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New existence results for positive solutions of
boundary value problems for coupled systems of

multi-term fractional differential equations
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Abstract
In this article, we establish some new existence results on positive so-
lutions of a boundary value problem of coupled systems of nonlinear
multi-term fractional differential equations. Our analysis rely on the
well known fixed point theorems. Numerical examples are given to
illustrate the main theorems.
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1. Introduction
Fractional differential systems have many applications in modeling of physical and

chemical processes and in engineering and have been of great interest recently. In its
turn, mathematical aspects of studies on fractional differential systems were discussed by
many authors, see the text book [6, 13] and papers [1, 7, 9, 11, 14, 15, 16, 20, 21, 22, 23].

In [20], the author studied the existence of positive solutions (continuous on [0, 1]) of
the following (n − 1, 1)-type conjugate boundary value problem for the coupled system
of the fractional differential equations

(1.1)


Dα

0+u+ λf(t, v) = 0, 0 < t < 1, λ > 0,
Dα

0+v + λg(t, u) = 0,

u(i)(0) = v(i)(0) = 0, 0 ≤ i ≤ n− 2,
u(1) = v(1) = 0,
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where λ is a parameter, α ∈ (n − 1, n] is a real number and n ≥ 3, and Dα
0+ is the

Riemann-Liouville′s fractional derivative, and f, g are continuous and semipositone.
In [9], the author studied the system of fractional boundary value problems of the

form

(1.2)


Dα

0+u(t) + λa(t)f(u(t), v(t)) = 0, t ∈ (0, 1),

Dβ

0+v(t) + µb(t)g(u(t), v(t)) = 0, t ∈ (0, 1),

u(i)(0) = 0, i = 0, 1, 2, · · · , n− 2, Dγ

0+u(1) = 0, 1 < γ < n− 2,

v(i)(0) = 0, i = 0, 1, 2, · · · , n− 2, Dγ

0+v(1) = 0, 1 < γ < n− 2,

where D0+ is the Riemann-Liouville fractional derivative, n − 1 < α, β < n for n > 3
and n ∈ N , a and b are continuous on [0, 1], f and g continuous functions defined on
R2. Sufficient conditions for the existence of at least one positive solution (continuous
on [0, 1]) of BVP(1.2) were obtained.

In known literature, Dα
0+u(t) + f(t, u(t)) = 0 is known as a single term equation. In

certain cases, we find equations containing more than one differential terms. A classical
example is the so-called Bagley Torvik equation

AD2
0+y(x) +BD

3
2

0+y(x) + Cy(x) = f(x),

where A,B,C are constants and f is a given function. This equation arises from for
example the modelling of motion of a rigid plate immersed in a Newtonian fluid. It was
originally proposed in [18]. Another example for an application of equations with more
than one fractional derivatives is the Basset equation

AD1
0+y(x) + bDn

0+y(x) + cy(x) = f(x), y(0) = y0,

where 0 < n < 1. This equation is most frequently, but not exclusively, used with n = 1
2
.

It describes the forces that occur when a spherical object sinks in a (relatively dense)
incompressible viscous fluid, see [4, 12].

In [17], Su investigated the existence of positive solutions (continuous on [0, 1]) of the
following boundary value problem of nonlinear multi-term fractional differential system

(1.3)


Dα

0+u+ f(t, v(t), Dp

0+v(t)) = 0, 0 < t < 1,

Dβ
0+v + g(t, u(t), Dq

0+u(t)) = 0, 0 < t < 1,
u(0) = 0, u(1) = 0, v(0) = 0, v(1) = 0,

where α, β ∈ (1, 2), D0+ is the Riemann-Liouville’s fractional derivative, 0 < p < β − 1,
0 < q < α − 1, γηα−1 < 1 and γηβ−1 < 1, f, g : [0, 1] × R+ × R → R are continuous
functions.

In [21], authors studied the existence of multiple positive solutions (continuous on
[0, 1]) of the following boundary value problem of N-dimension nonlinear fractional dif-
ferential system

(1.4)


Dα1

0+u1 + f1(t, u2(t), Dµ1

0+u2(t)) = 0, 0 < t < 1,
· · · · · · · · · ,
D
αN−1
0+ uN−1 + fN−1(t, uN (t), DµN

0+ uN (t)) = 0, 0 < t < 1,
DαN

0+ uN + fN (t, u1(t), DµN
0+ u1(t)) = 0, 0 < t < 1,

u1(0) = · · · = uN (0) = 0, u1(1) = · · · = uN (1) = 0,

where αi ∈ (1, 2), D0+ is the Riemann-Liouville’s fractional derivative, 0 < µi−1 < αi−1
with µ0 = µN , fi :; [0, 1]× R+ × R→ R(i = 1, 2, · · · , N) are continuous functions.

In [1], the authors investigated the existence of positive solutions (continuous on [0, 1])
of the following boundary value problem of nonlinear multi-term fractional differential
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system

(1.5)


Dα

0+u+ f(t, v(t), Dp

0+v(t)) = 0, 0 < t < 1,

Dβ
0+v + g(t, u(t), Dq

0+u(t)) = 0, 0 < t < 1,
u(0) = 0, u(1) = γu(η),
v(0) = 0, v(1) = γv(η),

where α, β ∈ (1, 2), D0+ is the Riemann-Liouville’s fractional derivative, 0 < p ≤ β − 1,
0 < q ≤ α − 1, γηα−1 < 1 and γηβ−1 < 1, f, g : [0, 1] × R+ × R → R are continuous
functions.

In [24], authors studied the existence of solutions of the following four-point coupled
boundary value problem for nonlinear fractional differential equation

(1.6)


Dα

0+u = f(t, u(t), Dα−1
0+ u(t), v(t), Dβ−1

0+ v(t)), 0 < t < 1,

Dβ
0+v = g(t, u(t), Dα−1

0+ u(t), v(t), Dβ−1

0+ v(t)), 0 < t < 1,

I2−α
0+ u(0) = 0, u(1) = av(ξ), I2−β

0+ v(0) = 0, v(1) = bu(η),

where 1 < α, β < 2, D∗0+ and I∗0+ are the standard Riemann-Liouville differentiation and
integration, f, g : [0, 1] × R4 → R are continuous functions, a, b ∈ R, ξ, η ∈ (0, 1) with
abξβ−1ηα−1 = 1.

In [8], the existence of positive solutions of the following four-point boundary value
problem of multi-term fractional differential system

(1.7)


Dα

0+u = f(t, v(t), Dm
0+v(t)), 0 < t < 1,

Dβ
0+v = g(t, u(t), Dn

0+u(t)), 0 < t < 1,
u(0) = γu(ξ), u(1) = δu(η), v(0) = γv(ξ), v(1) = δv(η),

was studied, where 1 < α, β < 2, 0 < m ≤ β − 1, 0 < n ≤ α − 1, γ > 0, δ > 0, 0 < ξ <
η < 1, D∗0+ is the standard Riemann-Liouville differentiation, f, g : [0, 1] × R4 → R are
continuous functions and the following assumption (A):

max{δηα−1, δηα−2} < 1, max{δηβ−1, δηβ−2} < 1,

max{γξα−1, γξα−2} < 1, max{γξβ−1, γξβ−2} < 1.

In [2], Ahmad and Sivasundaram considered the existence and uniqueness of solutions
for the following four-point nonlocal boundary value problem of nonlinear fractional
integro-differential equation{

cDq
0+x(t) = f(t, x(t), (φx)(t), (ψx(t)), 0 < t < 1,

x′(0) + αx(η1) = 0, bx′(1) + x(η2) = 0,

where 1 < q ≤ 2, a, b ∈ [0, 1], 0 < η1 ≤ η2 < 1, cDq

0+ is the Caputo’s fractional derivative,
f : [0, 1]×X ×X ×X → X is continuous, for γ, δ : [0, 1]× [0, 1]→ [0,+∞) with

(φx)(t) =
t∫

0

γ(t, s)x(s)ds, (ψx)(t) =
1∫
0

δ(t, s)x(s)ds.

We remark that the boundary conditions x′(0) + αx(η1) = 0, bx′(1) + x(η2) = 0 arise in
the study of heat flow problems involving a bar of unit length with two controllers at
t = 0 and t = 1 adding or removing heat according to the temperatures detected by two
sensors at t = η1 and t = η2.

We note firstly that the existence of positive solutions of BVP(1.7) has not been
concerned in known papers when the assumption (A) does not hold. Secondly, to guar-
antee the solvability of BVP(1.3) and BVP(1.5) in [1], the assumptions imposed on the
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nonlinearities are as follows:
|f(t, x, y)| ≤ a(t) + ε1|x|ρ1 + ε2|y|ρ2 , ε1, ε2 > 0, 0 < ρ1, ρ2 < 1,

|g(t, x, y)| ≤ b(t) + δ1|x|σ1 + δ2|y|σ2 , δ1, δ2 > 0, 0 < σ1, σ2 < 1.

While in [17], another assumptions imposed on f, g are as follows:

|f(t, x, y)| ≤ ε1|x|ρ1 + ε2|y|ρ2 , ε1, ε2 > 0, ρ1, ρ2 > 1,

|g(t, x, y)| ≤ δ1|x|σ1 + δ2|y|σ2 , δ1, δ2 > 0, σ1, σ2 > 1.

