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New existence results for positive solutions of
boundary value problems for coupled systems of
multi-term fractional differential equations
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Abstract

In this article, we establish some new existence results on positive so-
lutions of a boundary value problem of coupled systems of nonlinear
multi-term fractional differential equations. Our analysis rely on the
well known fixed point theorems. Numerical examples are given to
illustrate the main theorems.
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1. Introduction

Fractional differential systems have many applications in modeling of physical and
chemical processes and in engineering and have been of great interest recently. In its
turn, mathematical aspects of studies on fractional differential systems were discussed by
many authors, see the text book [6, 13] and papers [1, 7, 9, 11, 14, 15, 16, 20, 21, 22, 23].

In [20], the author studied the existence of positive solutions (continuous on [0, 1]) of
the following (n — 1,1)-type conjugate boundary value problem for the coupled system
of the fractional differential equations

D§ u+ Af(t,v) =0,0<t<1,A>0,
Dgyv+ Ag(t,w) =0,

wP0) =0vD(0)=0,0<i<n—2,
u(l) =v(1) =0,

(1.1)
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where )\ is a parameter, o € (n — 1,n] is a real number and n > 3, and Dg, is the
Riemann-Liouville’s fractional derivative, and f, g are continuous and semipositone.

In [9], the author studied the system of fractional boundary value problems of the
form

Lu(t) + Aa(t) f(u(t), v(t) =0, te(0,1),

w2 10+ S0, 0) =0, t€ 0.1

' (0) 0,=0,1,2,- 2, Dj,u(l)=0,1<y<n-2,
(0)=0,i=0,1,2,- 2 D v(1)=0,1<vy<n-2,

where D+ is the Riemann-Liouville fractional derivative, n — 1 < a,8 < n for n > 3
and n € N, a and b are continuous on [0, 1], f and g continuous functions defined on
R?. Sufficient conditions for the existence of at least one positive solution (continuous
on [0,1]) of BVP(1.2) were obtained.

In known literature, Dy, u(t) + f(¢,u(t)) = 0 is known as a single term equation. In
certain cases, we find equations containing more than one differential terms. A classical
example is the so-called Bagley Torvik equation

ADgyy(x )+BD0+y( z) + Cy(z) = f(z),

where A, B,C are constants and f is a given function. This equation arises from for
example the modelling of motion of a rigid plate immersed in a Newtonian fluid. It was
originally proposed in [18]. Another example for an application of equations with more
than one fractional derivatives is the Basset equation

ADg.y(x) + bDgy(x) + ey(x) = f(2),y(0) = vo,

where 0 < n < 1. This equation is most frequently, but not exclusively, used with n = %
It describes the forces that occur when a spherical object sinks in a (relatively dense)
incompressible viscous fluid, see [4, 12].

In [17], Su investigated the existence of positive solutions (continuous on [0, 1]) of the
following boundary value problem of nonlinear multi-term fractional differential system

Dgiu+ f(t,v(t), Dg+ v(t)) =0,0<t <1,
(1.3) Dy, v+ g(t,u(t), DL u(t)) =0,0 <t <1,
u(O)zO,u():O ’U(O)—O v(1) =0,

where a, 8 € (1,2), Do+ is the Riemann-Liouville’s fractional derivative, 0 < p < 8 — 1,
0<g<a—1,yn*t <land vp° 1 <1, f,g:[0,1] x Ry x R = R are continuous
functions.

In [21], authors studied the existence of multiple positive solutions (continuous on
[0,1]) of the following boundary value problem of N-dimension nonlinear fractional dif-
ferential system

Dgtur + fi(t,ua(t), Dhlua(t)) = 0,0 <t <1,

(1.4) Doy tun-1 + fy-a(tun (t), DyYun(t)) = 0,0 <t <1,
DgNun + fa(t,ui(t), Di¥ ua(t)) = 0,0 <t < 1,
u1(0) =-+-=un(0) =0, ui(l)=---=un(1) =0,

where a; € (1,2), Do+ is the Riemann-Liouville’s fractional derivative, 0 < p;—1 < a; —1
with po = pn, fi 5[0,1] x Ry xR —>R(i =1,2,---, N) are continuous functions.

