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Abstract

Let X be a Tychonoff space, Y an equiconnected space and C(X,Y) be the set of all
continuous functions from X to Y. In this paper, we provide a criterion for the coincidence
of set open and uniform topologies on C(X,Y) when these topologies are defined by a
family « consisting of Y-compact subsets of X. For a subspace Z of a topological space
X, we also study the continuity and the openness of the restriction map nz : C(X,Y) —
C(Z,Y) when both C(X,Y) and C(Z,Y) are endowed with the set open topology.
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1. Introduction

Let X,Y be topological spaces and C'(X,Y") be the set of all continuous functions from
X to Y. The set C(X,Y) has a number of classical topologies; among them the topology
of uniform convergence and the set open topology. Since their introduction by Arens and
Dugundji [1], set open topologies have been studied and the comparison between them
and the topology of uniform convergence have been considered by many authors (see, for
example, [4,7,9,10]).

In [4], Bouchair and Kelaiaia have established a criterion for the coincidence of the set
open topology and the topology of uniform convergence on C(X,Y’) defined on a family
a of compact subsets of X. They also have studied the comparison between some set
open topologies on C(X,Y") for various families . In this paper we continue the study
of the comparison between these topologies in the case when « is a family consisting of
Y -compact sets and give a criterion for their coincidence.

One of the most useful tools normally used for studying function spaces is the concept
of restriction map. If Z is a subspace of a topological space X, then the restriction map
7z : C(X,Y) = C(Z,Y) is defined by 7z (f) = fz for any f € C(X,Y’). The properties of
the restriction map 7z : C(X,R) — C(Z,R), when both C'(X,R) and C(Z,R) are endowed
with the topology of the pointwise convergence, have been studied by Arhangel’skii in
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[2,3]. In the present paper, we give a criteria for the continuity and for the openness of
the restriction map in the case when Y is an equiconnected topological space and C'(X,Y")
and C(Z,Y) are equipped with the set open topology.

Our paper is organized as follows. In Section 3, we prove that the set open and uniform
topologies on C'(X,Y') coincide if and only if « is a functional refinement family. Section 4
is devoted to compare the spaces C(X,Y") and C3(X,Y) for two given families o and /5 of
Y -compact subsets of X. In Section 5, we consider, for a subspace Z of a topological space
X, the restriction map 7z : Co(X,Y) — Cg(Z,Y) and we give necessary and sufficient
condition for the continuity and for the openness of the restriction map in the framework
of set open topology. We prove that, if « is a functional refinement family consisting
of closed Y-compact subsets of X and g is a family of closed Y-compact subsets of Z,
then 7y is continuous if and only if the quadruplet (8, a, X,Y") satisfies the property (P).
We also show that, if @ and S are two admissible families of compact subsets of X and
Z respectively, then 7z : Co(X,Y) — Cp(Z,Y) is open onto its image if and only if 3
approximates 7

2. Definitions and preliminaries

Throughout this paper, X is a Tychonoff space, Y is an equiconnected topological space,
C(X,Y) is the set of all continuous functions from X to Y, and « is always a nonempty
family of subsets of X. The set open topology on C(X,Y’) has a subbase consisting of all
sets of the form [A, V] ={f e C(X): f(A) CV}, where A € a and V is an open subset
of Y, and the function space C(X,Y’) endowed with this topology is denoted by Cy, (X,Y).
If V' is not arbitrary but is restricted to some collection B of open subsets of Y, then we
denote by C?(X,Y) the corresponding function space.

For a metric space (Y, p), the topology of uniform convergence on members of o has as
base at each point f € C(X,Y’) the family of all sets of the form

<f,Ae>={geC(X,Y): iggp(f(x),g(x)) < €},

where A € o and € > 0. The space C(X,Y) having the topology of uniform convergence
on « is denoted by Cp . (X,Y).

The symbols () and N will stand for the empty set and the positive integers, respectively.
We denote by R the real numbers with the usual topology. The complement and the closure
of a subset A in X is denoted by A¢ and A, respectively. If A C X, the restriction of a
function f € C(X,Y) to the set A is denoted by fj4. Let Z be a subspace of X, then o)z
denotes the family {ANZ: A € a}.