By carefully checking Example 3.1 in [17], one finds that the solution obtained may be
the zero solution. This fact makes these papers far from perfect. Thirdly, it is easy to
show that the following problem

D
7
3

0+x(t) = −t−
1
2 (1− t)−

5
4 , lim

t→0
t

2
3 x(t) = 0, x(1) = 0

has a continuous solution on [0, 1]

x(t) = −
t∫

0

(t−s)
4
3

Γ(7/3)
s−

1
2 (1− s)−

5
4 ds+ t

4
3

1∫
0

(1−s)
1
12

Γ(7/3)
s−

1
2 ds,

while t−
1
2 (1− t)−

5
4 is not measurable on (0, 1). Hence it is interesting to investigate the

solvability of mentioned problems with non-Caratheodory functions.
Motivated by above mentioned papers, we discuss the existence of solutions of the

following boundary value problem of the multi-term fractional differential system

(1.8)



Dα
0+u(t) + p(t)f(t, v(t), Dn

0+v(t)) = 0, t ∈ (0, 1),

Dβ

0+v(t) + q(t)g(t, u(t), Dm
0+u(t)) = 0, t ∈ (0, 1),

lim
t→0

t2−αu(t)− au(ξ) =
1∫
0

φ1(t, v(t), Dn
0+v(t))dt,

u(1)− bu(η) =
1∫
0

ψ1(t, v(t), Dn
0+v(t))dt,

lim
t→0

t2−βv(t)− cv(ξ) =
1∫
0

φ2(t, u(t), Dm
0+u(t))dt,

v(1)− dv(η) =
1∫
0

ψ2(t, u(t), Dm
0+u(t))dt,

where
(i) 1 < α, β ≤ 2, 0 < m ≤ α − 1 and 0 < n ≤ β − 1, D∗0+ is the standard Riemann-

Liouville differentiation of order ∗ > 0,
(ii) 0 < ξ ≤ η < 1 and a, b, c, d ≥ 0,
(iii) R denote the set of real numbers and R+ the set of nonnegative real numbers,

p, q : (0, 1)→ R+, p satisfies that there exist numbers k1, l1 such that k1 > −1, α−m+
l1 > 0, 2 + k1 + l1 > 0 and |p(t)| < tk1(1 − t)l1 for t ∈ (0, 1), q satisfies that there exist
numbers k2, l2 such that k2 > −1, β−n+ l2 > 0, 2 + k2 + l2 > 0 and |q(t)| < tk2(1− t)l2
for t ∈ (0, 1), with p(t) 6≡ 0 and q(t) 6≡ 0 on (0, 1),

(iv) f, φ1, ψ1 : (0, 1)×R+ ×R→ R+ are (n, β)−Caratheory functions and g, φ2, ψ2 :
(0, 1)×R+×R→ R+ is a (m,α)−Caratheory functions with f(t, 0, 0) 6≡ 0 and g(t, 0, 0) 6≡
0 on (0, 1).

We obtain the results on positive solutions of BVP(1.8) by using Schauder’s fixed point
theorem in Banach spaces. A pair of functions (x, y) is called a solution of BVP(1.8) if
x, y ∈ C0(0, 1] and x, y satisfy all equations in (1.8). A pair of functions (x, y) is called
a positive solution of BVP(1.8) if x, y ∈ C0(0, 1] are positive on (0, 1] and x, y satisfy all
equations in (1.8).
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The salient features of the present study are as follows:
(a) the fractional differential equations in (1.8) are multi-term ones and their non-

linearities depend on the lower order fractional derivatives with order greater than α− 1
and β − 1;

(b) instead of the condition u(0) = 0, v(0) = 0 we consider integral boundary condi-
tions which are more suitable as Dα

0+x(t) = 0 with α ∈ (1, 2) implies x(t) = ctα−1 +dtα−2

and obviously x is not continuous at t = 0 while lim
t→0+

t2−αx(t) exists;

(c) BVP(1.8) is a generalized form of known ones in references, the positive solutions
of BVP(1.8) obtained are unbounded (discontinuous at t = 0) which are different from
those ones (continuous on [0,1]) in [1, 21, 20, 9];

(d) since p, q may be un-measurable on (0, 1), p(t)f(t, x, y) and q(t)g(t, x, y) may be
non-Caratheodory functions (see Example 4.1 in which the nonlinearities are

t−
1
10 (1− t)−

21
20 f(t, v(t), D

17
20

0+v(t)), t−
1
10 (1− t)−

23
20 g(t, u(t), D

4
5

0+u(t))

with
f(t, u, v) = t2 + b1tu

ε1 + a1tv
δ1 , a1, b1 ≥ 0, ε1, δ1 > 0,

g(t, u, v) = t5 + b2tu
σ1 + a2tv

γ1 , a2, b2 ≥ 0, σ1, γ1 > 0).

It is easy to see that both t−
1
10 (1 − t)−

21
20 and t−

1
10 (1 − t)−

23
20 are not measurable on

(0, 1). Our results are new and are well illustrated with an example.
(e) The Green’s function G(t, s) for the problem −Dα

0+x(t)) = 0, lim
t→0+

t2−αx(t) −
ax(ξ) = 0, x(1) − bx(η) = 0 is obtained. We proved that G(t, s) ≥ 0 under some as-
sumptions which are more weaker than (A) in [8] and actually generalize Lemma 2.2 in
([10] J. Math. Anal. Appl. 305 (2005) 253-276) for problem −x′′(t) = 0, x(0)− ax(ξ) =
x(1)− bx(η) = 0. See Lemma 2.9.

The remainder of this paper is arranged as follows: in Section 2, we present preliminary
results; in Section 3, the main result is presented; and two examples are given in Section
4 to illustrate the main result.

2. Preliminary results
For the convenience of readers, we present here the necessary definitions from fixed

point theory and fractional calculus theory.

2.1. Definition. Let X be a Banach space. An operator T : X → X is completely
continuous if it is continuous and maps bounded sets into relatively compact sets [3].

2.2. Definition. The Riemann-Liouville fractional integral of order α > 0 of a function
f : (0,+∞) → R is given by Iα0+f(t) = 1

Γ(α)

∫ t
0

(t− s)α−1f(s)ds, provided that the
right-hand side exists [13].

2.3. Definition. The Riemann-Liouville fractional derivative of order α > 0 of a contin-
uous function f : (0,+∞) → R is given by Dα

0+f(t) = dn

dtn

∫ t
0

(t−s)n−α−1f(s)
Γ(n−α)

ds, where
n− 1 ≤ α < n, provided that the right-hand side exists [13].

2.4. Definition. h : (0, 1) × R × R → R is called a (m,α)−Carathédory function if it
satisfies

(i) t→ h
(
t, tα−2x, t2+m−αy

)
is measurable on (0, 1) for all (x, y) ∈ R2,

(ii) (x, y)→ h
(
t, tα−2x, t2+m−αy

)
is continuous for a.e. t ∈ (0, 1),

(iii) for each r > 0, there exists nonnegative function φr ∈ L1(0, 1) such that |u|, |v| ≤
r imply

∣∣h (t, tα−2x, t2+m−αy
)∣∣ ≤ φr(t), a.e., t ∈ (0, 1).
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2.5. Lemma. Let n− 1 ≤ α < n, u ∈ C0(0, b)
⋂
L1(0, b) with b > 0. Then

Dα
0+I

α
0+u(t) = u(t), Iα0+D

α
0+u(t) = u(t) + C1t

α−1 + C2t
α−2 + · · ·+ Cnt

α−n,

where Ci ∈ R, i = 1, 2, . . . n [13].

Choose

X =

x : (0, 1]→ R
x, Dm

0+x ∈ C0(0, 1]
the following limits exist

lim
t→0

t2−αx(t), lim
t→0

t2+m−αDm
0+x(t)


with the norm

||x|| = ‖x‖X = max

{
sup
t∈(0,1]

t2−α|x(t)|, sup
t∈(0,1]

t2+m−α|Dm
0+x(t)|

}

for x ∈ X. It is easy to show that X is a real Banach space.
Choose

Y =

y : (0, 1]→ R
y, Dn

0+y ∈ C0(0, 1]
the following limits exist

lim
t→0

t2−βy(t), lim
t→0

t2+n−βDn
0+y(t)


with the norm

||y|| = ‖y‖Y = max

{
sup
t∈(0,1]

t2−β |y(t)|, sup
t∈(0,1]

t2+n−β |Dn
0+y(t)|

}

for y ∈ Y . It is easy to show that Y is a real Banach space.
Thus, (X × Y, || · ||) is Banach space with the norm defined by

||(x, y)|| = max{||x|| = ||x||X , ||y|| = ||y||Y } for (x, y) ∈ X × Y.

For ease expression, we denote Fm,x(t) = F (t, x(t), Dm
0+x(t)) for a function x : (0, 1]→

R, a number m and a function F : (0, 1)× R2 → R.
Denote

(2.1)

µ1 = aξα−1, υ1 = 1− aξα−2, ω1 = 1− bηα−1, λ1 = 1− bηα−2,
∆ = µ1λ1 + υ1ω1,

µ2 = cξβ−1, υ2 = 1− cξβ−2, ω2 = 1− dηβ−1, λ2 = 1− dηβ−2,
∇ = µ2λ2 + υ2ω2.