In [1], the authors investigated the existence of positive solutions (continuous on [0, 1])
of the following boundary value problem of nonlinear multi-term fractional differential
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system

Do+u+f( »u(t), Dg+ v(t)) =0,0 <t <1,

o v+ g(t,u(t), DL u(t) =0,0 <t <1,
19 o ) 2o,

v(0) =0, v(1) = ~yv(n),

where o, 8 € (1,2), Doy is the Riemann-Liouville’s fractional derivative, 0 < p < 8 — 1,
0<g<a-1,m*'<land v’ ' <1, f,g:[0,1] x Ry x R — R are continuous
functions.

In [24], authors studied the existence of solutions of the following four-point coupled
boundary value problem for nonlinear fractional differential equation

Dgyu = f(t,u(t), DS u(t), v(t), D, B Lo(t),0 <t <1,
(1.6) Df v = g(t,u(t), Dy u(t),v(t ) Do o), 0 <t <1,
I2:%u(0) = 0, u(1) = av(§), I577v(0) =0, v(1) = bu(n),

where 1 < o, 8 < 2, DJ4+ and I, are the standard Riemann-Liouville differentiation and
integration, f,g : [0,1] x R* — R are continuous functions, a,b € R, £,n € (0,1) with
abtP gt = 1.

In [8], the existence of positive solutions of the following four-point boundary value
problem of multi-term fractional differential system

D= £(t,0(1). DRo(0),0 < < 1.
(1.7) D0+U = g(t,u(t), Dgru(t)),0 <t <1,
u(0) = yu(§), u(1) = du(n), v(0) =~v(§), v(1) = dv(n),

was studied, where 1 < a, <2, 0<m<f-1,0<n<a—-1,7v>0,d>0,0<&<
n <1, D}, is the standard Riemann-Liouville differentiation, f,g : [0,1] x R* — R are
continuous functions and the following assumption (A):

max{6n®~*, on* "2} < 1, max{on®~!, o0’} < 1,

max{v£* ", v€* %} < 1, max{y£" ' 4¢P 7%} < 1.

In [2], Ahmad and Sivasundaram considered the existence and uniqueness of solutions
for the following four-point nonlocal boundary value problem of nonlinear fractional
integro-differential equation

{ Dy x(t) = f(t z(t), () (1), (Ya(t)),0 <t <1,
#'(0) + ax(m) = 0, ba'(1) +z(n2) =0,

where 1 < ¢<2,a,b€[0,1],0 <m <2 < 1, CDg+ is the Caputo’s fractional derivative,
f:00,1] x X x X x X — X is continuous, for ~,¢ : [0,1] x [0,1] — [0, +0o0) with

= Oft'y(t,s)x(s)ds, (Yz)(t) = Of15(t,s)x(s)ds.

We remark that the boundary conditions x’(0) + az(n1) = 0, bz’ (1) + x(n2) = 0 arise in
the study of heat flow problems involving a bar of unit length with two controllers at
t =0 and t = 1 adding or removing heat according to the temperatures detected by two
sensors at t = m and t = 2.

We note firstly that the existence of positive solutions of BVP(1.7) has not been
concerned in known papers when the assumption (A) does not hold. Secondly, to guar-
antee the solvability of BVP(1.3) and BVP(1.5) in [1], the assumptions imposed on the
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nonlinearities are as follows:
lf(t 2, y)| < at) + ealz|” + e2lyl”, e1,e2> 0,0 < p1,p2 <1,
lg(t,z,y)| < b(t) + 61]x|7" + d2|y|°2,01,02 > 0,0 < 01,02 < 1.
While in [17], another assumptions imposed on f, g are as follows:

‘f(t,ﬂ,’,y” < 61‘x|p1 +€2|y‘p2’61762 > 0:01:,02 > 17

\g(t,m7y)| < 61|5L"L71 +52\y|”2,61,(52 >0,01,02 > 1.

By carefully checking Example 3.1 in [17], one finds that the solution obtained may be
the zero solution. This fact makes these papers far from perfect. Thirdly, it is easy to
show that the following problem

7 5
DZ a(t)=—t"3(1—)"1, limtSa(t) =0, (1) =0

has a continuous solution on [0, 1]

1
(t 5)3 ,l _5 4 (1—s)12 _1
rrs s 2(1—s) 4ds+t30f s~ 2ds,
while ¢~ 2 1=t~ 1 is not measurable on (0,1). Hence it is interesting to investigate the
solvability of mentioned problems with non-Caratheodory functions.

