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Null controllability of heat equation with switching
controls under Robin’s boundary condition

Ali Hamidoğlu∗

Abstract
In this paper, we consider the null controllability of 1-d heat equation
endowed with Robin’s boundary conditions, when the operator − d2

dx2

has positive eigenvalues and try to find sufficient conditions for build-
ing switching controls. In [1], the author developed a first analysis of
this problem with Dirichlet’s boundary conditions and obtain sufficient
conditions for switching controls. We firstly consider 1-d heat system
endowed with two controls. Then we try to build switching control
strategies guaranteeing that, at each instant of time, only one control
is activated.
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1. Introduction
First of all, we define the general problem of controllability in PDEs. Meanly, it

consists in investigating whether the solution of the PDE can be driven to a given final
target by means of a control. More precisely, the controllability problem may be defined
as follows. Consider an evolution system with given a time interval t ∈ (0, T ), initial
and final states. We try to find a suitable control such that the solution matches both
the initial state at time t = 0 and the final one at time t = T . This is a type of
exact controllability problem. There are other type of controllability problems beside
that exact one. For instance, when the final target is achieved to zero, then the system
is null controllable or when the set of reachable states (set of final targets) is dense
in the space where the evolution system is satisfied, then the system is approximate
controllable. These different concepts coincide in finite dimensional space. Because, in
finite-dimensional space the only close affine dense subspace is the whole space itself.
But this is no longer the case in the context of PDE. Indeed, in infinite- dimensional
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spaces we can easily find strict dense subspaces, while in finite-dimension they do not
exist. These are classical problems in control theory and there is a large literature on the
topic. We refer for instance to the book by Lee and Marcus [8] for an introduction in
the context of finite-dimensional systems. We also refer to the survey article by Russell
[5], the articles by Zuazua [3, 4] and to the SIAM Review article and the book of Lions
[6, 7] for an introduction to the controllability of PDE, also referred to as Distributed
Parameter Systems.

This paper deals with some of new results in null controllability of 1-d heat equation
with switching controls under Robin’s boundary condition. We firstly consider the 1-d
heat equation endowed with two boundary controls and lumped controls under Robin’s
boundary condition, when the operator − d2

dx2
has positive eigenvalues respectively, and

then we will obtain sufficient conditions for building switching controls. To do this
we introduce a new functional based on the adjoint system whose minimizers yield the
switching controls. We show that, due to the time analyticity of solutions, under suitable
conditions on the location of the controllers, switching control strategies exist in the 1-d
heat equation under Robin’s boundary condition.

2. Boundary Controls
Consider the heat equation in the space interval (0, 1) with two controls located at

the extremes x = 0, 1 and satisfying Robin’s boundary condition (RBC)

(2.1)


yt − yxx = 0, 0 < x < 1, 0 < t < T,

yx(0, t)− a0y(0, t) = u0(t), 0 < t < T,

yx(1, t) + a1y(1, t) = u1(t), 0 < t < T,

y(x, 0) = y0(x), 0 < x < 1.

We consider the problem of null controllability. More precisely, given an initial datum
y0 ∈ L2(0, 1) we look for controls u0(t), u1(t) ∈ L2(0, T ) such that y(x, T ) = 0 and
satisfying switching property

(2.2) u0(t)u1(t) = 0, a.e. t ∈ (0, T ).

It is worth to mention the fact that whenever a system is controllable, the control can
be constructed by minimizing a suitable quadratic functional defined on the class of so-
lutions of the adjoint system (see e.g. [1], [3], [4]).

For ϕ0 in L2(0, 1), we consider the solution ϕ : [0, 1] × [0, T ] → C([0, T ], L2(0, 1)), of
the following backward Cauchy linear problem†

(2.3)


ϕt + ϕxx = 0, 0 < x < 1, 0 < t < T,

ϕx(0, t)− a0ϕ(0, t) = 0, 0 < t < T,

ϕx(1, t) + a1ϕ(1, t) = 0, 0 < t < T,

ϕ(x, T ) = ϕ0(x), 0 < x < 1.

This linear system is called the adjoint system corresponding to the 1-d heat equation
with Robin’s boundary condition. We know that (see e.g. [2]) the Fourier representation
of solutions of the adjoint system with positive eigenvalues are of the form:

(2.4) ϕ(x, t) =
∑
k≥1

βke
µ2
k(t−T )ωk(x)

†The class of solutions ϕ of backward Cauchy linear problem is class of smoother functions.
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where

(2.5) ωk(x) = cosµkx+
a0
µk

sinµkx.