2.6. Lemma. Suppose that ∆ 6= 0 and
(B0) h ∈ C0(0, 1) and there exist k > −1 and l ≤ 0 such that 2 + l + k > 0 and

|h(t)| ≤ tk(1− t)l for all t ∈ (0, 1).
Then x ∈ X is a solution of problem

(2.2)


Dαx(t) + h(t) = 0, 0 < t < 1,
lim
t→0

t2−αx(t)− ax(ξ) = M,

x(1)− bx(η) = N
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if and only if x ∈ X satisfies

(2.3)

x(t) = υ1t
α−1+µ1t

α−2

∆
N + ω1t

α−2−λ1t
α−1

∆
M

−
∫ t

0

(t−s)α−1

Γ(α)
h(s)ds+ υ1t

α−1+µ1t
α−2

∆

1∫
0

(1−s)α−1

Γ(α)
h(s)ds

− bυ1t
α−1+bµ1t

α−2

∆

η∫
0

(η−s)α−1

Γ(α)
h(s)ds+ aλ1t

α−1−aω1t
α−2

∆

ξ∫
0

(ξ−s)α−1

Γ(α)
h(s)ds.

Proof. From (B0), we have

t2−α
∣∣∣∣ t∫
0

(t−s)α−1

Γ(α)
h(s)ds

∣∣∣∣ ≤ t2−α t∫
0

(t−s)α−1

Γ(α)
sk(1− s)lds

≤ t2−α
t∫

0

(t−s)α+l−1

Γ(α)
skds = tα+l+k

∫
01 (1−w)α+l−1

Γ(α)
wkdw

= t2+l+k B(α+l,k+1)
Γ(α)

→ 0 as t→ 0.

Suppose that x ∈ X is a solution of (2.2). Lemma 2.5 implies that there exist ci(i = 1, 2)
such that

(2.4) x(t) = −
t∫

0

(t−s)α−1

Γ(α)
h(s)ds+ c1t

α−1 + c2t
α−2.

One sees from the boundary conditions in (2.2) that

µ1c1 − υ1c2 = −M + a
ξ∫
0

(ξ−s)α−1

Γ(α)
h(s)ds,

ω1c1 + λ1c2 = N +
1∫
0

(1−s)α−1

Γ(α)
h(s)ds− b

η∫
0

(η−s)α−1

Γ(α)
h(s)ds.

It follows that

c1 = 1
∆

[
υ1N − λ1M + υ1

1∫
0

(1−s)α−1

Γ(α)
h(s)ds

−bυ1

η∫
0

(η−s)α−1

Γ(α)
h(s)ds+ aλ1

ξ∫
0

(ξ−s)α−1

Γ(α)
h(s)ds

]
,

c2 = 1
∆

[
µ1N + ω1M + µ1

1∫
0

(1−s)α−1

Γ(α)
h(s)ds

−bµ1

η∫
0

(η−s)α−1

Γ(α)
h(s)ds− aω1

ξ∫
0

(ξ−s)α−1

Γ(α)
h(s)ds

]
.

Substitute c1, c2 into (2.4), we get (2.3).
On the other hand, if x ∈ X satisfies (2.3), we can show that x ∈ X is a solution of

BVP(2.2). The proof is completed. �
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2.7. Lemma. Suppose that ∇ 6= 0 and (B0) holds. Then y ∈ Y is a solution of problem

(2.5)


Dβy(t) + h(t) = 0, 0 < t < 1,

lim
t→0

t2−βy(t)− cy(ξ) = M,

y(1)− dy(η) = N

if and only if y ∈ Y satisfies

(2.6)

y(t) = υ2t
β−1+µ2t

β−2

∇ N + ω2t
β−2−λ2t

β−1

∇ M

−
∫ t

0

(t−s)β−1

Γ(β)
h(s)ds+ υ2t

β−1+µ2t
β−2

∇

1∫
0

(1−s)β−1

Γ(β)
h(s)ds

− dλ2t
β−1+dµ2t

β−2

∇

η∫
0

(η−s)β−1

Γ(β)
h(s)ds+ cλ2t

β−1−cω2t
β−2

∇

ξ∫
0

(ξ−s)β−1

Γ(β)
h(s)ds.

Proof. The proof is similar to that of Lemma 2.6 and is omitted. �

Define the operator T on X × Y by T (x, y)(t) = ((T1y)(t), (T2x)(t)) with

(T1y)(t) = υ1t
α−1+µ1t

α−2

∆

1∫
0

ψ1n,y(s)ds+ ω1t
α−2−λ1t

α−1

∆

1∫
0

φ1n,y(s)ds

−
∫ t

0

(t−s)α−1

Γ(α)
p(s)fn,y(s)ds+ υ1t

α−1+µ1t
α−2

∆

1∫
0

(1−s)α−1

Γ(α)
p(s)fn,y(s)ds

− bυ1t
α−1+bµ1t

α−2

∆

η∫
0

(η−s)α−1

Γ(α)
p(s)fn,x(s)ds

+aλ1t
α−1−aω1t

α−2

∆

ξ∫
0

(ξ−s)α−1

Γ(α)
p(s)fn,y(s)ds

and

(T2x)(t) = υ2t
β−1+µ2t

β−2

∇

1∫
0

ψ2m,x(s)ds+ ω2t
β−2−λ2t

β−1

∇

1∫
0

φ2m,x(s)ds

−
∫ t

0

(t−s)β−1

Γ(β)
q(s)gm,x(s)ds+ υ2t

β−1+µ2t
β−2

∇

1∫
0

(1−s)β−1

Γ(β)
q(s)gm,x(s)ds

− dυ2t
β−1+dµ2t

β−2

∇

η∫
0

(η−s)β−1

Γ(β)
q(s)gm,x(s)ds

+ cλ2t
β−1−cω2t

β−2

∇

ξ∫
0

(ξ−s)β−1

Γ(β)
q(s)gm,x(s)ds

for (x, y) ∈ X × Y .
By Lemmas 2.6 and 2.7, we have that (x, y) ∈ X × Y is a solution of BVP(1.8) if and

only if (x, y) ∈ X × Y is a fixed point of T .

2.8. Lemma. Suppose that (i)-(iv) defined in Section 1 hold, ∆ 6= 0 and ∇ 6= 0. Then
T : X × Y → X × Y is completely continuous.
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Proof. If 0 < m ≤ α− 1 and 0 < n ≤ β − 1, we take

t2−α(T1y)(t)|t=0 = lim
t→0

t2−α(T1y)(t),

t2+m−αDm
0+(T1y)(t)|t=0 = lim

t→0
t2+m−αDm

0+(T1y)(t),

t2−β(T2x)(t)|t=0 = lim
t→0

t2−β(T2x)(t),

t2+n−βDn
0+(T2x)(t)|t=0 = lim

t→0
t2+n−βDn

0+(T2x)(t),

then t2−α(T1y)(t), t2+m−αDm
0+(T1y)(t) and t2−β(T2x)(t), t2+n−βDn

0+(T2x)(t) are contin-
uous on [0, 1] for each (x, y) ∈ X×Y . It is easy to show that T is completely continuous,
we refer similar proofs to [1]. The proof is complete. �

Now, we rewrite

(T (x, y))(t) = ((T1y)(t), (T2x)(t))

=

(
υ1t

α−1+µ1t
α−2

∆

1∫
0

ψ1n,y(s)ds+ ω1t
α−2−λ1t

α−1

∆

1∫
0

φ1n,y(s)ds

+
1∫
0

G(t, s)p(s)fn,y(s)ds,

υ2t
β−1+µ2t

β−2

∇

1∫
0

ψ2m,x(s)ds+ ω2t
β−2−λ2t

β−1

∇

1∫
0

φ2m,x(s)ds+
1∫
0

H(t, s)gm,x(s)ds

)
.