Motivated by above mentioned papers, we discuss the existence of solutions of the
following boundary value problem of the multi-term fractional differential system

Dgyu(t) +p(t)f (¢, 0(t), Dgro(t)) =0, ¢ € (0,1),
Dy o(t) +a(t)g(t, ( ), D0+u( ) =0, te(0,1),

lim 27 u(t) — au(é f¢1 (t,v(t), DI v(t))dt,
(1.8) u(1) — bu(n fwl t,v(t), Dy o(t))de,

lim £0(0) - cu(€) =Of¢ (t,u(t), Dy u(t))dt,

o(1) = dol) = [ alt, u(t), Dy ult)dt,

0
where

(i) 1<a,8<2,0<m<a—-1land0<n<B—1, Djy is the standard Riemann-
Liouville differentiation of order % > 0,

(i) 0<¢<n<1landa,b,cd>0,

(iii) R denote the set of real numbers and Ry the set of nonnegative real numbers,
p,q: (0,1) — Ry, p satisfies that there exist numbers k1,1 such that k1 > —1, a — m +
I1 > 0,24k +11 >0and |p(t)| < t* (1 —t)" for t € (0,1), g satisfies that there exist
numbers k2, lz such that k2 > —1, B —n41lz > 0, 2+ k2 +12 > 0 and |q(t)] < t*2(1 —1)"2
for t € (0,1), with p(t) # 0 and ¢(¢) #Z 0 on (0, 1),

(iv) f,é1,¢1:(0,1) x Ry x R — R4 are (n, 8)—Caratheory functions and g, ¢2, ¥ :
(0,1) xRt xR — R4 is a (m, a)—Caratheory functions with f(¢,0,0) #Z 0 and g(¢,0,0) #
0 on (0,1).

We obtain the results on positive solutions of BVP(1.8) by using Schauder’s fixed point
theorem in Banach spaces. A pair of functions (z,y) is called a solution of BVP(1.8) if
z,y € C°(0,1] and z,y satisfy all equations in (1.8). A pair of functions (z,y) is called
a positive solution of BVP(1.8) if z,y € C°(0,1] are positive on (0,1] and z, y satisfy all
equations in (1.8).
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The salient features of the present study are as follows:

(a) the fractional differential equations in (1.8) are multi-term ones and their non-
linearities depend on the lower order fractional derivatives with order greater than o — 1
and 5 — 1;

(b) instead of the condition u(0) = 0,v(0) = 0 we consider integral boundary condi-
tions which are more suitable as Dy z(t) = 0 with « € (1,2) implies x(t) = ct* ™' +dt*~*
and obviously x is not continuous at ¢ = 0 while tgr& 27 (t) exists;

(c) BVP(1.8) is a generalized form of known ones in references, the positive solutions
of BVP(1.8) obtained are unbounded (discontinuous at ¢ = 0) which are different from
those ones (continuous on [0,1]) in [1, 21, 20, 9];

(d) since p, ¢ may be un-measurable on (0,1), p(¢) f(¢,z,y) and q(¢)g(t,z,y) may be
non-Caratheodory functions (see Example 4.1 in which the nonlinearities are

_1 _z21 % _1 _23 4
t710 (1 — )7 20 f(t,v(t), D v(t)), t710(1 —t)"20g(t,u(t), D3 u(t))
with
f(t,u,v) =t + bitu + aitv®, ai,by >0, €1,61 > 0,

g(t,u,v) = t° 4 batu® + agtv™, as,bs >0, 01,71 > 0).

It is easy to see that both t_Tlo(l — t)_% and t_II*O(l — t)_% are not measurable on
(0,1). Our results are new and are well illustrated with an example.
(e) The Green’s function G(t,s) for the problem —Dg,z(t)) = 0, lim+ 272 (t) —
t—0

azx(§) = 0,z(1) — bz(n) = 0 is obtained. We proved that G(t,s) > 0 under some as-
sumptions which are more weaker than (A) in [8] and actually generalize Lemma 2.2 in
([10] J. Math. Anal. Appl. 305 (2005) 253-276) for problem —z”(t) = 0,z(0) — ax(£) =
z(1) — bxz(n) = 0. See Lemma 2.9.