Let 8 be a nonempty family of subsets of X. We say that « refines 3 if every member
of « is contained in some member of 5. We say that S approximates a provided that for
every A € « and every open neighborhood U of A in X, there exist By, ..., B, € § such
that AC BiUBsU...UB, CU. A family « is said to be admissible if for every A € «

and every finite sequence Uy, ..., U, of open subsets of X such that A C ,Gle‘a there exists
i

a finite sequence Aj,..., A, of members of « which refines Uy, ...,U, and whose union
contains A. For example, the family of all compact sets as well as the family of all finite
sets in a topological space is an admissible family.

A topological space Y is said to be equiconnected [6] if there exists a continuous map
U:Y xY x[0,1] — Y such that ¥(x,y,0) =z, ¥(z,y,1) =y, and ¥(z,z,t) = z for all
z,y € Y and t € [0,1]. The map ¥ is called an equiconnecting function. A subset V of an
equiconnected space Y is called a W-convex subset of Y if ¥(V,V,[0,1]) C V. It is a known
fact that any topological vector space or any convex subset of any topological vector space
is an equiconnected space, and any equiconnected space is a pathwise connected space.
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For topological space X and Y, we write X =Y (X <Y') to mean that X and Y have
the same underlying set and the topology on Y is the same to ( finer than or equal to )
the topology on X.

Definition 2.1. ([10]). Let A C X and let Y be an arbitrary topological space. For a
fixed natural number n, we will say that A is Y™-compact if, for any continuous function
feC(X,Y™), the set f(A) is compact in Y.

We would like to mention that there are Y-compact sets which are not closed. Indeed,
it is proved in [10, Example 1] that if X is the set of all ordinals that are less than or equal
to wi and Y = R, then the subset of all countable ordinals from X is R-compact but it is
not closed in X. It was proved also that there are closed sets that are not Y-compact, see
[10, Example 4]. So in our comparison of topologies on C(X,Y’) we consider the family
« in the class of closed and Y-compact sets. Notice that, in the case when A = X and

Y =R, the R-compactness of the set A coincides with the pseudocompactness of the space
X.

Definition 2.2. ([11]). A space Y is called cub—space (or quadra- space) if for any
x € Y XY there are a continuous map f from Y x Y to Y and a point y € Y such that

) ==

For example, any Tychonoff space with Gs-diagonal containing a nontrivial path or a
zero-dimensional space with Gs-diagonal containing a nontrivial convergent sequence is a
cub-space. Also a pathwise connected metric space is a cub—space.

Proposition 2.3. Let X be a topological space, and (Y, p) be a pathwise connected metric
space. If A is an Y -compact subset of X and n is a natural number, then A is also an
Y™ -compact subset of X.

Proof. For the proof see Proposition 2.2 in [11]. O

The following lemma will be useful in the sequel which is a particular case of the
Proposition 2.4 in [11].

Lemma 2.4. Let X be a topological space and (Y,p) be a pathwise connected metric
space. Then the intersection of an Y -compact subset of X and the inverse image, by any
continuous function from X to Y, of any closed subset of Y is Y -compact.

Proof. Let A C X be an Y-compact set, F' a closed subset of Y, and g € C(X,Y).
We will show that AN g~ '(F) is Y-compact. Take an arbitrary element f of C(X,Y)
and prove that f(A N g '(F)) is compact in Y2. Define the function h : X — Y? by
h(z) = (f(x),g(z)), for every x € X. It is clear that the function h is continuous. By
Proposition 2.3, the set h(A) is compact in Y'2. Consider the set T =Y x F. We claim
that h(ANg=Y(F)) = h(A)NT. Indeed, if 2 € h(ANg~1(F)), then z € h(A). On the other
hand, there exists a point # € AN g~1(F) such that z = h(z) = (f(z), g(x)). Therefore
z € T. Conversely, let y € h(A)NT. Then, y = h(z) = (f(z),g(z)) for some z € A. Since
y € T, we have x € g~!(F). Therefore, v € AN g ' (F) and y € h(AN g~ '(F)). Thus,
h(AN g1 (F)) = h(A) N T which is compact as the intersection of the compact set h(A)
with the closed set T'. To finish the proof of the lemma it suffices to see that f(ANg~1(F))
is the projection of the set h(AN g~ *(F)) on T. O

We give the following definition.

Definition 2.5. A family « of subsets of X is called a functional refinement if for every
A € a, every finite sequence Uy, ..., U, of open subsets of Y, and every f € C(X,Y) such

that A C ALnJlf_l(Ui), there exists a finite sequence Aj,..., A, of members of o which
1=

refines f~1(U1), ..., f 1 (U,) and whose union contains A.
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It is clear that every admissible family is a functional refinement family.