Now, for obtaining switching controls, we consider the following quadratic functional
(see, e.g. [1]),

(2.6) Jαs (ϕ
0) =

1

2

∫ T

0

max
{
|ϕ(0, t)|2, |αϕ(1, t)|2

}
dt+

∫ 1

0

y0(x)ϕ(x, 0)dx

where α ∈ R and minimize (2.6) over the class H of initial data given by

H = {ϕ0 :

∫ T

0

[
|ϕ(0, t)|2 + |ϕ(1, t)|2

]
dt <∞}

where ϕ(x, t) is the solution of the adjoint system (2.3) associated to the final state ϕ0.
This space endowed with the canonical norm

||ϕ0||H =
[ ∫ T

0

|ϕ(0, t)|2 + |ϕ(1, t)|2dt
] 1

2
.

constitutes a Hilbert space. Let us analyse the positivity of the norm ||ϕ0||H in space H.
Here we will use (2.4), (2.5) as a Fourier representation of the solution of (2.3). Therefore
we have

(2.7)
∫ T

0

|ϕ(0, t)|2 + |ϕ(1, t)|2dt ≥
∫ T

0

|ϕ(0, t)|2dt =
∫ T

0

∣∣∣∑
k≥1

βke
µ2
k(t−T )

∣∣∣2dt
Observe that

||ϕ(x, 0)||2L2(0,1) =

∫ 1

0

ϕ2(x, 0)dx =

∫ 1

0

∣∣∣∑
k≥1

βke
−µ2

kTωk(x)
∣∣∣2dx

≤ C
∑
k≥1

β2
ke
−2k2T(2.8)

where C > 0, which is independent from {βk}k≥1.
Now, we will give very important lemma on families of real exponentials. This lemma is
known as estimates on families of real exponentials (see, e.g. [1],[4]).

2.1. Lemma. In our case, it is guaranteed that∫ T

0

∣∣∣∑
k≥1

βke
k2(t−T )

∣∣∣2dt ≥ c1∑
k≥1

e−2k2Tβ2
k

for suitable positive constants c1 > 0 which is independent from {βk}k≥1.

By using Lemma 2.1 in (2.7) and comparing with inequality (2.8), we will have the
following observability inequality:

(2.9) ||ϕ(x, 0)||2L2(0,1) ≤ Ĉ
∫ T

0

|ϕ(0, t)|2 + |ϕ(1, t)|2dt

for positive constant Ĉ > 0 which is independent from {βk}k≥1.
The functional Jαs : H −→ R is well defined, continuous, and strictly convex.‡ For
checking the coercivity property, one should prove that

lim
||ϕ0||

L2(0,1)
→∞

Jαs (ϕ
0)

||ϕ0||L2(0,1)

≥ ε.

‡This comes from the observability inequality (2.9)
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For this to be true, the unique continuation property of the adjoint system (2.3) suffices
(see e.g. [1]). Namely,

(2.10) µ{t ∈ (0, T ) : |ϕ(0, t)| = |ϕ(1, t)|} > 0⇒ ϕ ≡ 0.

2.2. Lemma. Assume that

(2.11) |α| 6=
[µ2

k + a21
µ2
k + a20

] 1
2
, ∀k ≥ 1,

holds. Then, (2.10) satisfy for solution of the adjoint system (2.3).

Proof. Firstly, assume that µ{t ∈ (0, T ) : |ϕ(0, t)| = |ϕ(1, t)|} > 0. We show that under
the assumption of (2.11), we have ϕ ≡ 0. We know that (see e.g. [2]) positive eigenvalues
{µk}k≥1 of adjoint system (2.3) satisfy eigenvalue equation:

(2.12) tan(µk) =
(a0 + a1)µk
µ2
k − a0a1

and also we would have

(k − 1)π < µk < kπ and lim
k→∞

µk − (k − 1)π = 0, (k = 1, 2, 3, 4, ...).

Now assume that µ(I) > 0, using again the Fourier representation of solution (2.4) of
(2.3), we have

ϕ(0, t)± αϕ(1, t) =
∑
k≥1

βke
µ2
k(t−T )(1± α(cosµk +

a0
µk

sinµk)).

The function ϕ(0, t) ± αϕ(1, t) is time analytic for t ≤ T . Consequently, if they vanish
for a set of time instants of positive measure, then they vanish for all t ≤ T . It is then
easy to see, by multiplying above identity by the real exponentials e−η

2(t−T ) successively,
starting from η = 1 and taking limits as t→ −∞ that

βk(1± α(cosµk +
a0
µk

sinµk)) = 0, ∀k ≥ 1.