The remainder of this paper is arranged as follows: in Section 2, we present preliminary
results; in Section 3, the main result is presented; and two examples are given in Section
4 to illustrate the main result.

2. Preliminary results

For the convenience of readers, we present here the necessary definitions from fixed
point theory and fractional calculus theory.

2.1. Definition. Let X be a Banach space. An operator T : X — X is completely
continuous if it is continuous and maps bounded sets into relatively compact sets [3].

2.2. Definition. The Riemann-Liouville fractional integral of order a > 0 of a function
f :(0,+0) — R is given by Iy f(t) = ﬁ fot(t —5)* 1 f(s)ds, provided that the
right-hand side exists [13].

2.3. Definition. The Riemann-Liouville fractional derivative of order o > 0 of a contin-

uous function f : (0,+00) — R is given by DS, f(¢) = i’; J%d& where

n —1 < a < n, provided that the right-hand side exists [13].

2.4. Definition. h: (0,1) Xx R x R — R is called a (m, a)—Carathédory function if it
satisfies

(i) t—h(t, 2, t2+m7°‘y) is measurable on (0, 1) for all (z,y) € R?,

(ii) (z,y) —h (t, to‘_2x,t2+m_ay) is continuous for a.e. ¢t € (0, 1),

(iii) for each r > 0, there exists nonnegative function ¢, € L*(0, 1) such that |ul, |v| <
r imply |h (t, t°‘72m,t2+m7°‘y)| < ¢r(t),a.e., t € (0,1).

~ o~
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2.5. Lemma. Letn —1<a<mn,uc C°0,b)L'(0,b) withb > 0. Then
Do IS u(t) = u(t), I8 Dgyu(t) =u(t) + Crt* '+ Cat® > + -+ + Cut™ ™",
where C; € R, i=1,2,...n [13].
Choose

z, DIz € C°(0,1]
X=<{2:(0,1] =R the following limits exist
lim 2% (t), hm t2TmTa DM g (t)
t—0 0

with the norm

llz]] = llzllx = maX{ sup 27 |z(t)|, sup £*F"7| DY a(t )I}
te(0,1] te(0,1]

for z € X. It is easy to show that X is a real Banach space.
Choose

y, Divy € C°(0,1]
Y=<y:(0,1] =R the following limits exist
lim =Py (t), lim 24" ~7 Dy, (1)

with the norm

[yl = llylly —maX{ sup 277y (1), sup tz*”‘ﬁDéﬁy(t)l}
te

0,1] te(0,1]

for y € Y. It is easy to show that Y is a real Banach space.
Thus, (X x Y,||-||) is Banach space with the norm defined by

(2, Y)I| = max{]|z]| = [|z||x, [lyll = [lylly} for (z,y) € X x Y.

For ease expression, we denote Fr, - (t) = F (¢, (t), Dy} x(t)) for a function z : (0,1] —
R, a number m and a function F : (0,1) x R* — R.
Denote

pr=al® vy =1—af* % w1 =1-bp*t M =1—-by> 2,
A =i+ viwi,

(2.1)
po =c€PH vy =1—¢P72 wo=1—dn® Y, Ao =1—dn° 2,
V= M2>\2 —+ vowa.

2.6. Lemma. Suppose that A # 0 and

(BO) h € C°(0,1) and there evist k > —1 and 1 < 0 such that 2+1+k > 0 and
[R(t)| < t°(1 —t)" for all t € (0,1).

Then © € X is a solution of problem

() + h(t) = 0,0 < £ < 1,
(2.2) hmt2 “z(t) — ax(§) = M,
2(1) — ba(n) = N
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if and only if v € X satisfies

o Ulta71+u1ta72 wltu72—>\1tu71
z(t) = + N+ < M

)oz—l

a— a— a— 1
— U () ds 4 ittt 2{“*5 h(s)ds

(23) 0 I'(@) ')

5)™ 1

sye—1 a a=1_ 0, 4a—2
Tl h(s)ds + “AE_eent f“w h(s)ds.