Proposition 2.6. Let X be a topological space, and (Y, p) be a metric space. Then, the

family of all Y -compact subsets of X is a functional refinement family.

Proof. Let A C X be an Y-compact set, {Uy,...,U,} a finite sequence of open subsets

of Y, and f € C(X,Y) such that A C 'Glf_l(Ui). For every y € f(A), there exist
1=

iy € {1,...,n} and £, > 0 such that B(y,e,) C U;,, where B(y,¢,) is the open ball with

center y and radius €,. Then the family {B(y,ey):y € f(A)} is an open covering of
m

f(A). From this covering, let us choose a finite subcover {B (yj,ayj)} ) and for each
]:

j = 1,...,m, let us choose some i,; such that B(y;,e,,) C Uiyj. By Lemma 2.4, the set
Aj=f1 (B(yj,z-:yj)) N A is Y-compact, for each j. Therefore, the family Ay, ..., 4, of

Y-compact subsets of X covers A and refines f~1(Uy), ..., f~1(U,) . Hence, the family of
all Y-compact subsets of X is a functional refinement. O

3. Coincidence of set open and uniform topologies

In this section, we study necessary and sufficient condition for the coincidence of the
set open topology and the uniform topology on C(X,Y) in the case when the family «
consists of closed Y-compact sets. We first give subbase for the space C,(X,Y') that help
us to study the comparison of these topologies.

Theorem 3.1. Let o be a functional refinement family consisting of Y -compact subsets
of X and B be an arbitrary base for Y. Then, the family

{[A,V]: A€ a,V € B}
is a subbase for the space Co(X,Y).

Proof. Let f € C(X,Y) and take a subbasic open neighborhood [K, U] of f in Cy(X,Y),
where K € o and U open in Y . The open set U will be written as the union of some
subfamily {V;: i € I} of B which covers f(K). Since f(K) is compact, there exists

n
n € N* such that f(K) C ‘le/;. Since « is a functional refinement, there exists a sequence
1=

K, ...., K, of members of o which refines {f‘l(Vi) : i =1,...,n} and whose union contains

K. For each j € {1,...,m}, let us choose i; € {1,...,n} such that K; C f~1(V;,). It is easy

to see that f € .F'Wll {Kj,ViJ} C [K,U]. O
J:

The following result was obtained in [11, Theorem 3.3].

Theorem 3.2. For every Hausdorff space X and any uniform cub-space (Y,U) the topology
on C(X,Y) induced by the uniformity Ula of uniform convergence on the saturation family

a coincides with the set open topology on C(X,Y), where Y has the topology induced by
U.

Because every equiconnected metric space is a cub-space, the following result follows
immediately from the above theorem.

Theorem 3.3. Let X be a topological space, and (Y, p) be an equiconnected metric space. If
a is a functional refinement family consisting of Y -compact subsets of X, then Cyo(X,Y) =
Cou(X,Y).

Corollary 3.4. Let X be a topological space, and (Y, p) be an equiconnected metric space.
If a is a family consisting of Y -compact subsets of X which contains all Y -compact subsets
of its elements, then Co(X,Y) = Cou(X,Y).
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We will now give a necessary and sufficient condition for which C2(X,Y) = Cp . (X,Y).
To this end, we will introduce, for a family « of subsets of X, the following family

ar = {A'/A" is Y-compact subset of X and 3JA € a: A’ C A}.
Proposition 2.6 leads us to the following corollary.

Corollary 3.5. If « is a family of Y -compact subsets of X, then the family aq is always
a functional refinement family.

We give a definition.

Definition 3.6. Let X and Y be two topological spaces. Let a and § be two families
of subsets of X. We will say that the quadruplet («, 3, X,Y) satisfies the property (P)
provided that for every A € «, every open subset U in Y, and every f € C(X,Y) such

that A C f~1(U) , there exist By, ..., B, € 8 with A C QlBi C f7YU).

From the above definition, we observe that if a family 3 approximates « then (o, 5, X, Y)
satisfies the property (P).

Lemma 3.7. Let o be a family of Y-compact subsets of X. Then « is a functional
refinement if and only if the quadruplet (o, a, X,Y) satisfies the property (P).

