the base change in Proposition 1.1, we get the following commutative
diagram:

0 K——k 0
N
K-l ey S e M vk
K— L p 8 A M sk
R

0——=2YK ——Y¥K, ——= 0.

Since P, £, Aisan E-SCprojective precover of A, there is an exact sequence

hy)s
Home (P, K| ) — Home (Ps, P;) — Home (Py,A) (o) Home (Py, 2K} ),

such that (h1).g2 =0, i.e. h1go =0. Thus h’l = 0. Then the second rows is split. Hence Y = K| & P».
Since P; S Aisan E-SCprojective precover of A, there is an exact sequence

hy)s
Home (P}, K>) — Home (Py, P;) —» Home (P}, A) () Home (P}, 2K>),

such that (/7).g1 =0, i.e. hpg; = 0. Thus y= 0. Then the second column is split. So ¥ = K, & P;.
Hence K, P =K, B P;.

3.4. Definition. A &-SCprojective resolution of A € € is a E-exact complex
n+1
P:=.---P d—>P,, — - — P — P —A—0
such that P, € SCP(&) and for any n € Ny, in the relevant triangle K, — P, — K,,—; — XK, (n >
0)P, — K, is the E-SCprojective precover of K,,_1, in which K_| = A. The resolution is said to
be of length n if P, # 0 and P, = 0 for all i > n.

n+1

3.5. Definition. LetP:=---P, e, P, — -+~ — P — Py —» A — 0 be an £-8Cprojective
resolution of A € €. Then define Ext? ® (A, B) to be the nth-cohomology of the induced complex

SCP
Home (P, B) for any B € C.
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Remark. By the comparison theorem the above &-derived functors are well defined.
3.6. Corollary. Let0 — P, — P_y — -+ — Py — A — 0and0 — P, — P, | —
-+ — Pj — Ay — 0 be &-SCprojective resolution of A; and A respectively. If A} = A, then
PSP OP S =P OPIOP D .

3.7. Proposition. Suppose A =+ B L c -5 %A in € such that 0 — Homg(P,A) —

Home (P,B) — Home (P,C) — 0 is exact for all P € SCP(E). If --- — P| — P}, T4 o

and --- — P — P Hye 5 0are &-SCprojective resolutions of A and C respectively, then
there exists a &-8Cprojective resolution of B.

Proof. Since 0 — Home (Pj,A) — Home(P{,B) — Home(P,C) — 0 is exact with
P € 8CP(&), vf{ = 0. Using that ¥ is an automorphism and a result of Verdier (see [16]), the
commutative square on the top left corner below is embedded in a diagram

LG Gt R . R
5 -£f) ~fy tf
c— Y oya yp Py
n =y —Tho il
skl 0 yagr EV, sap T sogn
—Zgg 22g g ~I’g
spy O x2p EP_vop P4 sop

which is commutative except the lower right square which anticommutes and where the rows and
columns are triangles. Then we have the following commutative diagram in which the first three
vertical and horizontal diagrams are triangles:

K-V ok 2ok s
£0 80 £ 8o
pp—L st sp " ssp
£ fo 5 =5
At g P oV vy
H, ho H —xi)
Y L) NS e B ¢

Since the second horizontal triangle is split, we have Py € SCP(E). Applying the cohomological
Home (P, —) to the above diagram for any P € P(&), a simple chasing argument shows that the first
horizontal triangle and the second vertical triangle are both in &. Applying to the above diagram the
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cohomological Home (Q, —) for any O € 8CP(E), we have the following commutative diagram:

0 0

—_—< - —O

0 — — > Home(Q,K|) — Home(Q,K;) — Home (Q,K]) — — =0

—_—

0 — Home(Q, P;) — Home(Q,Py) — Home(Q, Pj) —0

o L

0 —— Home(Q,A) —— Home (Q,B) —— Home (Q,C) ———0

o< - —

0 0

Easily, we get dotted arrows. Then the second row and the second column are both exact. Induc-
tively the above procedure completes the proof.

3.8. Definition. ([3, Definition 4.14]) Let C be a triangle category and D is a subcategory of C. D
is called generating subcategory if D is X-stable and Home (D,A) =0= A =0 for any A € C.