_ bupt® T 1+lm1t” 2 f (n

Proof. From (B0), we have

t o
12 Of(t*;‘()a—) 1h(s)ds 2= O‘fiu ey (1 —s)lds

w)a+l71

to N atl-1 _
<@ J Q=)™ 7 k(s = gotith f()1 a ) w®dw
0

T(a)

_ 2++R BlatLkd1)

) —0ast—0.

Suppose that € X is a solution of (2.2). Lemma 2.5 implies that there exist ¢;(i = 1, 2)
such that

(24)  a(t)=— f ()5 h(s)ds + cat™ ™! + ot 2.
One sees from the boundary conditions in (2.2) that

P le=s?
pict —vice = —M + af Wh(s)ds7
0

5)*— 1

wicr + Az = N + f Q295" h(s)ds — bf (s h(s)ds.
It follows that

1 a—1
1 = % {le MM+ [ %h(s)ds
0

)al

fbvlf%h( )ds+a/\1f(5r(a>h(s)ds] ,

a—1
co = |:/.L1N +wiM + f %h(s)ds

n .
_bplg'%h(s)ds — awq fr()&)h(s)d8:| .

Substitute c1,c2 into (2.4), we get (2.3).
On the other hand, if z € X satisfies (2.3), we can show that x € X is a solution of
BVP(2.2). The proof is completed. O
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2.7. Lemma. Suppose that V # 0 and (BO) holds. Theny €Y is a solution of problem

DPy(#)+h(t) =0,0 <t <1,
(2.5) lim =Py (t) — ey(€) = M,
y(1) —dy(n) = N

if and only if y € Y salisfies

B—1 B—2 B—2 B—1
__ vat +pat wot — Aot
y(t) = = N+ = M

,S)ff—l
r'B)

h(s)ds

t (t—s)f—1 votP 1 puotP—2 b
26) Oy h(s)ds + w2t 0f<

otB=1bduotb—2 1 (n_g)B—1 AotB—1_ g2 & e 5Pl
_dXat ; pat bf (n F()ﬁ) h(s)ds + < a2t vcwzt Of ( 1“()B) h(s)ds.
Proof. The proof is similar to that of Lemma 2.6 and is omitted. O

Define the operator T on X X Y by T'(z,y)(t) = (T1y)(t), (Taz)(t)) with

a—1 a—2 1 a—2 a—1 1
(le)(t) = % g"l/)ln,y(s)ds + % ..!‘(z)ln,y(s)ds

g1

to(t—g)@—1 vq 1 a—2 1
— Jo FE P fay(8)ds + Bt [ A5G p(s) fuy (s)ds

bopt® by 92 (gos)@ 1
- A ‘({ T'(a) p(S)fnyz(S)dS

a—1 a—2 5 —s a—1
+a>\1t Zawlt f (€ F(L) p(s)fn,y(s)ds
0

and

A1 p-2 1 JtB—2_5 1B—1 &
(Taz)(t) = 22— [, (s)ds + 23— [ 6o, (s)ds
0 0

_g)B-1

1
t (t—s)B—1 votB—1 B-2 1
— Jo S a(8)gm.a(s)ds + g2l [ Uedq(s)gm,a (s)ds
0

o1 g—2 1 _B8-1
_ dugt Jvrduzt f (n Fs()B) q(8)gm o (s)ds
0

9
B—1_ B2 _g)B-1
+cz\2t vcwzt f €3 1"(?8) q(s)gm,z(s)ds

for (z,y) €e X x Y.
By Lemmas 2.6 and 2.7, we have that (z,y) € X XY is a solution of BVP(1.8) if and
only if (z,y) € X x Y is a fixed point of T

2.8. Lemma. Suppose that (i)-(iv) defined in Section 1 hold, A # 0 and V # 0. Then
T: X XY — X XY is completely continuous.
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Proof. f0<m<a—1land 0<n< B —1, we take
27 (Tvy) (8)] =0 = lim 2~ (Tyy)(1),
t—0
A DE (Try) () =0 = lim =D (Tvy)(¢),
2P (Tox)(t)|t=0 = lim t*>~ 7 (Tox)(2t),
t—0
(470 D (T3) (1) emo = lim 4247~ Dy (Toa) (1)
then t>~*(Tyy)(t), t*T™ Dy (Tiy)(t) and ¢*~° (Tez)(t), > "~ P Dy, (Tox)(t) are contin-

uous on [0, 1] for each (z,y) € X xY. It is easy to show that T is completely continuous,
we refer similar proofs to [1]. The proof is complete. O