Proof. Suppose that « is a functional refinement family. We will show that (a1, a, X,Y)
satisfies the property (P). Let A" € o, U be an open subset of Y and f € C(X,Y’) such
that A’ C f~1(U). Let A € a, with A’ C A. If A C =1 (U) the proof is finished. If
A ¢ f71(U); then the family {f~1(f(A")), f~1(U)} is an open cover of A. Since « is a
functional refinement family, there exists a finite sequence Ay, ..., A,, of elements of o which
refines {f~1(f(A4")¢), f~1(U)} and whose union contains A. Put J = {i: 4; C f~1(U)}.
It is clear that A’ C ‘Uin c fYU).
1€

Conversely, suppose that (aq, o, X, Y') satisfies the property (P). Let A € o, {U1, ..., Uy, }

a finite family of open subsets of Y and let f € C(X,Y) such that A C .Linjlffl(Ui).

From Proposition 2.6, there exists a finite sequence Ay, ..., Ay, of Y—Compact;ubsets of
X which refines {f~1(U1), ..., f~1(Uy,)} and whose union contains A. We set A;» =A;N

A for each 1 < j < m. Then the subfamily {A},..., A} of a1 covers A and refines
f~YU),..., f1(Uy). For each j = 1,...,m, let us choose some i; such that A;- C fHU,).

By our hypothesis there is, for every j = 1,...,m, a finite family A; = {A{, ...,A{nj} of
m; .
members of a, such that A; C kL_legc C f—l(Uij). Put A = igﬂi. This is a finite family of

elements of a which covers A and refines f~1(U1), ..., f~1(U,). Therefore « is a functional
refinement family. O

Corollary 3.8. For any family o of Y-compact subsets of X, we have Co(X,Y) <
Cal (X7Y) = Ca1,U(X7Y) = Ca,u(X; Y)-

Let @ = {A: A € a}. We have the following result.

Proposition 3.9. Let X be a topological space, and (Y,p) be a metric space. For any
family o of Y-compact subsets of X, we have Cpo(X,Y) = Cqu(X,Y).

Proof. Let us prove that Cg ,(X,Y) = Cou(X,Y). Let Ac o,e >0and f € C(X,Y). As
A C A, we have <f,Z,5> C (f,A,e), then Co(X,Y) < Cz,(X,Y). Let <f,Z,6> be an
open subbasic set of Cg,(X,Y"). Let us show that (f, A,5) C <f, Z,5> .Let g€ (f, A %)

and z be an arbitrary point of the set A. Since g and f are continuous, then for every
e > 0, there exists a point y. € A such that p(f(z), f(ye)) < § and 6 (9(z),9(y:)) < §
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(this is possible, since f~H(B(f(x),5)) Ng *(B(g(z),§) is a neighborhood of the point

zand 2 € A). Hence p(f(x),9(x)) < p(f(x), (W) +p(f(y),9(¥) +p(9(2),9(v)) < &
therefore Cq (X,Y) < Cou(X,Y). O

Theorem 3.10. Let X be a topological space, and (Y, p) be an equiconnected metric space
with a bounded metric p and having a base B consisting of V—conver sets. Let o be a
family of closed Y -compact subsets of X. Then C2(X,Y) = Cou(X,Y) if and only if
is a functional refinement family.

Proof. If o is a functional refinement family, then by Theorems 3.1 and 3.3 we have
C2(X,Y) = Co(X,Y) = Cou(X,Y). Conversely, suppose that C2(X,Y) = Cpu(X,Y)
and let us show that « is a functional refinement family. From Lemma 3.7 it suffices to
prove that (a1, a, X,Y) satisfies the property (P). Let A’ € a3, f € C(X,Y) and let U
be an open subset in Y such that A" C f~1(U). Since f(A') is compact, there exists a
continuous function g : Y — [0, 1] such that g(f(A’)) = {1} and g(U®) = {0}. Take a
nontrivial path p in Y with p(0) # p(1), and put h = pogo f . Since the topologies of the
spaces Cq, o(X,Y) and Cq 4 (X,Y") coincide, the set (h, A’,€), where € is strictly inferior
to the distance between p(0) and p(1) in Y, is an open neighborhood of h in C, ,,(X,Y).
Moreover, since C2(X,Y) = Cp(X,Y) there exist A1, ..., A, € a and V4, ..., V;, € B such
that
he ALV C (hAe).