To conclude that βk = 0 for all k ≥ 1, it is sufficient to have that

(2.13) 1± α(cosµk +
a0
µk

sinµk) 6= 0

Assume the converse of (2.13), then we have

α(cosµk +
a0
µk

sinµk)± 1 = 0 ⇐⇒ [α(cosµk +
a0
µk

sinµk)]
2 = 1

⇐⇒ α2(1 + 2
a0
µk

tanµk +
a20
µ2
k

tan2 µk) = 1 + tan2 µk

Now using eigenvalue equation (2.12) and after some simplification, finally we obtain the
following

α2(µ2
k + a20) = (µ2

k + a21).

Therefore to obtain the unique continuation property, it is suffice to assume that

|α| 6=
[µ2

k + a21
µ2
k + a20

] 1
2
, ∀k ≥ 1.

�
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Therefore, by using Lemma 2.2, we have that Jαs admits an unique minimizer ϕ̂0 ∈ H.
As a result, by using variational approach, we find our switching controls:

u0(t) = −ϕ̂(0, t)1S0 , u1(t) = α2ϕ̂(1, t)1S1 for t ∈ (0, T )(2.14)

where

S0 = {t ∈ (0, T ) : |ϕ(0, t)| > |αϕ(1, t)|}
S1 = {t ∈ (0, T ) : |αϕ(1, t)| > |ϕ(0, t)|}.

At the end, we obtain the following new result

2.3. Theorem. Given 1-d heat equation (2.1) under Robin’s boundary condition, when
the operator − d2

dx2
has positive eigenvalues, to obtain null controls that satisfying switching

property (2.2), it is sufficient to assume that α satisfies the following relation

|α| 6=
[µ2

k + a21
µ2
k + a20

] 1
2
, ∀k ≥ 1.

3. Lumped Controls
Let f0(x) and f1(x) be control profiles in L2(0, 1). Consider the following heat equation

(3.1)


yt − yxx = u0(t)f0(x) + u1(t)f1(x), 0 < x < 1, 0 < t < T,

yx(0, t)− a0y(0, t) = 0, 0 < t < T,

yx(1, t) + a1y(1, t) = 0, 0 < t < T,

y(x, 0) = y0(x), 0 < x < 1.

Here, we would consider the same problem, i.e., given an initial datum y0 ∈ L2(0, 1)
we are looking for controls u0(t), u1(t) ∈ L2(0, T ) such that null controllability of heat
equation holds, i.e, y(x, T ) = 0 and switching condition satisfies:

(3.2) u0(t)u1(t) = 0, a.e. t ∈ (0, T )

The null control of 1-d heat equation may be computed by minimizing the quadratic
functional (see e.g. [1]),

Ĵs(ϕ
0) =

1

2

∫ T

0

max
[∣∣∣ ∫ 1

0

f0(x)ϕ(x, t)dx
∣∣∣2, ∣∣∣ ∫ 1

0

f1(x)ϕ(x, t)dx
∣∣∣2]dt

–
∫ T

0

y0(x)ϕ(x, 0)dx

over the class H̃ of initial data given by

H̃ = {ϕ0 :

∫ T

0

[∣∣∣ ∫ 1

0

f0(x)ϕ(x, t)dx
∣∣∣2 + ∣∣∣ ∫ 1

0

f1(x)ϕ(x, t)dx
∣∣∣2]dt <∞}

which endowed with the canonical norm

||ϕ0||2
H̃

=

∫ T

0

[∣∣∣ ∫ 1

0

f0(x)ϕ(x, t)dx
∣∣∣2 + ∣∣∣ ∫ 1

0

f1(x)ϕ(x, t)dx
∣∣∣2]dt

At first, we will show that || · ||H̃ actually defines norm on H̃. For this, it is enough to
show the positivity of || · ||H̃. Observe that

||ϕ0||2
H̃

=

∫ T

0

[∣∣∣∑
k≥1

βke
µ2
k(t−T )f0,k

∣∣∣2 + ∣∣∣∑
k≥1

βke
µ2
k(tT )f1,k

∣∣∣2]dt
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where

f0(x) =
∑
k≥1

f0,kωk(x), f1(x) =
∑
k≥1

f1,kωk(x),

and using Lemma 2.1, we then get the following weighted observability inequality

(3.3) ||ϕ0||2
H̃
≥ c1

∑
k≥1

e−2µ2
kT
[
|f0,k|2 + |f1,k|2

]
β2
k

where positive constant c1 is independent from {βk}k≥1.