Here

G(t, s) = 1
Γ(α)∆



(υ1t
α−1 + µ1t

α−2)(1− s)α−1

+(λ1at
α−1 − ω1at

α−2)(ξ − s)α−1

−(υ1bt
α−1 + bµ1t

α−2)(η − s)α−1

− (µ1λ1 + ω1υ1) (t− s)α−1,

0 ≤ s ≤ min{t, ξ},

(υ1t
α−1 + µ1t

α−2)(1− s)α−1

−(υ1bt
α−1 + bµ1t

α−2)(η − s)α−1

− (µ1λ1 + ω1υ1) (t− s)α−1,
ξ < s ≤ min{t, η},

(υ1t
α−1 + µ1t

α−2)(1− s)α−1

−(υ1bt
α−1 + bµ1t

α−2)(η − s)α−1,
max{t, ξ} < s ≤ η,

(υ1t
α−1 + µ1t

α−2)(1− s)α−1

+(λ1at
α−1 − ω1at

α−2)(ξ − s)α−1

−(υ1bt
α−1 + bµ1t

α−2)(η − s)α−1,
t < s ≤ ξ,

(υ1t
α−1 + µ1t

α−2)(1− s)α−1

− (µ1λ1 + ω1υ1) (t− s)α−1,
η < s ≤ t,

(υ1t
α−1 + µ1t

α−2)(1− s)α−1,max{η, t} < s ≤ 1,
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and

H(t, s) = 1
Γ(β)∇



(υ2t
β−1 + µ2t

β−2)(1− s)β−1

+(λ2ct
β−1 − ω2ct

β−2)(ξ − s)β−1

− (µ2λ2 + ω2υ2) (t− s)β−1,

0 ≤ s ≤ min{t, ξ},

(υ2t
β−1 + µ2t

β−2)(1− s)β−1

−(υ2dt
β−1 + dµ2t

β−2)(η − s)β−1

− (µ2λ2 + ω2υ2) (t− s)β−1,

ξ < s ≤ min{t, η},

(υ2t
β−1 + µ2t

β−2)(1− s)β−1

−(υ2dt
β−1 + dµ2t

β−2)(η − s)β−1,
max{t, ξ} < s ≤ η,

(υ2t
β−1 + µ2t

β−2)(1− s)β−1

+(λ2ct
β−1 − ω2ct

β−2)(ξ − s)β−1

−(υ2dt
β−1 + dµ2t

β−2)(η − s)β−1,

t < s ≤ ξ,

(υ2t
β−1 + µ2t

β−2)(1− s)β−1

− (µ2λ2 + ω2υ2) (t− s)β−1,
η < s ≤ t,

(υ2t
β−1 + µ2t

β−2)(1− s)β−1,max{η, t} < s ≤ 1,

2.9. Lemma. Suppose that

∆ > 0, 0 ≤ a < 1
ξα−2(1−ξ) , 0 ≤ b < 1

ηα−1 ,

∇ > 0, 0 ≤ c < 1
ξβ−2(1−ξ) , 0 ≤ d < 1

ηβ−1 .

Then

(2.7) G(t, s) ≥ 0 for all t, s ∈ (0, 1), H(t, s) ≥ 0 for all t, s ∈ (0, 1).

Proof. By the definitions of G, we consider six cases:
Case 1. 0 ≤ s ≤ min{t, ξ}. Firstly, from bηα−1 < 1 and 0 ≤ a ≤ 1

ξα−2(1−ξ) , we have

ω1t
α−1 − λ1t

α−2 = tα−2[t− 1 + bηα−2[η − t]
≤ 0, η ≤ t,

= tα−2
[
t− 1 + bηα−1 η−t

η

]
< tα−2

[
t− 1 + η−t

η

]
= t− 1 + 1− t

η
≤ 0, η > t,

ν1t
α−1 + bµ1t

α−2 = tα−2[t− aξα−2t+ aξα−1]
≥ 0, aξα−2 ≤ 1,

≥ 1− aξα−2 + aξα−1 > 0, aξα−2 > 1.
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It is easy to show that (t− s)α−1 ≤ tα−1(1− s)α−1 for all 0 ≤ s ≤ t. Then

−41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1 + (aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1

≥
[
−41t

α−1 + (ν1t
α−1 + µ1t

α−2) + (aω1t
α−1 − aλ1t

α−2)ξα−1

−(bν1t
α−1 + bµ1t

α−2)ηα−1
]

(1− s)α−1

=
[
−aξα−1(1− bηα−2)tα−1 − (1− aξα−2)(1− bηα−1)tα−1

+((1− aξα−2)tα−1 + aξα−1tα−2) + (a(1− bηα−2)tα−1 − a(1− bηα−1)tα−2)ξα−1

−(b(1− aξα−2)tα−1 + abξα−1tα−2)ηα−1
]

(1− s)α−1 = 0.

Case 2. max{t, η} < s ≤ 1. We note that 0 ≤ a ≤ 1
ξα−2(1−ξ) . Then

ν1t
α−1 + µ1t

α−2 = tα−1 − aξα−2tα−1 + aξα−1tα−2 = tα−2[(1− aξα−2)t+ aξα−1]
= tα−1 + aξα−2tα−2(ξ − t) ≥ 0, ξ ≥ t,

≥ 0, ξ < t, aξα−2 ≤ 1,

≥ tα−2[1− aξα−2 + aξα−1] ≥ 0, ξ < t, aξα−2 > 1.

Case 3. η < s ≤ t. From (t− s)α−1 ≤ tα−1(1− s)α−1, we have

−41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

= −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1 − (bν1t
α−1 + bµ1t

α−2)(η − s)α−1

−(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1 + (bν1t
α−1 + bµ1t

α−2)(η − s)α−1

≥ −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1 − (bν1t
α−1 + bµ1t

α−2)(η − s)α−1 ≥ 0.

Case 4. ξ < s ≤ t. We have

−41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1

= −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1 − (bν1t
α−1 + bµ1t

α−2)(η − s)α−1

+41(t− s)α−1 + (bν1t
α−1 + bµ1t

α−2)(η − s)α−1

≥ −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1 − (bν1t
α−1 + bµ1t

α−2)(η − s)α−1 ≥ 0.
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Case 5. t < s ≤ ξ. We have

(ν1t
α−1 + µ1t

α−2)(1− s)α−1 + (aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1

= −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1 +41(t− s)α−1

≥ −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1 ≥ 0.

Case 6. max{t, ξ} < s ≤ η. We have

(ν1t
α−1 + µ1t

α−2)(1− s)α−1 − (bν1t
α−1 + bµ1t

α−2)(η − s)α−1

= −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1 +41(t− s)α−1

−(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

≥ −41(t− s)α−1 + (ν1t
α−1 + µ1t

α−2)(1− s)α−1

+(aω1t
α−1 − aλ1t

α−2)(ξ − s)α−1

−(bν1t
α−1 + bµ1t

α−2)(η − s)α−1 ≥ 0.

We know by the definition of G that G(t, s) ≥ 0 for all t, s ∈ (0, 1). Similarly we can
prove that H(t, s) ≥ 0 for all t, s ∈ (0, 1) The proof is completed. �

3. Main results
In this section, we prove existence result on solutions of BVP(1.8). Let µi, υi, ωi, λi

(i = 1, 2) and ∆,∇ be defined by (2.1). For Φ ∈ L1(0, 1), denote ||Φ||1 =
∫ 1

0
|Φ(s)|ds.

The following assumption will be used in the main theorem.
(B1) there exist nonnegative constants bi, ai(i = 1, 2), Bi, Ai, Ci, Di(i = 1, 2) and

ε1, δi, γi, σi (i = 1, 2), Φi,Ψi,Φi0,Ψi0 ∈ L1(0, 1)(i = 1, 2) and bounded functions Φ,Ψ
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such that

∣∣f (t, u
t2−β

, v
t2+n−β

)
− Φ(t)

∣∣ ≤ b1|u|ε1 + a1|v|δ1 , t ∈ (0, 1), u, v ∈ R,∣∣g (t, u
t2−α ,

v
t2+m−α

)
−Ψ(t)

∣∣ ≤ b2|u|σ1 + a2|v|γ1 , t ∈ (0, 1), u, v ∈ R,∣∣φ1

(
t, u
t2−β

, v
t2+n−β

)
− Φ10(t)

∣∣ ≤ Φ1(t)[B1|u|ε1 +A1|v|δ1 , t ∈ (0, 1), u, v ∈ R,∣∣ψ1

(
t, u
t2−β

, v
t2+n−β

)
−Ψ10(t)

∣∣ ≤ Ψ1(t)[C1|u|ε1 +D1|v|δ1 ], t ∈ (0, 1), u, v ∈ R,∣∣φ2

(
t, u
t2−α ,

v
t2+m−α

)
− Φ20(t)

∣∣ ≤ Φ2(t)[B2|u|σ1 +A2|v|γ1 ], t ∈ (0, 1), u, v ∈ R,∣∣ψ2

(
t, u
t2−α ,

v
t2+m−α

)
−Ψ20(t)

∣∣ ≤ Ψ2(t)[C2|u|σ1 +D2|v|γ1 ], t ∈ (0, 1), u, v ∈ R.