Equiconnectedness of Y leads us, by [12, Corollary 1], to the fact that A" C 'GlAi' We
1=

set I = {i:A; C f~Y(U)}. By the same argument as in [4, Theorem 3], it follows that
A C U A;. This means that (a1, a, X,Y) satisfies the property (P), and so the family «

is a functlonal refinement. OJ

Corollary 3.11. Let X be a topological space, and (Y, p) be an equiconnected metric space
with a bounded metric p and having a base B consisting of V——convexr sets. Let o be a
family of closed Y -compact subsets of X. Then C2(X,Y) = Cqa, (X,Y) if and only if a is
a functional refinement family.

4. Comparison of C,(X,Y) and Cs(X,Y)

In this section, we are going to compare the topologies of Cy(X,Y) and C3(X,Y’) when
«a and B are two families of Y-compact subsets of X.

Theorem 4.1. Let o and § be two families of subsets of X. If («, 8, X,Y) satisfies the
property (P), then Co(X,Y) < Cp(X,Y).

Proof. The proof is the same of [4, Theorem 5]. O

Theorem 4.2. Let « and 8 be two families of closed Y -compact subsets of X, and Y
be an equiconnected topological space having a base B consisting of W-convex sets. If
Co(X,Y) < CE(X,Y), then the quadruplet (o, B, X,Y) satisfies the property (P).

Proof. Let A € o, V an open subset in Y and f € C(X,Y) such that A C f~1(V).
Since f(A) is compact in Y, there exists a continuous function ¢g : Y — [0, 1] such that
g(f(A)) ={0} and g(V¢) = {1}; Let p: [0,1] = Y be a path in Y with p(0) # p(1), and
let h =pogo f. Let W € B which contains the point p(0) and does not contain p(1).
Then [A, W] is an open neighborhood of h in C2(X,Y"). Since the topology of CE(X, Y)
is finer than the topology of C(X,Y") , there exist By, ..., B, € 8 and Vi,...,V,, € B such
that

he 61 (B;,Vi] C [A, W].
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We have then A C CJIBZ-. Put I = {i: B; C f~1(V)}. As in the proof of Theorem 3.10,
1=

we obtain that A C 'UjBi and hence (a, 8, X,Y’) satisfies the property (P). O
(S

Corollary 4.3. Let a and 3 be two families consisting of closed Y -compact subsets of X,
and Y be an equiconnected topological space having a base B consisting of ¥-convex sets. If
B is a functional refinement family, then Co(X,Y) < C(X,Y) if and only if (o, B, X,Y)
satisfies the property (P).

5. Restriction map

In this section, we use the results obtained above to study and generalize some results
due to Arhangel’skii about the properties of the so-called restriction map on function
spaces. Let Z be a subspace of a topological space X. The restriction map 7z : C(X,Y) —
C(Z,Y) is defined by mz(f) = fiz for any f € C(X,Y). We begin by examining the
continuity of mz. The following result is stated in [3].

Proposition 5.1. [3, Proposition 1] Let X,Y be topological spaces, and Z be a subspace
of X. Let a be a network in X and B be a network in Z. If B C «, then the restriction
map 7z : Co(X,Y) = C3(Z,Y) is continuous.

Proposition 5.1 can be strengthened as follows.

Proposition 5.2. Let X,Y be topological spaces, and Z be a subspace of X. Let o be
a family of subsets of X and [ be a family of subsets of Z. If (B,a,X,Y) satisfies the
property (P), then w7 : Co(X,Y) — Cg(Z,Y) is continuous.

Proof. Let f € C(X,Y) and [B, V] be an open neighborhood of f|z in Cs(Z,Y), where
B Band V openin Y. Then B C f~Y(V). Since (3, o, X,Y) satisfies the property (P),
there exist Aj,..., A, € a such that B C 'QlAi C f~YV). Thus '61 [A;, V] is an open

neighborhood of f in Cy(X,Y). It is easy to see that 7rz(61 [A;,Vi]) C [B,V]. Therefore
Tz is continuous. - ]
Proposition 5.3. Let X,Y be topological spaces, and Z be a subspace of X. Let o be
a family of subsets of X and [ be a family of subsets of Z. If Z is dense in X and
(B,a, X,Y) satisfies the property (P), then mwz : Co(X,Y) = mz(Co(X,Y)) is a bijective
continuous map, i.e. a condensation.