3.9. Theorem. If SCP(E) is a generating subcategory of a triangulated category €, then the follow-
ing two conditions are equivalent for any A € € and n > 0:

()&xtggé)@( B) =0forany B € C;

(ii) there exists an &-SCprojective resolution 0 — P, — Py_| — -+ — Py — A — 0.

Proof. (ii) = (i). It is obvious.
. .. d, n
(i) = (ii). Let -+ — Pyyp "3 Py &0 Py — . 5 Py — Py — A —> 0 be an &-

SCprojective resolution of A, where d,, = g,,—1 f» and P, L> K, is &-8Cprojective precover of K,

Vn > 0. Since @xtggly (A,B) =0 for any B € C, the complex

d, d,
Home (Py, Ky+1) —— Home (Pt 1, Kyt 1) = Home (Pys2, Kyt 1)

implies Im dl_H =Kerd* w2 BUt fut18n+1fnt2 =0, then fy41dy12 =0. That s to say, dy ofnr1=
0,ie. fu+1 € Kerd* 1o So there exists o : P, — K41 such that f, 1 = d,10. Applying the

functor Home (P, —), VP € 8CP(E), to the triangle K, | Ry I, K, — XK, 11, we get the

exact sequence

00— Hom@(P KnJrl) —> Home(P Pn) L> Hom@(P Kn) —0.

Since o : P, — K11 is &-8Cprojective precover, Home (P, P,) 2, Home (P,K,+1) is epic. So
0 8ns = lHome (PK,,,)- Then the above exact sequence is split. So Home (P, P,) = Home (P, K, ®
Ky+1). But SCP(&) be generating subcategory, then P, 2 K, ® K, 1. Hence K, is &-SCprojective.
Thus the proof is completed.

Remark. Similar to the way that we define &-8Cprojective objects, one can define &-8 Cinjective
objects of triangulated category C. The conclusions and their proofs in Sections 2 and 3 dualize
perfectly, so all the resluts in these sections have valid analogs in terms of &-SCinjective objects.
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4. Conclusions and a future work

In this paper, we generalize the notion of strongly copure projective modules in category of mod-
ule to triangulated category, which is called to be E-strongly copure projective objects. This extends
the notions of &-projective objects and &-Gorenstein projective objects in triangulated categories.
We prove that SCP(E) has a resolving property in Theorem 2.9. We discuss the &-strongly copure
projective dimension and show the relation between &-SCpdA and @xté (A,—) for any object A of

C in Theorem 2.16. We also introduce the concept of £-SCprojective precover and investigate the
existence in Theorem 3.2, and moreover, characterize the &-SCprojective resolution of object A by

the functor EJXZZ:SG:P(E_,) (A,—) in Theorem 3.9.

Referee of this paper has suggested to study a relative quasi-Frobenius property of the category
€ in connection with the results obtained in [8] for module categories and in [14] for locally finitely
presented Grothendieck categories. Following Referee’s suggestion, we intend to study in future
the following problem:

Problem 1. Assume that C is a triangulated category with enough &-projective objects as in
Section 2. When are the following conditions equivalent?

(i) every E-8Cprojective object in € is &-8Cinjective;

(ii) every &-SCinjective object C is E-SCprojective;

(iii) every object in C is &-SCprojective or &-SCinjective (that is the global dimension of € is
Zero),

Let us recall that the equivalence of these three conditions are proved 40 years ago in [8] for the
usual fp-purity in module categories and the equivalence is proved in [14] for the usual fp-purity
in any locally finitely presented Grothendieck categories. Moreover, an analogous problem is also
discussed in [3].

In the category R-Mod of unitary left modules over a ring R with an identity element, the classical
equality is

sup{pdzA| for any left R-module A} = sup{idgA| for any left R-module A}
established in [13, Theorem 8.14] is extended by D. Bennis and N. Mahdou in [4] to the equality
sup{GpdzA| for any left R-module A} = sup{GidgA| for any left R-module A}

where pdpA(res. idrA) means the projective(res. injective) dimension of A, GpdpA(res. GidrA)
means the Gorenstein projective(res. injective) dimension of A. Naturally, we also try to find some
conditions such that the following conclusion holds in a triangulated category C .

Problem 2. sup{{-SCpdA| for any A € C} = sup{&-8CidA| for any A € C}.
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