For ease expression, denote

Φ(t) = (1−aξα−2)tα−1+aξα−1tα−2

∆

1∫
0

Ψ10(s)ds

+ (1−bηα−1)tα−2−(1−bηα−2)tα−1

∆

1∫
0

Φ10(s)ds

−
∫ t

0

(t−s)α−1

Γ(α)
p(s)Φ(s)ds+ (1−aξα−2)tα−1+aξα−1tα−2

∆

1∫
0

(1−s)α−1

Γ(α)
p(s)Φ(s)ds

− b(1−aξ
α−2)tα−1+abξα−1tα−2

∆

η∫
0

(η−s)α−1

Γ(α)
p(s)Φ(s)ds

+a(1−bηα−2)tα−1−a(1−bηα−1)tα−2

∆

ξ∫
0

(ξ−s)α−1

Γ(α)
p(s)Φ(s))ds

Ψ(t) = (1−cξβ−2)tβ−1+cξβ−1tβ−2

∇

1∫
0

Ψ20(s)ds

+ (1−dηβ−1)tβ−2−(1−dηβ−2)tβ−1

∇

1∫
0

Φ20(s)ds

−
∫ t

0

(t−s)β−1

Γ(β)
q(s)Ψ(s)ds+ (1−cξβ−2)tβ−1+cξβ−1tβ−2

∇

1∫
0

(1−s)β−1

Γ(β)
q(s)Ψ(s)ds

− d(1−cξ
β−2)tβ−1+cdξβ−1tβ−2

∇

η∫
0

(η−s)β−1

Γ(β)
q(s)Ψ(s)ds

+ c(1−dηβ−2)tβ−1−c(1−dηβ−1)tβ−2

∇

ξ∫
0

(ξ−s)β−1

Γ(β)
q(s)Ψ(s)ds,
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M1 = max
{
υ1+µ1

∆
||Ψ1||1C1 + ω1+λ1

∆
||Φ1||1B1

+b1
[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)

Γ(α)∆
,

υ1
Γ(α)

Γ(α−m)
+µ1

Γ(α−1)
Γ(α−m−1)

∆
||Ψ1||1C1 +

ω1
Γ(α−1)

Γ(α−m−1)
+λ1

Γ(α)
Γ(α−m)

∆
||Φ1||1B1

+a1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ b1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆
+ b1B(α−m+l1,k1+1)

Γ(α−m)

}

N1 = max
{
υ1+µ1

∆
||Ψ1||1D1 + ω1+λ1

∆
||Φ1||1A1

+a1
[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)

Γ(α)∆
,

υ1
Γ(α)

Γ(α−m)
+µ1

Γ(α−1)
|Γ(α−m−1)|

∆
||Ψ1||1D1 +

ω1
Γ(α−1)

|Γ(α−m−1)|+λ1
Γ(α)

Γ(α−m)

∆
||Φ1||1A1

+b1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ a1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆
+ a1B(α−m+l1,k1+1)

Γ(α−m)

}
,

M2 = max
{
υ2+µ2
∇ ||Ψ2||1C2 + ω2+λ2

∇ ||Φ2||1B2

+b2
[∇+(1+d)(υ2+µ2)+c(λ2+ω2)]B(β+l2,k2+1)

Γ(β)∇ ,

υ2
Γ(β)

Γ(β−n)
+µ2

Γ(β−1)
|Γ(β−n−1)|

∇ ||Ψ2||1C2 +
ω2

Γ(β−1)
|Γ(β−m−1)|+λ2

Γ(β)
Γ(β−n)

∇ ||Φ2||1B2

+a2

[
υ2

Γ(β)
Γ(β−n)

+µ2
Γ(β−1)

|Γ(β−n−1)|+
(
dυ2

Γ(β)
Γ(β−n)

+dµ2
Γ(β−1)

|Γ(β−n−1)|

)
ηβ+k2+l2

]
B(β−n+l2,k2+1)

Γ(β)∇

+ b2

(
cλ2

Γ(β)
Γ(β−n)

+cω2
Γ(β−1)

|Γ(β−n−1)|

)
ξβ+k2+l2B(β−n+l2,k2+1)

Γ(β)∇ + b2B(β−n+l2,k2+1)
Γ(β−n)

}
and

N2 = max
{
υ2+µ2
∇ ||Ψ2||1D2 + ω2+λ2

∇ ||Φ2||1A2

+a2
[∇+(1+d)(υ2+µ2)+c(λ2+ω2)]B(β+l2,k2+1)

Γ(β)∇ ,

υ2
Γ(β)

Γ(β−n)
+µ2

Γ(β−1)
|Γ(β−n−1)|

∇ ||Ψ2||1D2 +
ω2

Γ(β−1)
|Γ(β−n−1)|+λ2

Γ(β)
Γ(β−n)

∇ ||Φ2||1A2

+b2

[
υ2

Γ(β)
Γ(β−n)

+µ2
Γ(β−1)

|Γ(β−n−1)|+
(
dυ2

Γ(β)
Γ(β−n)

+dµ2
Γ(β−1)

|Γ(β−n−1)|

)
ηβ+k2+l2

]
B(β−n+l2,k2+1)

Γ(β)∇

+ a2

(
cλ2

Γ(β)
Γ(β−n)

+cω2
Γ(β−1)

|Γ(β−n−1)|

)
ξβ+k2+l2B(β−n+l2,k2+1)

Γ(β)∇ + a2B(β−n+l2,k2+1)
Γ(β−n)

}
.
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Denote
M = M1 +N1, N = M2 +N2,

Φ0 = max{||Φ||1, 1}, Ψ0 = max{||Ψ||1, 1},

τ = max{ε1, δ1}, σ = max{σ1, γ1}.

3.1. Theorem. Suppose that ∆ > 0,∇ > 0, bηα−1 ≤ 1, dξα−1 ≤ 1, (i)-(iv) defined in
Section 1 and (B1) hold. Then BVP(1.8) has at least one positive solution if one of the
followings is satisfied:

(I) τσ < 1

(II) τσ = 1 with NM1/σ < 1 or MN1/τ < 1
(III) τσ > 1 with

M(τσ−1)τσ[MΨ0+Φ0]τσ−1

(τσ−1)τσ
≤ 1

Nσ
or N(τσ−1)τσ[NΦ0+Ψ0]τσ−1

(τσ−1)τσ
≤ 1

Mτ .

Proof. From Lemmas 2.6 and 2.7, we know that (x, y) is a solution of BVP(1.8) if and
only if (x, y) is a fixed point of T . From Lemma 2.8, T : X × Y → X × Y is completely
continuous. By Lemma 2.9 and (i)-(iv), (x, y) is a positive solution of BVP(1.8) if and
only if (x, y) is a fixed point of T .

To get a fixed point of T , we apply the Schauder’s fixed point theorem. We should
define an closed convex bounded subset Ω of E such that T (Ω) ⊆ Ω.

It is easy to see that Φ ∈ X,Ψ ∈ Y . For r1 > 0, r2 > 0, denote Ω = {(x, y) ∈ E :

||x− Φ|| ≤ r1, ||y −Ψ|| ≤ r2}. For (x, y) ∈ Ω, we get

(3.1) ||x|| ≤ ||x− Φ||+ ||Φ|| ≤ r1 + ||Φ||, ||y|| ≤ ||y −Ψ||+ ||Ψ|| ≤ r2 + ||Ψ||.

Furthermore, we have∣∣f (t, y(t), Dn
0+y(t)

)
− Φ(t)

∣∣ ≤ b1|t2−βy(t)|ε1 + a1|t2+n−βDn
0+y(t)|δ1 ,∣∣g (t, x(t), Dm

0+x(t)
)
−Ψ(t)

∣∣ ≤ b2|t2−αx(t)|σ1 + a2|t2+m−αDm
0+x(t)|γ1 , ,∣∣φ1

(
t, y(t), Dn

0+y(t)
)
− Φ10(t)

∣∣ ≤ Φ1(t)[B1|t2−βy(t)|ε1 +A1|t2+n−βDn
0+y(t)|δ1 ,∣∣ψ1

(
t, y(t), Dn

0+y(t)
)
−Ψ10(t)

∣∣ ≤ Ψ1(t)[C1|t2−βy(t)|ε1 +D1|t2+n−βDn
0+y(t)|δ1 ]∣∣φ2

(
t, x(t), Dm

0+x(t)
)
− Φ20(t)

∣∣ ≤ Φ2(t)[B2|t2−αx(t)|σ1 +A2|t2+m−αDm
0+x(t)|γ1 ],∣∣ψ2

(
t, x(t), Dm

0+x(t)
)
−Ψ20(t)

∣∣ ≤ Ψ2(t)[C2|t2−αx(t)|σ1 +D2|t2+m−αDm
0+x(t)|γ1 ]

hold for all t ∈ (0, 1). It follows that∣∣f (t, y(t), Dn
0+y(t)

)
− Φ(t)

∣∣ ≤ b1||y||ε1 + a1||y||δ1 , t ∈ (0, 1),∣∣g (t, x(t), Dm
0+x(t)

)
−Ψ(t)

∣∣ ≤ b2||x||σ1 + a2||x||γ1 , t ∈ (0, 1),∣∣φ1

(
t, y(t), Dn

0+y(t)
)
− Φ10(t)

∣∣ ≤ Φ1(t)[B1||y||ε1 +A1||y||δ1 ], t ∈ (0, 1),∣∣ψ1

(
t, y(t), Dn

0+y(t)
)
−Ψ10(t)

∣∣ ≤ Ψ1(t)[C1||y||ε1 +D1||y||δ1 ], t ∈ (0, 1),∣∣φ2

(
t, x(t), Dm

0+x(t)
)
− Φ20(t)

∣∣ ≤ Φ2(t)[B2||x||σ1 +A2||x||γ1 ], t ∈ (0, 1),∣∣ψ2

(
t, x(t), Dm

0+x(t)
)
−Ψ20(t)

∣∣ ≤ Ψ2(t)[C2||x||σ1 +D2||x||γ1 ], t ∈ (0, 1).
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By the definition of T , we have

t2−α|(T1y)(t)− Φ(t)|

≤ υ1+µ1
∆
||Ψ1||1[C1||y||ε1 +D1||y||δ1 ] + ω1+λ1

∆
||Φ1||1[B1||y||ε1 +A1||y||δ1 ]