Proof. Let f and g be distinct elements in C'(X,Y). The continuity of the functions f
and g and the fact that Z = X imply that f|; # gz. Hence mz(f) # 7z(g). This means
that w7 is one-to-one. By Proposition 5.2, 7z is continuous. ]

Corollary 5.4. Let X,Y be topological spaces, and Z be a subspace of X. Let o be a
family of subsets of X and B be a family of subsets of Z. If a approximates (3, then
7z : Co(X,Y) = C3(Z,Y) is continuous.

Let BC Z C X and V CY. Recall that [B,V] ={f € C(X,Y) : f(B) C V}; let us
denote by [B,V]z ={f € C(Z,Y) : f(B) C V}. For the converse of Theorem 5.2, we
have the following.

Proposition 5.5. Let X be topological space, Y an equiconnected topological space having
a base B consisting of W-convex sets, and Z be a subspace of X. Let a be a functional
refinement family consisting of closed Y -compact subsets of X and 3 be a family of closed
Y -compact subsets of Z. If mz : Co(X,Y) — Cg(Z,Y) is continuous, then (5,0, X,Y)
satisfies the property (P).
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Proof. By Corollary 4.3, it suffices to show that C3(X,Y) < Co(X,Y). Let f € C3(X,Y)
and [B, V] be an open neighborhood of it in Cg(X,Y’), where B € $ and V open in Y.
Then 77(f) = fiz € [B,V]z. The continuity of 77 leads to the existence of A, ..., A, €
and open subsets Vi, ..., V,, of Y such that

fe N4 vilc(BVl.
Hence C3(X,Y) < Co(X,Y), and so (5, a, X,Y") satisfies the property (P). O

Now, to find out when 7wz is open we first recall the following result obtained by
Arhangel’skii [2, Proposition 3| for the topology of poinwise convergence in the case Y = R.

Theorem 5.6. If Z is a closed subset od X, then mz maps the space Cp(X) openly onto
the subspace mz(Cp(X)) of Cp(2).

In order to study the openness of the restriction map when C(X,Y) and C(Z,Y) are
equipped with set open topologies, we will need the following lemmas.

Lemma 5.7. Let X be a topological space, and 'Y be an equiconnected space. Let K be
compact subset of X, I be closed subset of X, and let f: X — Y be a continuous function
such that f(K N F) CV, where V is an open VU-convexr subset of Y. Then there exists a
continuous function f1: X —Y such that f1(K) CV and fip = f|F-

Proof. We observe that V is pathwise connected. Let p : [0,1] — V be a path in
V. Put K; = Kn f~Y(V°) which is compact. Let ¢ : X — [0,1] be a continuous
function such that g(F) = {1} and g(K;) = {0}. Define the function f; : X — Y by
fi(z) = ¥(pog(z), f(2),9(z)) for each z € X. It is clear that f; is continuous, and one
can easily verify that fir = fjp and fi1(K) C V. O

Lemma 5.8. Let X be a topological space, Y an equiconnected space with equiconnecting
function VU, Z a subspace of X, o a family of compact subsets of X with ANZ = ANZ
for each A € a and let g € C(Z,Y) be a function continuously extendable over X. Let
Ay, .., Ay € a, and V4, ..., Vy, are V-convex open subsets of Y such that g(A; N Z) C V;
for each i = 1,...,n. Then there exists a continuous extension g’ : X —'Y of g such that
g (A;) CV; for eachi=1,....,n.

Proof. We proceed by recurrence. Let g € C(Z,Y), A € a and V be an open ¥-convex
subset of Y with g(ANZ) C V. By applying Lemma 5.7 with F' = Z and K = A, we
obtain a continuous extension ¢’ of g over X with ¢’(4) C V.

Suppose that the property is true up to n. We show that it remains true for n + 1; let
Ay, .y Api1 € a, and Vi, ..., V41 are U-convex open subsets of Y such that g(4;NZ) C V;
foreach i = 1,...,n+1, and let us show the existence of a continuous extension ¢’ € C(X,Y)
of g such that ¢'(A4;) C V; for each i = 1, ..., n. By our assumption, we have g((4;NA,+1)N
Z) CV; N Vpyy, for each i = 1,...,n. Then the family {A; N 4,41, ..., Ay N Ay} verifies
(A;NAps1)NZ = (A; N Apy1) N Z for each @ = 1,...,n. Therefore, by the recurrence
hypothesis, we find a function g; € C(X,Y) extending g and such that gy (4; N Apy1) C
ViN Vi, for each ¢ = 1,...,n. We set X1 = X U (Uj=;(A4; N A,41)). Clearly we have
A;N Xy =A4,NnX; and gll(Ai NX1) CV; for each i = 1,...,n. Applying Lemma 5.7 once
again for F' = X; and K = A, 1, we get an extension g, € C(X,Y) of g’llyl such that
99(Ans1) C Viyq. We observe that gy(A; N A,pq) C Vi, for each i. Again we put Xp =
X1UA,+1. Then, we have, for each i = 1,...,n, A;N Xs = A; N X5 and g/2(AZ- NXy) CV,.
By the recurrence hypothesis, there exists gé € C(X,Y) which extending gély2 such that
g;)(Ai) C V;, for each i = 1,...,n, and we have gé(AnH) = g’Q(AnH) C Vpy1- Whence
g = gé is our required function. O



