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Differential identities on Jordan ideals of rings
with involution
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Abstract

In this paper we investigate generalized derivations satisfying certain
differential identities on Jordan ideals of rings with involution and dis-
cuss related results. Moreover, we provide examples to show that the
assumed restriction cannot be relaxed.
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1. Introduction

Throughout this paper, R will represent an associative ring with center Z(R). Recall
that R is 2-torsion free if 2z = 0 yields x = 0. The ring R is prime if a Rb = 0 implies a = 0
or b = 0. An additive map * : R — R is an involution if (zy)* = y*z* and (z*)* =z
for all z,y € R. If R admits an involution *, then R is *-prime if aRb = aRb* = 0 forces
a = 0orb=0. It is straightforward to check that a x-prime ring is necessarily semiprime,
that is xRz = 0 forces * = 0. Furthermore, every prime ring having an involution * is
x-prime, but the converse need not be true in general. For example, if R° denotes the
opposite ring of a prime ring R, then R x R° equipped with the exchange involution
*eg, defined by *ez(z,y) = (y, ), 1S *ez-prime but not prime. This example shows that
every prime ring can be injected in a *-prime ring and from this point of view *-prime
rings constitute a more general class of prime rings.

In all that follows Sa.(R) = {# € R : z* = £z} will denote the set of symmetric
and skew-symmetric elements of R. We will write for all z,y € R, [z,y] = 2y — yz and
x oy = xy + yz for the commutator and anticommutator, respectively. An additive sub-
group U of R is a Lie ideal if [z,7] € U for all z € U and r € R. An additive subgroup
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J of R is a Jordan ideal if z or € J for all z € J and r € R. Moreover, if J* = J, then
J is called a x-Jordan ideal. We shall use without explicit mention the fact that if J is
a Jordan ideal of R, then 2[R, R]J C J and 2J[R,R] C J (|7], Lemma 1). Moreover,
From [1] we have 4jRj C J, 4j°R C J and 4Rj* C J for all j € J. An additive mapping
d : R — R is a derivation if d(zy) = d(z)y + zd(y) for all z,y € R. Many results
in literature indicate how the global structure of a ring R is often tightly connected to
the behavior of derivations defined on R. More recently several authors consider simi-
lar situation in the case the derivation d is replaced by a generalized derivation. More
specifically an additive map F' : R — R is a generalized derivation if there exists a
derivation d such that F(zy) = F(x)y + zd(y) for all z,y € R. Basic examples of gen-
eralized derivations are the usual derivations on R and left R-module mappings from
R into itself. Generalized derivations have been primarily studied on operator algebras.
Therefore any investigation from the algebraic point of view might be interesting (see for
example [2]| and [8]).

Recently many authors have studied commutativity of prime and semiprime rings ad-
mitting suitably constrained additive mappings, as automorphisms, derivations, skew
derivations and generalized derivations acting on appropriate subsets of the rings. More-
over, many of obtained results extend other ones proven previously just for the action of
the considered mapping on the whole ring. In this paper we continue the line of investi-
gation regarding the study of commutativity for rings with involution satisfying certain
differential identities involving generalized derivations acting on Jordan ideals.

2. Differential commutator identities
In 2002 Rehman [9] established that if a 2-torsion free prime ring admits a general-

ized derivation F' associated with a nonzero derivation such that F<[$, y]> = [z,y] (or

F ([x, y]) = —[xz,y]) for all z,y in a nonzero square closed Lie ideal U, then U C Z(R).

Quadri et al. [8], without 2-torsion freeness hypothesis, proved that a prime ring must be
commutative if it admits a generalized derivation F', associated with a nonzero deriva-

tion, such that F([w,y]) = [z,y] (or F([m,y]) = —[z,y]) for all z,y in a nonzero

ideal I. Motivated by the above results, in this section we explore the commutativity of
a #-prime ring R in which the generalized derivation I’ satisfies similar identities on a
x-Jordan ideal. We shall conclude this section with an application of our results which
extend results of [8] and [9] to Jordan ideals with the additional assumption that the ring
R be 2-torsion free.

We begin with the following known results which will be used extensively to prove our
theorems.