Now, we rewrite

(T(z, 9))(t) = (Tay)(1), (T22)(1))

-1 —2 1 -2 -1
- (% 0f¢1n,y(5)d5 + % ({(pln’y(s)ds

1

+ [ G(t, 8)p(s) fn,y(s)ds,

0

vatP T 4P 2
v

B wotBP =2 _Noth 1 R B
S V2, 0 (8)ds + 22— [ b2, ,(s)ds + [ H(t, 5)gm,(s)ds | .
0 0 0

Here
(’U1ta71 +M1ta72)(1 _ S)afl
+(Aat* ™t —wrat* ) (€ — 5)* .
<s<

*(’Uﬂ)tail + bﬂltaiz)(T] _ S)afl 0 =5 mln{tv 5}7
= (A1 +wivn) (E—s)77,
(vltafl +‘u1ta72)(1 _ S)ozfl
—(vibt* ™t 4 buat* ) (n — 5)*7 € < s < min{t, n},
— (A1 + wivr) (E—8)*7 T,

1 (0rt® ™! ) (1 — )

= <
G(,s) T(a)A —(’U1bta_1 + b,ulta_Q)(’I] _ 5)04—17 max{t,{} < s <,

(’Ulta71 +,U/1ta72)(1 _ S)afl
+(Aat* t —wat* (€ —5)* T t<s <€,
—(0abt* ™t 4 bt %) (n — 8)* 7,

(Ulta—l +,U'1ta_2)(1 _ s)a—l

<
— (A wivn) (E— syt TS

(01t* ™ + p1t* ) (1 — 8)* ! max{n, t} < s < 1,
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and

(vat? "+ pat? ) (1 — 5)7
+ (A2t — woet? ) (€ — 5)P! 0 < s < min{t, £},
— (p2A2 + wavz) (t — 8)P 71,

(02t~ + pat?72)(1 — 5)P
—(v2dt? ™ + dpat® %) (n — 5)P71 € < s < min{t,n},
— (22 + wav2) (t — 5)7 71,

(02t 4 pat?72)(1 — 5)P

- — _ maxt, <s<mn,
H(t7 S) = F(é)v _(’UgdtB 1 —|—dlu,2t6 2)(77 _ S)B 1’ { "S} =n

(vat? ! + pat? ) (1 — 5)7
+(A2et’ T —wact? ) (€ —5)P T t<s <,
—(v2dt? 4 dpat® ) (n — 5)° 7,

(’Ugtﬁ71 + u2t572)(1 — s)gfl

<
~(p2de +wnwn) (t—5)1, TEESE

(02t 4 pat?2)(1 = 8)7 7! max{n, t} < s <1,

2.9. Lemma. Suppose that

A>0, 0<a< 0<b<

1 _1

ga—2(1_€)> —_ na—1>
1 1

V>0, 0<e< oy, 0<d<

Then

(2.7) G(t,s) >0 for all t,s € (0,1), H(t,s) >0 forall t,s € (0,1).

Proof. By the definitions of G, we consider six cases:

Case 1. 0 < s < min{t,£}. Firstly, from bn®* ' <1 and 0 < a < we have

1
€e-2(1-¢)’
Wit = At =272t — 1+ b3 — 1]

<0, n<t,
e e R R e R R R S E R B R W R

I/lta71 + bulta72 — toz72[t _ a€a72t + agocfl]

>0

— Y

af*? <1,

>1—a* 2 4+at* >0, a2 > 1.
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It is easy to show that (¢ —s)*™ ' <t*~ (1 —s)*"! for all 0 < s < t. Then

A1t —8)* T (it it (1= ) (T —at*T2) (€ —s) !

= (bt bt ) (- 5)* 7

> [t 4 (it 4t %) + (awrt* T — aAgt* et

— (bt 4 bt ) (1= )

= [—a{“_l(l — b Ht Tt — (1 —af* (1 — byp> et

H(1 - aE* 2 4 a1 2) 1 (a1 — by e — a1 — byt gt

—(b(1 = ag® )t +abg® T T (1 - 5)* T = 0.