In addition, since (3.1) is well posed, the functional Ĵ(ϕ0) is obviously continuous in H̃,
the convexity (strictly) of Ĵ(ϕ0) comes from the weighted observability inequality (3.3).
As we know that (see e.g. [3]) null controllability in time T implies (finite) approximate
controllability in time T . This comes form the fact that all the range of the semi-group
generated by the heat equation is reachable. Therefore, we first prove the approximate
controllability of the heat system in time T under some conditions. For this, we will con-
struct the new functional very similar with previous one Ĵs and with the same coercivity
property, allows building approximate controllers: for any ε > 0 and any y1 ∈ L2(0, 1)

Ĵε(ϕ
0) =

1

2

∫ T

0

max
[∣∣∣ ∫ 1

0

f0(x)ϕdx
∣∣∣2, ∣∣∣ ∫ 1

0

f1(x)ϕdx
∣∣∣2]dt

+ ε||(I − πE)ϕ0||L2(0,1) +

∫ 1

0

ϕ0y1dx−
∫ 1

0

y0(x)ϕ(x, 0)dx

where E is finite dimensional subspace of L2(0, 1) and πE denotes the ortogonal projection
from L2(0, 1) over E.

Our aim is to build approximate lumped controls that satisfy switching property (3.2).
In other words, given ε > 0, we try to find (finite) approximate controls uε0 and uε1 such
that the solution yε of heat equation satisfies the condition

||yε(x, T )||L2(0,1) ≤ ε.

3.1. Lemma. Assume that the following unique continuation property

(3.4) µ
{
t ∈ (0, T ) :

∣∣∣ ∫ 1

0

f0(x)ϕ(x, t)dx
∣∣∣ = ∣∣∣ ∫ 1

0

f1(x)ϕ(x, t)dx
∣∣∣} > 0⇒ ϕ ≡ 0.

holds. Then the heat system (3.1) is approximate controllable.

For the proof of Lemma 3.1, one should first prove that the functional Ĵε is coercive in
H̃ which directly comes from the assumption (3.4) and at the end, by using variational
approach, one could easily get approximate controls for (3.1) (see e.g. [3]). Therefore,
from Lemma 3.1, to get approximate controls, we should prove (3.4). Using (2.4), we
have ∫ 1

0

f0(x)ϕ(x, t)dx±
∫ 1

0

f1(x)ϕ(x, t)dx =
∑
k≥1

βke
µ2
k(t−T )(f1,k ± f0,k).

The function
∫ 1

0
ϕ(x, t)(f0(x) ± f1(x))dx is time analytic for t ≤ T . Consequently, if

they vanish for a set of time instants of positive measure, then they vanish for all t ≤ T .
It is then easy to see, by multiplying above identity by the real exponentials e−η

2(t−T )

successively, starting from η = 1 and taking limits as t→ −∞, that

βk(f1,k ± f0,k) = 0, ∀k ≥ 1.

To conclude that βk = 0 for all k ≥ 1, it is sufficient to assume that

(3.5) f1,k ± f0,k 6= 0 ∀k ≥ 1.
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Therefore under the condition (3.5), our functional Ĵε admits an unique minimizer ϕ̂0 ∈
H̃. For every ε > 0, by using variational approach, we will obtain approximate switching
controls. We would like to say that for each ε > 0, we must have the fact that uε0(t) and
uε1(t) are uniformly bounded in L2(0, T ). But under the condition on Fourier coefficients
of the initial datum y0

(3.6)
∑
k≥1

e2µ
2
kT

|f1,k|2 + |f2,k|2
|y0k|2 <∞

being satisfied, by using weighted observability inequality (3.3) one could easily prove
that uε0(t) and uε1(t) are uniformly bounded in L2(0, T ). Hence at the end, by using
variational approach we obtain the following switching controls

u0(t) = −
∫ 1

0

f0(x)ϕ̂(x, t)dx, u1(t) = 0, in S0(3.7)

u1(t) = −
∫ 1

0

f1(x)ϕ̂(x, t)dx, u0(t) = 0, in S1(3.8)

where

S0 = {t ∈ (0, T ) :
∣∣∣ ∫ 1

0

f0(x)ϕ̂(x, t)dx
∣∣∣ > ∣∣∣ ∫ 1

0

f1(x)ϕ̂(x, t)dx
∣∣∣}

S1 = {t ∈ (0, T ) :
∣∣∣ ∫ 1

0

f1(x)ϕ̂(x, t)dx
∣∣∣ > ∣∣∣ ∫ 1

0

f0(x)ϕ̂(x, t)dx
∣∣∣}.

In conclusion, we obtain the following new result

3.2. Theorem. Assume that f0(x) and f1(x) are two control profiles in L2(0, 1) and
their Fourier coefficients satisfying (3.5). Let Fourier coefficients of the initial datum y0

satisfy (3.6). Then, for all T > 0, there exist switching controls (3.7) and (3.8) satisfying
our switching condition (3.2) and solution of (3.1) satisfies

y(x, T ) = 0,

i.e, null controllability is satisfied.
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