1. Lemma. ([3], Lemma 2) Let R be a 2-torsion free *-prime ring and J a nonzero
*-Jordan ideal of R. If aJb=a"Jb=0 (or aJb=aJb* =0), then a=0o0r b=0.

2. Lemma. ([5], Lemma 3) Let R be a 2-torsion free #-prime ring and J a nonzero
x-Jordan ideal. If d is a derivation such that d(z*) = 0 for all x € J, then d = 0.

3. Lemma. Let R be a 2-torsion free *-prime ring and J a nonzero *-Jordan ideal of
R. If R admits a nonzero derivation d such that [[r,s],y]Jd(y*) = 0 for all r,s € R and
y € J, then JN Z(R) # {0}.

Proof. Assume that J N Z(R) = {0}. We have
(2.1)  [[r,s],y]Jd(y*) =0 forall y € J, r,s € R.
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Let y € J N Sa.(R); then (2.1) implies that

[[r, s], )" Jd(y*) = 0

and combining this equation with (2.1), then Lemma 1 yields that either d(y?) = 0 or
[[r, s],y] = 0. Suppose

(2.2) [[r,s],y] =0 for all r,s € R.
Substituting sy for s in (2.2) we get
0 = [[r, syl y] = sllr,yl, yl + [s, y][r, u] + [ 5], yly
and employing (2.2) we find that
(2.3) [s,y][r,y] =0 for all r;s € R.
Replacing r by rs in (2.3) we get [s,y|r[s,y] = 0 and thus
(2.4)  [s,y]R[s,y] =0 for all s€ R.

In view of semi-primeness of R, equation (2.4) assures that y € Z(R) and thus y = 0.
Accordingly

(2.5)  d(y®) =0 for all y € JN Sa.(R).

Lety € J,asy*—vy, y*+y € JNSa.(R), then (2.5) forces d(y?) = —d((y*)?). Substituting
y* for y in (2.1) we obtain

[[r,s],y*]Jd(y*) = 0 for all r,s € R.
In particular,

[[r*,s*],y"]Jd(y*) = 0 for all r,5s € R
which implies that
(2.6)  [[r,s],y]"Jd(y*) =0 forall y€J, r,s€R.

Combining (2.1) and (2.6), we conclude that d(y*) = 0 or [[r, s],y] = 0 which, as above,
leads to d(y?) = 0. Consequently,

d(y®) =0 forall y € J

and Lemma 2 assures that d = 0 which contradicts our hypothesis. O

1. Theorem. Let R be a 2-torsion free *-prime ring and J be a nonzero *-Jordan ideal
of R. If R admits a generalized derivation F' associated with a nonzero derivation d such

that F([m, y])) = [z,y] for all z,y € J, then R is commutative.

Proof. Assume that

(2.7) F([w,y]) = [z,y] forall z,y € J.

Replacing z by 42y? in (2.7) we get F([m,y]y2> = [z, y]y* and thus

(2.8) [z,y]d(y?) =0 for all z,y € J.

Substituting 2[r, s]z for = in (2.8), where r,s € R, we find that [[r, s], y]zd(y?) = 0 and
therefore

(2.9)  [[r,s],y]Jd(y*) =0 forall y€J and r,s € R.
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In view of (2.9), application of Lemma 3 assures that J N Z(R) # {0}. Replacing z by
42w in (2.7), where 0 # u € J N Z(R), we get

(2.10) F<[2x2,y]u) = [22°,yJu for all z,y € J.

Using (2.7), equation (2.10) yields [2?,y]d(u) = 0 and thus
(2.11)  [2*,y]Jd(u) =0 for all z,y € J.

Since J is a *-ideal, (2.11) forces

(2.12)  [z*,y]"Jd(u) =0 for all z,y € J.

Combining (2.11) and (2.12), Lemma 1 yields d(u) = 0 or [z*,y] = 0 for all z,y € J.
If [#2,y] = 0 for all 2,y € J, then R is commutative by proof of Theorem 3 in [4].

2

If d(u) = 0, then replacing x by 4ru® in (2.7) we obtain F([r, ylu® | = [r,y]u® and thus

(F([T, yl) —[r, y])u2 =0.