Case 2. max{t,n} < s < 1. We note that 0 < a < Then

1
£x=2(1-¢)"
V1ta71 + ,Uzlta72 — tafl _ a§a72to¢71 + agafltoc72 — tosz[(l _ a£a72)t + agocfl]

=t 4 ag* e~ 1) > 0,6 > ¢,

20,6 <t,af"? <1,

>t — a2+ a7 > 0,6 < tat* > 1.

Case 3. 1 < s <t. From (t—s)*" ' <t*71(1—5)*"!, we have

A1t —8)* 7+ (it + it (1 - s) !

= At —8)* N (it T (1 - s) !

+(awit*™t — art* 73 (€ — 5)* 7! — (brit® T F buat* ) (n — s) 7!
—(awit* ™t — a7 (€ — )+ (vt + bt ) (n — 5)* 7!
> At —8)* " 4 (it F it (1 - s) !

+(awit® ™t —axit*72) (€ — 8)* 7 — (bwit® T 4 buat® T2 (n — )27 > 0.
Case 4. ¢ < s <t. We have

—Al(t _ S)afl + (Vltafl +Mlto<72)(1 _ s)ocfl

— (bt A+ bt ) (n — 5)* 7

— *Al(t _ S)ozfl + (V1t071 4 ,leltaiz)(l _ S)ozfl

+lawit® ™ —a it (€ = 5)* 7 — (bt + buit* ) (n — 5)*

FA(t—8)* T (bt bt ) (n — 5)* !

2 *Al(t _ S)afl + (Vltafl +’u1to¢72)(1 _ S)afl

Flawit® ™ — aAit®T2)(€ = 8) T = (brat® T - bpat® ) (n — 5)* 71 > 0.
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Case 5. t < s <. We have

(l/ltafl + ,ultaﬁ)(l —s)* 4 (awlto‘fl — a)\lto‘fz)(g —s)et
(ot - buat ) (= 5)*

= —Aq(t—8)* P+ (it it (1 - 5)> !

+(awit*™t — arit* ") (€ — 5) !

— (b1t F bt ) (n — 8)* T+ Aq(t — 5)>H

> A (t— )" 4 (it F (1 - s)* !

+(awit*™t — arit* T2 (€ — 5)*!

— (b1 t* ™t b t* ) (n — s)* 7 > 0.
Case 6. max{t,{} < s <n. We have

(it a2 (1= 8) 7 = (bt 4 buat® ) (= 5)*
= A1t —8)* "t (Lt 4t (1 - s) !

+(awit*™t — arit* ") (€ — 5)*!

— (b1t F bt (n — 8)* T+ Aq(t — )T

—(awt* ™t —aXt* ) (€ — 5)* !

> At =) 4 (Lt pat ) (1 - s) !

+(awit® ™t — art* ) (€ — 5)*!

— (b1t bt ) (n — 5)*"t > 0.

We know by the definition of G' that G(t,s) > 0 for all ¢,s € (0,1). Similarly we can
prove that H(t,s) > 0 for all t,s € (0,1) The proof is completed. |

3. Main results

In this section, we prove existence result on solutions of BVP(1.8). Let p;, vi, ws, As
(i = 1,2) and A,V be defined by (2.1). For ® € L'(0,1), denote ||®||1 = [ |®(s)|ds.
The following assumption will be used in the main theorem.

(B1) there exist nonnegative constants b;,a;(i = 1,2), B;, A;,C;, D;(i = 1,2) and
€1,0i,7i, 0 (i = 1,2), ®;, U, &i0, ¥ € L(0,1)(: = 1,2) and bounded functions &, ¥



such that

|f (t7 tz%/sy t2++—ﬁ) - (P(t)’ S bl|’u‘|€1 +(11"U|61,t € (07 1)5“5” S Ra

|g (tv t;io‘ ) mﬁ) - \Ij(t)| < b2‘u|m + a2|1}|’yl’t € (O? 1)7“‘7’” € Ry

|61 (t, %5, 255 ) — P10(t)| < @1(8)[Baul + Ar|v]*,t € (0,1),u,v €R,

t, t27iB7t2++*5) — \Iflo(t)| < \Ifl(t)[C’1|u|” +D1|U|61},t € (0,1),11,,1} € R,

|¢2 t? t2qio¢7 t2+:il—o¢) - <b20(t)| S @2(t)[B2‘U|01 + A2|’U|’Yl]7t e (07 1),’1,6,’[/' e R?