Comparison of some set open and uniform topologies... 25

Lemma 5.9. Let X be a topological space, Z a subspace of X, o and 8 are two families
of compact subsets of X and Z, respectively. If B approximates oz then ANZ =ANZ
for each A € a.

Proof. Suppose that there exists A € a such that AN (Z\ Z) #0. Let z € AN (Z\ Z).
Then there is no member of § for which x belongs. Therefore AN Z does not contained in
any finite union of members of 3; this contradicts the fact that 8 approximates a7 O

Theorem 5.10. Let X be a topological space, Z a subspace of X, and Y is an equicon-
nected space with a base B consisting of V-convex sets. Let o be an admissible family of
compact subsets of X and B be a family of compact subsets of Z. If B approximates a7,

then my is an open map from Co (X,Y) onto the subspace 77(Cq (X,Y)) of C3(Z,Y).

Proof. Let NI, [A;, Vi], where Aj,..., A, € a and V1, ..., V,, € B, be a basic open subset
of Co (X,Y) and f € 7z (NI [Ai, Vi]). Let f/ € C(X,Y) be an extension of f over X
such that " € N, [A;, Vi] . Since 8 approximates a7, there exists, for each i =1,...,n, a
finite subfamily 3; of 8 such that

AnZc|J{B:Bep}c (V).
Then

fe (ﬂ N [B,m) 7z (C(X,Y)) =W.
i=1 BEB;

We have W C 7z (NI, [Ai, Vi]) . Indeed, let g € W. Because g(J{B : B € #;}) C V;, then

g(A; N Z) C V; for every i = 1,...,n. Also, from Lemma 5.9, we have ANZ = ANZ

for each A € . Then, by Lemma 5.8, there exists a function ¢’ € C'(X,Y’) which agrees

with g on Z and belongs to N}, [4;, Vi] . We have then g € w7z (N}, [4;, V;]) . Therefore

W C mz (N [Ai, Vi]), which means that 7z : Cy (X,Y) — 12(Cq (X,Y)) is open. O

Lemma 5.11. Let X be a topological space, Z a subspace of X, and o, 3 are two fam-
ilies of compact subsets of X and Z, respectively. Let'Y be an equiconnected T1-space,
with equiconnecting function V. If w7 is an open map from Cy (X,Y) onto the subspace
72(Co (X,Y)) of C5(Z,Y), then ANZ = ANZ for each A € a.

Proof. Suppose that there exists A € a such that AN(Z\Z) # 0. Let x € AN(Z\Z). Let
p:[0,1] = Y be a path in Y with p(0) # p(1) and put V =Y \ {p(0)}. Let f € nz([4,V]),
then we have f = f"Z for some f' € [A,V]. Since mz : Cp, (X,Y) = 72(Cy (X,Y)) is open,
there exist By, ..., B, € f and V4, ..., V,, open subsets in Y such that

f e (1B Vi) Nz (C(X.Y)) € 7z (A V).
=1

Since z € AN(Z\ Z), we have z ¢ U, B;. Complete regularity of X gives us a continuous
function h : X — [0,1] such that h(z) = 0 and h(U}_;B;) = {1}. Consider the function
hi : X — Y defined by hi(z) = ¥(po h(z2), f'(2),h(z)) for each z € X. Tt is clear

that hy is continuous, h1 (Ui B;) € V and hi(x) = p(0) ¢ V. So hy|; € (F] [B;,Vi])) N
i=1