Accordingly

(2.13) (F([r, y]) —Ir, y])Ju2 =0 forall y€ J,reR.

As 0 # u* € JN Z(R), then a similar reasoning as above leads to
(2.14) (F([r, y]) —[r y])J(uQ)* =0 forall y€ Jr€R.

In view of Lemma 1, (2.13) together with (2.14) forces

(2.15) F([r, y]) =[r,y] forall yeJ and r € R.

Substituting ry for r in (2.15) we get

(2.16) [r,yld(y) =0 forall y € J and r € R.

Replacing r by rs in (2.16), where s € R, we obtain [r,y]sd(y) = 0 so that
(2.17) [r,y]Rd(y) =0 forall y€J and r € R.

Once again using the proof of Theorem 3 in [4], from equation (2.17) it follows that R is
commutative. O

As an application of Theorem 1, the following theorem extends ([9], Theorem 3.3) and
([8], Theorem 2.1 ) to Jordan ideals.

2. Theorem. Let R be a 2-torsion free prime ring and J be a nonzero Jordan ideal of
R. If R admits a generalized derivation I’ associated with a nonzero derivation d such

that F([m, y]> = [z,y] for all z,y € J, then R is commutative.

Proof. Assume that F' is a generalized derivation associated to a nonzero derivation d
such that F([m,y]) = [z,y], for all z,y € J. Let D be the additive mapping defined

on R = R x R® by D(z,3) = (d(z),0) and F(z,y) = (F(z),y). Clearly, D is a nonzero
derivation of R and F is a generalized derivation associated with D. Moreover, if we set

J = J x J, then J is a #¢z-Jordan ideal of R and fF<[x, y}) = [z,y] for all z,y € J. Since R
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is @ *eg-prime ring, in view of Theorem 1 we deduce that R is commutative and a fortiori
R is commutative. O

A slight modification in the proof of Theorem 1 yields the following result.

3. Theorem. Let R be a 2-torsion free *-prime ring and J be a nonzero *-Jordan ideal
of R. If R admits a generalized derivation F' associated with a nonzero derivation d such

that F([m, y]) = —[z,y] for all z,y € J, then R is commutative.

Reasoning as in the proof of Theorem 2, where F(z,y) = (F(z), —y), and using Theorem
3 we extend (][9], Theorem 3.4) and ([8], Theorem 2.2 ) to Jordan ideals as follows.

4. Theorem. Let R be a 2-torsion free prime ring and J be a nonzero Jordan ideal of
R. If R admits a generalized derivation F' associated with a nonzero derivation d such

that F([a:, y]) = —[z,y] for all z,y € J, then R is commutative.

3. Differential anticommutator identities

It is natural to ask what can we say about the commutativity of R if the commutator in
the preceding section is replaced by anticommutator. In this section, we have investigated
this problem and proved that the commutativity cannot be characterized by the same
conditions on anticommutator.

5. Theorem. Let R be a 2-torsion free *-prime ring and J be a nonzero *-Jordan ideal
of R. If R admits a generalized derivation F' associated with a derivation d such that
F(zoy)==xzoyforall z,y € J, then d =0 and F is the identity map.

Proof. Assume that

(31) F(zoy)==zoy forall z,ye€ J
Replacing y by 4yz? in (3.1) we find that
(3.2)  (zoy)d(z®)=0 forall z,ye J.

Substituting 2[r, s]y for y in (3.2), where r, s € R, we obtain (x o (2[r, s]y))d(2*) = 0 and
thus [z, [r, s]]yd(z?®) = 0. Hence

(3.3)  [x,[r,s]]Jd(z") =0 forall x € J and 7,5 € R.

In view of Lemma 3, equation (3.3) assures that d =0 or J N Z(R) # 0.
If there exists 0 # u € J N Z(R), then replacing y by 4u?y in (3.1), we get

(3.4)  F(2u’(zoy))=2u’(zoy) forall z,yc J.

Since by assumption of the theorem F(2u?) = F(uou) = 2u?, then (3.4) leads to
(3.5)  wld(zoy)=0 forall z,yeJ.