+t2−α
∫ t

0

(t−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1 ]

+υ1+µ1
∆

1∫
0

(1−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1 ]

+ bυ1+bµ1
∆

η∫
0

(η−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1 ]

+aλ1+aω1
∆

ξ∫
0

(ξ−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1 ]

≤
(
υ1+µ1

∆
||Ψ1||1C1 + ω1+λ1

∆
||Φ1||1B1

+b1
[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)

Γ(α)∆

)
||y||ε1

+
(
υ1+µ1

∆
||Ψ1||1D1 + ω1+λ1

∆
||Φ1||1A1

+a1
[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)

Γ(α)∆

)
||y||δ1
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and similarly we get

t2+m−α|Dm
0+(T1y)(t)−Dm

0+Φ(t)|

≤
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

Γ(α−m−1)

∆
||Ψ1||1[C1||y||ε1 +D1||y||δ1 ]

+
ω1

Γ(α−1)
Γ(α−m−1)

+λ1
Γ(α)

Γ(α−m)

∆
||Φ1||1[B1||y||ε1 +A1||y||δ1 ]

+t2+m−α ∫ t
0

(t−s)α−m−1

Γ(α−m)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1

+
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|
∆

1∫
0

(1−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1

+
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|
∆

η∫
0

(η−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1

+
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|
∆

ξ∫
0

(ξ−s)α−1

Γ(α)
sk1(1− s)l1ds[b1||y||ε1 + a1||y||δ1

≤
(
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

Γ(α−m−1)

∆
||Ψ1||1C1 +

ω1
Γ(α−1)

Γ(α−m−1)
+λ1

Γ(α)
Γ(α−m)

∆
||Φ1||1B1

+ b1B(α−m+l1,k1+1)
Γ(α−m)

+a1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ b1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆

)
||y||ε1

+

(
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

Γ(α−m−1)

∆
||Ψ1||1D1 +

ω1
Γ(α−1)

Γ(α−m−1)
+λ1

Γ(α)
Γ(α−m)

∆
||Φ1||1A1

+a1B(α−m+l1,k1+1)
Γ(α−m)

+b1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ a1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆

)
||y||δ1 .

We get

||T1y − Φ|| ≤M1(r2 + ||Ψ||1)ε1 +N1[r2 + ||Ψ||1]δ1 ≤M [r2 + Ψ0]τ .

Similarly we get

||T2x−Ψ|| ≤M2[r1 + ||Φ||]σ1 +N2[+[r1 + ||Φ||]γ1 ≤ N [r1 + Φ0]σ.

If there exists r1, r2 > 0 such that

(3.2) M [r2 + Ψ0]τ ≤ r1, N [r1 + Φ0]σ ≤ r2,
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we let Ω = {(x, y) ∈ E : ||x − Φ1|| ≤ r1, ||y − Φ2|| ≤ r2}, then we get T (Ω) ⊂ Ω. Hence
the Schauder’s fixed point theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y)
is a solution of BVP(1.8).

Now we will prove that (3.2) has positive solution r1, r2 > 0. We transform (3.2) to
the following inequalities:

r2 ≤
(
r1
M
−Ψ0

)1/σ
, r1 ≤

(
r2
N
− Φ0

)1/τ
.

Hence we get
N(r1 + Φ0)τ ≤ r2 ≤

(
r1
M
−Ψ0

)1/σ
or

M(r2 + Ψ0)σ ≤ r1 ≤
(
r2
N
− Φ0

)1/τ
.

Case (i) στ < 1.
It is easy to see that there exists r1 > 0 sufficiently large such that N(r1 + Φ0)τ ≤(

r1
M
−Ψ0

)1/σ. Then we can choose r2 satisfying N(r1 + Φ0)τ ≤ r2 ≤
(
r1
M
−Ψ0

)1/σ.
Hence (3.2) has positive solution r1 > 0, r2 > 0. We choose Ω = {(x, y) ∈ E :

||x−Φ|| ≤ r1, ||y −Ψ|| ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed point
theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a positive solution of
BVP(1.8).

Case (ii) στ = 1.
If NM1/σ < 1, then

lim
r→+∞

N(r1+Φ0)τ

( r1M −Ψ0)1/σ = NM1/σ < 1.

So there exists r1 > 0 sufficiently large such that N(r1 + Φ0)τ ≤
(
r1
M
−Ψ0

)1/σ. Then we
can choose r2 satisfying N(r1 + Φ0)τ ≤ r2 ≤

(
r1
M
−Ψ0

)1/σ.
If MN1/τ < 1, then there exists r2 > 0 sufficiently large such that M(r2 + Ψ0)σ ≤(

r2
N
− Φ0

)1/τ . Then we can choose r1 satisfying M(r2 + Ψ0)σ ≤ r1 ≤
(
r2
N
− Φ0

)1/τ .
Hence (3.2) has positive solution r1 > 0, r2 > 0. We choose Ω = {(x, y) ∈ E :

||x−Φ|| ≤ r1, ||y −Ψ|| ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed point
theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a positive solution of
BVP(1.8).

Case (iii) στ > 1.
If

M(τσ−1)τσ[MΨ0+Φ0]τσ−1

(τσ−1)τσ
≤ 1

Nσ
,

then let r1 = τσMΨ0+Φ0
τσ−1

. It is easy to see that N(r1 + Φ0)τ ≤
(
r1
M
−Ψ0

)1/σ. Then we

can choose r2 satisfying N(r1 + Φ0)τ ≤ r2 ≤
(
r1
M
−Ψ0

)1/σ.
If

N(τσ−1)τσ[NΦ0+Ψ0]τσ−1

(τσ−1)τσ
≤ 1

Mτ ,

then let r2 = τσNΦ0+Ψ0
τσ−1

. It is easy to see that M(r2 + Ψ0)σ ≤
(
r2
N
− Φ0

)1/τ . Then we

can choose r1 satisfying M(r2 + Ψ0)σ ≤ r1 ≤
(
r2
N
− Φ0

)1/τ .
Hence (3.2) has positive solution r1 > 0, r2 > 0. We choose Ω = {(x, y) ∈ E :

||x−Φ|| ≤ r1, ||y −Ψ|| ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed point
theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a positive solution of
BVP(1.8).

The proof of Theorem 3.1 is complete. �
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3.2. Remark. If (B1) holds with max{ε1, δ1}max{σ1, γ1} ≥ 1, it is easy to see that
all known results in [1, 17] can not be applied to establish existence results for solu-
tions of BVP(1.8). It is easy to see that limM = limN = 0 for sufficiently small
ai, bi, Ci, Di, Ai, Bi(i = 1, 2). Then

NM1/σ < 1, MN1/τ < 1,

M(τσ−1)τσ[MΨ0+Φ0]τσ−1

(τσ−1)τσ
≤ 1

Nσ
and N(τσ−1)τσ[NΦ0+Ψ0]τσ−1

(τσ−1)τσ
≤ 1

Mτ .

hold for sufficiently small ai, bi, Ci, Di, Ai, Bi(i = 1, 2). From Theorem 3.1, BVP(1.8) has
at least one solution for στ < 1, and for sufficiently small ai, bi, Ci, Di, Ai, Bi(i = 1, 2)
when στ ≥ 1.

4. Numerical examples
In this section, we present two examples for the illustration of our main result (The-

orem 3.1).

4.1. Example. We consider the following boundary value problem

(4.1)



D
19
10

0+u(t) + t−
1
10 (1− t)−

21
20 f(t, v(t), D

13
20

0+v(t)) = 0, t ∈ (0, 1),

D
39
20

0+v(t) + t−
1
10 (1− t)−

23
20 g(t, u(t), D

4
5

0+u(t)) = 0, t ∈ (0, 1),

lim
t→0

t
1
5 u(t)− 1

2
u(1/2) = 0,

u(1)− 1
2
u(3/4) = 0,

lim
t→0

t
1
9 v(t)− 1

2
v(1/2) = 0.

v(1)− 1
2
v(3/4) = 0,

Then
(i) BVP(4.1) has at least one positive solution if there exists a constant H > 0 such

that
|f(t, u, v)− t2| ≤ H, t ∈ (0, 1), u, v ∈ R,

|g(t, u, v)− t5| ≤ H, t ∈ (0, 1), u, v ∈ R.
(ii) BVP(4.1) has at least one positive solution if

|f(t, u, v)− t2| ≤ b1t
ε1
20 uε1 , b1 ≥ 0, ε1 > 0,

|g(t, u, v)− t5| ≤ b2t
σ1
10 uσ1 , b2 ≥ 0, σ1 > 0

and one of the followings holds:
(a) ε1σ1 < 1;
(b) ε1σ1 = 1 with (38.1089b1)1/σ134.0678b2 < 1 or 38.1089b1(34.0678b2)1/τ1 < 1
(c) ε1σ1 > 1 with

38.1089b1(ε1σ1−1)ε1σ1[38.1089b1Ψ0+Φ0]ε1σ1−1

(ε1σ1−1)ε1σ1 (34.0678b2)σ1 ≤ 1

or
34.0678b2(ε1σ1−1)ε1σ1[34.0678b2Φ0+Ψ0]ε1σ1−1

(ε1σ1−1)ε1σ1 (38.1089b1)ε1 ≤ 1.