7z (C(X,Y)) and hy does not belong to [A, V]. Assume that h,|; admits another extension

hy € C(X,Y). By continuity we have hyz = hyz. Thus hi(z) = ha(z) ¢ V, and so

ha ¢ [A,V]. This leads that no continuous extension of hyj; over X belongs to [A, V],

which contradicts the fact that (( [B;, Vi]) N7z (C(X,Y)) C 7z ([A, V]). Hence, we have
i=1
ANZ=ANZ for every A € a. O
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Theorem 5.12. Let X be a topological space, Z a subspace of X, andY is an equiconnected
Ty -space with a base B consisting of W-convex sets.Let o be a family of compact subsets
of X and (B an admissible family of compact subsets of Z. If wz is an open map from
Ca (X,Y) onto the subspace mz(Co (X,Y)) of Cg(Z,Y), then [ approximates o7

Proof. Notice first that, from Lemma 5.11, we have ANZ = AN Z for every A € a.
Furthermore, C3 (Z,Y) = Cg (Z,Y) because [ is a functional refinement family. Let
A € o, G an open subset of Z with ANZ = AN Z C G. let Gy be an open subset in X
with G1 N Z = G. Now the subset Go = G; U (X\Z) , which is open in X, contains A
and verifies GoNZ =G NZ =G. Let f: X — [0,1] be a continuous function such that
f(A) = {1} and f(X\G2) = {0}. Let V =Y \ {p(0)}, where p is a path in Y, and put
g=po f. Then g~ (V) C Gy. Thus g|_Zl(V) C G. Consider in C, (X,Y) the subbasic
open subset [A,V]. We have then g € [A,V]. Thus 77 (g9) = gz belongs to 7z ([4,V])
which is open in 7z (C (X,Y)), by our assumption. Therefore, there exist By, ..., B, €
and open sets Vi, ..., V,, € B such that

91z € (M= [Bi, Vi) Nz (C(X,Y)) C 7z ([A,V])

By the same reasoning as in the proof of Lemma 5.11, we obtain that ANZ = AN Z C
U, B;. To continue our proof we will introduce the following notation. By B! we denote
a subset B C X , and by B its complementary in X, i.e., B®. Let J = {1,...,n} and
define the following set

A:{(él,ég,..., ) € {0,131\ {(0 (ﬂB5)m(AmZ)7é¢}.

i€J

We have then
AmZ:AmZgU{ﬂB}ﬂ&wﬁmeA}
i=1

Fixing an element (d1,...,,) in A and let us show that (5,_; Vi € V. Assume the
contrary. Let yo € Ns—1 Vi \ V. Let o € (ﬂz’ej B?i) N(ANZ), then zg ¢ (Us,—o Bi)
and g(wg) € (s,=1 Vi- By continuity of g and the fact that z¢ ¢ (Us,=0B;), we can take an
open neighborhood U of xq such that g(U) C Ns,—; Vi and U N (Us,—¢ Bi) = (. Consider a
continuous function ¢ : X — [0, 1] such that ¢(z¢) = 0 and ¢(U¢) = {1},and 0 < p(z) <1
for all z € X. Then the function h : X — Y defined by h(z) = ¥(yo, g9(x), p(z)), for all
z € X, is continuous and h; does not belong to 7z ([A, V]) because h(zo) = yo. But h|; €
(N, [B;, Vi]) N7z (C(X,Y)). In fact, if z € B;NU then h(z) = ¥(yo,g(z), p(z)) € Vi,
because V; is W-convex subset, for each 1 < i < n. If x € B; \ U, then h(x) = g(z) € V; for
each ¢ with 1 < ¢ < n. This gives us a contradiction, so we have (5, _, V; € V. Moreover,

since ;g Bi C Ns,=1 Biand A C U {mz‘ej Bz‘-S /(6;) € A} we obtain that

AmZgU{ﬂl?/ eA}CfZ(y

Moreover, the admissibility of 5 gives us, by [4, Lemma 1] , that for each (9;) € A, there
exist (s, finite subfamily of 8 such that

N B.cU{B:BeBs} ).
si=1

Hence
AnZ=Anzc U (U Bcrfvca
(6;)en BEB(%)
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Thus, we have [ approximates 7. O

Corollary 5.13. Let X be a topological space, Z a subspace of X, and Y is an equicon-
nected T1-space with a base B consisting of V-convex sets.Let o be an admissible family
of compact subsets of X and 8 an admissible family of compact subsets of Z. Then 7wz is
an open map from Cqo (X,Y') onto the subspace m7(Co (X,Y)) of C3(Z,Y) if and only if
B approximates .
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