Using the fact that u € Z(R), from (3.5) it follows that

(3.6) w’Jd(zoy)=0 forall z,ye€ J.

As 0 £ u" € JN Z(R), a similar reasoning as above yields

(3.7)  @W)*Jd(zoy)=0 forall z,yeJ

We claim that u? # 0. For contradiction assume that u? = 0, then uRu = 0. Since R is
semiprime v = 0. This is a contradiction. Thus u? # 0.
Now if we combine (3.6) and (3.7) and apply Lemma 1, we conclude that

dlzoy) =0 forall z,yeJ
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and a fortiori
(3.8)  d(z*)=0 forall z€J

In light of Lemma 2, equation (3.8) forces d = 0 hence F' is a left multiplier.
From F(z oy) = z oy it then follows (F(z) — z)y = —(F(y) — y)z and replacing y by
y o z where z € J we get

(39) (F(z)—=x)(yoz)=0 forall z,y,2z € J.
Replacing z by 2z[r, s] in (3.9) where 7, s € R we obtain

(3.10) (F(z) —2)Jy,[r,s]] = (F(z) — x)J([% [r, S”)* =0 forall z,y€eJ, r,s€R.

Thus, according to Lemma 1, either F(z) =z for all z € J or [y,[r,s]] =0 for all y € J
and r, s € R.
Assume that [y, [r,s]] =0 for all y € J and 7, s € R, hence as in (2.2) this implies that

[s,y]R[s,y] =0 forall ye J, s€R.

and the semi-primeness of R forces [s,y] = 0 so that J C Z(R). Therefore [[6], Lemma
3| assures that R is a commutative ring in which case, as F' is a left multiplier, equation
(3.1) implies that F(z)y = zy.

In conclusion, in either case (3.1) becomes

(311) (F(z)—z)y=0 forall z,yeJ

in such a way that F(z) =z forallz € J. Let r € Rand = € J, from F(zor) =zor it
follows that

ar+rx = F(ar+rx)
= F(x)r+ F(r)z
= ar+ F(r)z
so that
(F(r)—7m)x=0 forall re R, z€J
and therefore F(r) = r for all » € R. Hence F' is the identity map. O

Using similar arguments as used in the proof of Theorem 2, application of Theorem
5 yields the following result which extends ([9], Theorem 3.7) and ([8], Theorem 2.3) to
Jordan ideals in the case of a 2-torsion free ring.

6. Theorem. Let R be a 2-torsion free prime ring and J be a nonzero Jordan ideal of R. If
R admits a generalized derivation associated with a derivation d such that F'(zoy) = zoy
for all z,y € J, then d = 0 and F is the identity map.

Reasoning as in proof of Theorem 5, we can prove the following.

7. Theorem. Let R be a 2-torsion free *-prime ring and J be a nonzero *-Jordan ideal
of R. If R admits a generalized derivation F' associated with a derivation d such that
F(zxoy)=—zoyforall z,y € J, then d =0 and (—F) is the identity map.

Similarly, application of Theorem 7 yields the following result which improves ([9], The-
orem 3.8) and ([8], Theorem 2.4).

8. Theorem. Let R be a 2-torsion free prime ring and J be a nonzero Jordan ideal
of R. If R admits a generalized derivation F' associated with a derivation d such that
F(zoy)=—zoyforall z,y€ J, then d =0 and (—F) is the identity map.
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0 0 ¢ 0 O
It is straightforward to verify that I is a generalized derivation associated with the non

.. a b 0 b . a b\"
zero derivation d defined by d< 0 ¢ ) = ( 0 0 >.M0re0ver, if we set ( 0 e ) =

1. Example. LetR:{(a lc)>|a,b,C€R}andconsider F(a b):<a 2b).

c
0

J = { ( 0 a ) la € R} is a nonzero *-Jordan ideal of R such that

—b . . . - .
, then R is a non *-prime ring. Furthermore, it is easy to verify that
a

0 0
F(AoB)=AoB, F(AoB)=—AoB, F[A,B| = [A,B], F|A, B] = —[A, B]

for al A, B € R. Hence in theorems 1, 3, 5, 7 the #-primeness hypothesis is crucial.
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