(iii) BVP(4.1) has at least one positive solution if

f(t, u, v) = t2 + b1t
ε1
20 uε1 + a1t

7δ1
10 vδ1 , a1, b1 ≥ 0, ε1, δ1 > 0,

g(t, u, v) = t5 + b2t
σ1
10 uσ1 + a2t

9γ1
10 vγ1 , a2, b2 ≥ 0, σ1, γ1 > 0.

with ai, bi(i = 1, 2) sufficiently small.
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Proof. Corresponding to BVP(1.8), we have α = 19
10
, β = 39

20
, m = 4

5
and n = 13

20
,

ξ = 1
2
, η = 3

4
, a = b = c = d = 1

2
and φi(t, u, v) = ψi(t, u, v) ≡ 0(i = 1, 2) and

p(t) = t−
1
10 (1− t)−

21
20 , q(t) = t−

1
10 (1− t)−

23
20 .

It is easy to see that (i)-(iv) hold with k1 = − 1
10

= k2, and l1 = − 21
20
, l2 = − 23

20
. One

sees that k1 > −1, α−m+ l1 > 0, 2+k1 + l1 > 0, k2 > −1, β−n+ l2 > 0, 2+k2 + l2 > 0.
One sees that both p and q are not integrable on (0, 1). Hence (i)-(iv) defined in Section
1 hold.

By direct calculation using Matlab7, we find that

µ1 = 1
2

(
1
2

) 9
10 ≈ 0.2679, υ1 = 1− 1

2
10
√

2 ≈ 0.0670,

ω1 = 1− 1
2

(
3
4

) 9
10 ≈ 0.6141, λ1 = 1− 1

2
10
√

2 ≈ 0.4641,

µ2 = 1
2

(
1
2

) 19
20 ≈ 0.2588, υ2 = 1− 1

2
20
√

2 ≈ 0.4828,

ω2 = 1− 1
2

(
3
4

) 19
20 ≈ 0.6196, λ2 = 1− 1

2
20
√

2 ≈ 0.4824,

∆ = 1
2

(
1
2

) 9
10
(
1− 1

2
10
√

2
)

+
(
1− 1

2
10
√

2
) (

1− 1
2

(
3
4

) 9
10

)
≈ 0.4093,

∇ = 1
2

(
1
2

) 19
20
(
1− 1

2
20
√

2
)

+
(
1− 1

2
20
√

2
) (

1− 1
2

(
3
4

) 19
20

)
≈ 0.4237.

Hence ∆ > 0,∇ > 0, bηα−1 ≤ 1, dξα−1 ≤ 1.
Choose Φ(t) = t2, Ψ(t) = t5. By direct computation, we find that

t
1
10 |Φ(t)| = t

1
10

∣∣∣∣− ∫ t0 (t−s)
9
10

Γ(19/10)
s

19
10 (1− s)−

21
20 ds+ ν1t

9
10 +µ1t

− 1
10

∆
B(17/20,29/10)

Γ(19/10)

− ν1t
9
10 +µ1t

− 1
10

2∆

3/4∫
0

( 3
4
−s)

9
10

Γ(19/10)
s

19
10 (1− s)−

21
20 ds

+λ1t
9
10−ω1t

− 1
10

2∆

1/2∫
0

( 1
2
−s)

9
10

Γ(19/10)
s

19
10 (1− s)−

21
20 ds

∣∣∣∣∣
≤
(
1 + 3

2
ν1+µ1

∆
+ 1

2
λ1+ω1

∆

) B(17/20,29/10)
Γ(19/10)

≈ 2.3895,

t
1
20 |Ψ(t)| = t

1
20

∣∣∣∣− ∫ t0 (t−s)
19
20

Γ(39/20)
s

49
10 (1− s)−

23
20 ds+ ν2t

19
20 +µ2t

− 1
20

∇
B(4/5,59/10)

Γ(39/20)

− ν2t
19
20 +µ2t

− 1
20

2∇

3/4∫
0

( 3
4
−s)

19
20

Γ(39/20)
s

49
10 (1− s)−

23
20 ds

+λ2t
19
20−ω2t

− 1
20

2∇

1/2∫
0

( 1
2
−s)

19
20

Γ(39/20)
s

49
10 (1− s)−

23
20 ds

∣∣∣∣∣
≤
(
1 + 3

2
ν2+µ2
∇ + 1

2
λ2+ω2
∇

) B(4/5,59/10)
Γ(39/20)

≈ 1.4335,
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and

t
9
10 |D

4
5

0+Φ(t)| = t
9
10

∣∣∣∣− ∫ t0 (t−s)
1
10

Γ(11/10)
s

19
10 (1− s)−

21
20 ds

+
ν1

Γ(19/10)
Γ(11/10)

t
1
10 +µ1

Γ(9/10)
Γ(1/10)

t
− 9

10

∆
B(17/20,29/10)

Γ(19/10)

−
ν1

Γ(19/10)
Γ(11/10)

t
1
10 +µ1

Γ(9/10)
Γ(1/10)

t
− 9

10

2∆

3/4∫
0

( 3
4
−s)

9
10

Γ(19/10)
s

19
10 (1− s)−

21
20 ds

+
λ1

Γ(19/10)
Γ(11/10)

t
1
10−ω1

Γ(9/10)
Γ(1/10)

t
− 9

10

2∆

1/2∫
0

( 1
2
−s)

9
10

Γ(19/10)
s

19
10 (1− s)−

21
20 ds

∣∣∣∣∣
≤ B(1/20,29/10)

Γ(11/10)
+

(
3
2

ν1
Γ(19/10)
Γ(11/10)

+µ1
Γ(9/10)
Γ(1/10)

∆
+ 1

2

λ1
Γ(19/10)
Γ(11/10)

+ω1
Γ(9/10)
Γ(1/10)

∆

)
B(17/20,29/10)

Γ(19/10)

≈ 20.7609,

t
7
10 |D

13
20

0+ Ψ(t)| = t
7
10

∣∣∣∣− ∫ t0 (t−s)
3
10

Γ(13/10)
s

49
10 (1− s)−

23
20 ds

+
ν2

Γ(39/20)
Γ(13)

t
3
10 +µ2

Γ(19/20)
Γ(3/10)

t
− 7

10

∇
B(4/5,59/10)

Γ(39/20)

−
ν2

Γ(39/20)
Γ(13)

t
3
10 +µ2

Γ(19/20)
Γ(3/10)

t
− 7

10

2∇

3/4∫
0

( 3
4
−s)

19
20

Γ(39/20)
s

49
10 (1− s)−

23
20 ds

+
λ2

Γ(39/20)
Γ(13/10)

t
3
10−ω2

Γ(19/20)
Γ(3/10)

t
− 7

10

2∇

1/2∫
0

( 1
2
−s)

19
20

Γ(39/20)
s

49
10 (1− s)−

23
20 ds

∣∣∣∣∣
≤ B(3/20,59/10)

Γ(13/10)
+

(
3
2

ν2
Γ(39/20)
Γ(13/10)

+µ2
Γ(19/20)
Γ(3/10)

∇ + 1
2

λ2
Γ(39/20)
Γ(13/10)

+ω2
Γ(19/20)
Γ(3/10)

∇

)
B(4/5,59/10)

Γ(39/20)

≈ 6.2585.

It is easy to see by calculation that

||Φ|| = max

{
sup
t∈(0,1]

t
1
10 |Φ(t)|, sup

t∈(0,1]

t
9
10 |D

4
5

0+Φ(t)|

}
≤ 20.7609,

||Ψ|| = max

{
sup
t∈(0,1]

t
1
20 |Ψ(t)|, sup

t∈(0,1]

t
7
10 |D

13
20

0+ Ψ(t)|

}
≤ 6.2585.

One sees that (B1) holds with Ai = Bi = Ci = Di = 0(i = 1, 2), Φi0(t) = Ψi0(t) = 0(i =
1, 2), Φi(t) = Ψi(t) = 0(i = 1, 2), Φ(t) = t2,Ψ(t) = t5.
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Furthermore, we have

M1 = max
{
b1

[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)
Γ(α)∆

,

b1B(α−m+l1,k1+1)
Γ(α−m)

+a1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ b1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆

}

≤ b1
(

[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)
Γ(α)∆

+ B(α−m+l1,k1+1)
Γ(α−m)

+

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆

)

+a1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

≤ a1

[
0.0670

Γ(19/10)
Γ(11/10)

+0.2679
Γ(9/10)
Γ(1/10)

+
(

0.0670
2

Γ(19/10)
Γ(11/10)

+ 0.2679
2

Γ(9/10)
Γ(1/10)

)
( 3

4 )
3
4

]
B(1/20,9/10)

0.4093Γ(19/10)

+b1
(

[0.4093+ 3
2

(0.0670+0.2679)+ 1
2

(0.4641+0.6141)]B(17/20,9/10)

0.4093Γ(19/10)
+ B(1/20,9/10)

Γ(11/10)

+

(
0.4641

2
Γ(19/10)
Γ(11/10)

+ 0.6141
2

Γ(9/10)
|Γ(1/10)|

)
( 1

2 )
3
4 B(1/20,9/10)

0.4093Γ(19/10)

)
≈ 6.9793a1 + 31.0850b1,

and

N1 = max
{
a1

[∆+(1+b)(υ1+µ1)+a(λ1+ω1)]B(α+l1,k1+1)
Γ(α)∆

,

a1B(α−m+l1,k1+1)
Γ(α−m)

+b1

[
υ1

Γ(α)
Γ(α−m)

+µ1
Γ(α−1)

|Γ(α−m−1)|+
(
bυ1

Γ(α)
Γ(α−m)

+bµ1
Γ(α−1)

|Γ(α−m−1)|

)
ηα+k1+l1

]
B(α−m+l1,k1+1)

Γ(α)∆

+ a1

(
aλ1

Γ(α)
Γ(α−m)

+aω1
Γ(α−1)

|Γ(α−m−1)|

)
ξα+k1+l1B(α−m+l1,k1+1)

Γ(α)∆

}

≤ b1

[
0.0670

Γ(19/10)
Γ(11/10)

+0.2679
Γ(9/10)
Γ(1/10)

+
(

0.0670
2

Γ(19/10)
Γ(11/10)

+ 0.2679
2

Γ(9/10)
Γ(1/10)

)
( 3

4 )
3
4

]
B(1/20,9/10)

0.4093Γ(19/10)

+a1

(
[0.4093+ 3

2
(0.0670+0.2679)+ 1

2
(0.4641+0.6141)]B(17/20,9/10)

0.4093Γ(19/10)
+ B(1/20,9/10)

Γ(11/10)

+

(
0.4641

2
Γ(19/10)
Γ(11/10)

+ 0.6141
2

Γ(9/10)
Γ(1/10)|

)
( 1

2 )
3
4 B(1/20,9/10)

0.4093Γ(19/10)

)
≈ 34.1691a1 + 7.0239b1,
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M2 ≤ a2

[
0.4828

Γ(39/20)
Γ(13/10)

+0.2588
Γ(19/20)
Γ(3/10)

+
(

0.4828
2

Γ(39/20)
Γ(13/10)

+ 0.2588
2

Γ(19/20)
Γ(3/10)

)
( 3

4 )
7
10

]
B(3/20,9/10)

0.4237Γ(39/20)

+b2
(

[0.4237+ 3
2

(0.4828+0.2588)+ 1
2

(0.4824+0.6196)]B(4/5,9/10)

0.4237Γ(39/20)
+ B(3/10,9/10)

0.4237Γ(13/10)

+

(
0.4824

2
Γ(39/20)
Γ(13//10)

+ 0.6196
2

Γ(19/20)
Γ(3/10)

)
( 1

2 )
7
10 B(3/20,9/10)

0.4237Γ(39/20)

)
≈ 14.2808a2 + 19.7870b2,

and

N2 ≤ b2

[
0.4828

Γ(39/20)
Γ(13/10)

+0.2588
Γ(19/20)
Γ(3/10)

+
(

0.4828
2

Γ(39/20)
Γ(13/10)

+ 0.2588
2

Γ(19/20)
Γ(3/10)

)
( 3

4 )
7
10

]
B(3/20,9/10)

0.4237Γ(39/20)

+a2

(
[0.4237+ 3

2
(0.4828+0.2588)+ 1

2
(0.4824+0.6196)]B(4/5,9/10)

0.4237Γ(39/20)
+ B(13/20,9/10)

Γ(13/10)

+

(
0.4828

2
Γ(39/20)
Γ(13/10)

+ 0.6196
2

Γ(19/20)
Γ(3/10)

)
( 1

2 )
7
10 B(3//20,9/10)

0.4237Γ(39/20)

)
≈ 12.4878a2 + 14.2808b2.

So
M = M1 +N1 ≤ 41.1484a1 + 38.1089b1, N = M2 +N2 ≤ 26.7686a2 + 34.0678b2,

Φ0 = max{||Φ||1, 1} ≤ 20.7609, Ψ0 = max{||Ψ||1, 1} ≤ 6.2585,

τ = max{ε1, δ1}, σ = max{σ1, γ1}.

(i) If there exists a constant H > 0 such that

|f(t, u, v)− t2| ≤ H, t ∈ (0, 1), u, v ∈ R,

|g(t, u, v)− t5| ≤ H, t ∈ (0, 1), u, v ∈ R,

then we can choose ε1 = δ1 = σ1 = γ1 = 0. So τσ = 0 < 1. Then (i) in Theorem 3.1
implies that BVP(4.1) has at least one positive solution.

(ii) If there exist constants b1, b2 ≥ 0 and ε1, σ1 > 0 such that

|f(t, u, v)− t2| ≤ b1t
ε1
20 uε1 ,

|g(t, u, v)− t5| ≤ b2t
σ1
10 uσ1 ,

we can choose δ1 = γ1 = 0, a1 = a2 = 0. Theorem 3.1 implies that BVP(4.1) has at least
one solution if one of the followings holds:

(a) ε1σ1 < 1;
(b) ε1σ1 = 1 with (38.1089b1)1/σ134.0678b2 < 1 or 38.1089b1(34.0678b2)1/τ1 < 1
(c) ε1σ1 > 1 with

38.1089b1(ε1σ1−1)ε1σ1[238.5046b1+20.7069]ε1σ1−1

(ε1σ1−1)ε1σ1 (34.0678b2)σ1 ≤ 1

or
34.0678b2(ε1σ1−1)ε1σ1[707.2782b2+6.2585]ε1σ1−1

(ε1σ1−1)ε1σ1 (38.1089b1)ε1 ≤ 1.

(iii) If

f(t, u, v) = t2 + b1t
ε1
20 uε1 + a1t

7δ1
10 vδ1 , a1, b1 ≥ 0, ε1, δ1 > 0,

g(t, u, v) = t5 + b2t
σ1
10 uσ1 + a2t

9γ1
10 vγ1 , a2, b2 ≥ 0, σ1, γ1 > 0,
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then Theorem 3.1 implies that BVP(4.1) has at least one positive solution if one of the
followings holds:

(a) τσ < 1

(b) τσ = 1 with 926.7686a2+34.0678b2)(41.1484a1+38.1089b1)1/σ < 1 or (41.1484a1+

38.1089b1)926.7686a2 + 34.0678b2)1/τ < 1
(c) τσ > 1 with

(41.1484a1+38.1089b1)(τσ−1)τσ[6.2585(41.1484a1+38.1089b1)+20.7690]τσ−1

(τσ−1)τσ

≤ 1
926.7686a2+34.0678b2)σ

or (26.7686a2+34.0678b2)(τσ−1)τσ[20.7690(26.7686a2+34.0678b2)+6.2585]τσ−1

(τσ−1)τσ

≤ 1
(41.1484a1+38.1089b1)τ

.

�

4.2. Remark. Since both p and q are not measurable on (0, 1), we know that all known
results in [1, 17] can not be applied to establish existence results for solutions of BVP(4.1).
Hence Theorem 3.1 fills a gap not covered by [1, 17].

4.3. Example. We consider the following boundary value problem

(4.2)



D
19
10

0+u(t) + t−
1
2 (1− t)−

1
5 f(t, v(t), D

39
40

0+v(t)) = 0, t ∈ (0, 1),

D
39
20

0+v(t) + t−
1
2 (1− t)

1
10 g(t, u(t), D

19
20

0+u(t)) = 0, t ∈ (0, 1),

lim
t→0

t
1
5 u(t)− 1

2
u(1/2) = 0,

u(1)− 1
2
u(3/4) = 0,

lim
t→0

t
1
9 v(t)− 1

2
v(1/2) = 0,

v(1)− 1
2
v(3/4) = 0,

where
f(t, u, v) = t2 + b1tu

ε1 + a1tv
δ1 , 1, b1 ≥ 0, ε1, δ1 > 0,

g(t, u, v) = 4t5 + b2tu
σ1 + a2tv

γ1 , a2, b2 ≥ 0, σ1, γ1 > 0.

Then BVP(4.2) has at least one positive solution for sufficiently small ai, bi(i = 1, 2).

Proof. Corresponding to BVP(1.8), we have α = 19
10
, β = 39

20
, m = 19

20
and n = 39

40
,

a = b = c = d = 1
2
and φi(t, u, v) = ψi(t, u, v) ≡ 0(i = 1, 2) and p(t) = t−

1
2 (1 − t)−

6
5 ,

q(t) = t−
1
2 (1− t)

10
9 .

It is easy to see that (i)-(iv) hold with k1 = − 1
10

= k2, and l1 = − 1
5
, l2 = − 1

10
. One

sees that k1 > −1, α−m+ l1 > 0, 2+k1 + l1 > 0, k2 > −1, β−n+ l2 > 0, 2+k2 + l2 > 0.
One sees m > α− 1, n > β − 1.

Then Theorem 3.1 implies that BVP(4.2) has at least one positive solution if one of
the followings is satisfied:

(I) τσ < 1
(II) τσ ≥ 1 for sufficiently small ai, bi(i = 1, 2). �
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