W2 t, %=, Wﬁ) — Wy (t)

For ease expression, denote

- (1_a£a72>ta71+a5a71to‘72 1
Cb(t) - A f\Illo(S)dS
0

_pp—1yia—2_ 4 3 a—2\;a—1 1
+(1 bn®~ )t A(1 bn® ")t j‘q)m(s)ds
0

_ga-1 g2y a—1 jea—lio—2 1 _g)a—1
Iy TP B(s)ds - U [ S () () s

L p(s)B(s)ds

_ b(1—ag® )"l gpea 1402 f" (n—s)®—1
4 0

a—2y,a—1 a—1ly,a—2 13 a—1
+a(1—bn )t ;a(l—bn )t f (§—Fs(zx> p(s)@(s))ds
0

oeB—2y B p-1,8-2 1
T(t) = U=t 3t V1+c£ 1482 [ Wao(s)ds
0

+ (1—dnP~HtP2—(1—dnf P!
v

j (I)Q() (s)ds

t (t—s)B—1 1_cgB=2)B—1 eB—1,8-2 1 1—g)B—1
— fy SRl a(s)W(s)ds + U= et T [ USS(5) W (s)ds
0

A(1—ceB=2yB—1 1 cqeB—148—2 T (,_B—1
_d(1—cgP Tt V-9—c Pt f(nrs&s) q(s)\Il(s)ds
0

1
c(1—dnP=2)tP~1 _c(1—dnP—1tP—2 _s)p-1
ye—dn?7 )t - (A—dn”~ ")t | €3 1“(13) q(s)W(s)ds,
0

< Us(8)[Ca|ul™ + Da|v|"], ¢ € (0,1),u,v € R.

403
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and

+X1 B
M, :max{ulzimH‘I/lchl + A2 ®y |1 By

b [A+(1+b) (vitp1)+a(M +wy)]B(atly ki +1) ,
+01

(a)

F(a—1) Y I‘(S)
Lol Yl Tla—m-1) Tla—m) ||p 1B
v1 l"(l;((jzn) +Zl F(afm—l) ||\Ij1HICl + T( L || 1||

— +1)
Lozl Ypetkitl | Bla—mt by
M(a—1) Cle) 4y SCE

[v1 rlamy 1 e+ (21 racm [T

+a1 T(a)A

— —m— 1)
! . m+l1,k1+1) biB(a—m+ly,k1+

aX (@) 440y | (a( - )1)‘ )5 B(a +ki+ et

( 1 T'(ax—m) ( )

+ b1 T A + T

w1+ A
Ny :maX{vlJETMH\IHHlDl + 2| @11 Ax

)ta(A1+wi)]B(a+ly,ki1+1) ,
+ap [A+(A+4b)(vitps AR

ool o pE 0L
r(a—1) e —m=DITM T —m) ||y ||, Ay
ulr(l;(‘jzn)ﬂ:mafm—l)l |[Wy]| D1 + Ir( A [|®1]

a—1)
—m—1)

- L) .y, I
I'(a) Cla=1) (.. g
[v1 rlamy 41 e+ (b1 o Raic)

0‘+k1+ll]B(a7'm+l1,k1+l)
\)”
+b1

+ a1

- k1+1)

— a+k1+llB(a_m+llyk1+1) a1B(a—m+ly, 7
= = 17)1 : + T(a—m)

(0)\1 T'(a—m) +awy [T (c mF(;\))A

w42 B
Mzzmax{”2$“2\|\1/2|\102+ 2572 || @2|[1 B2

: +C(>\2+w2)]B(ﬁ+lz,7€2+1)7
+bo [V+(+d)(va+p2) s

NCET N O\
(B 2 EB—m=1] LB || ®y|; Ba
v r(FB(E)n)Jr“vz [T(B—n-1)] |[Ta||1Ca + T ] ||®2]|

. B Y
G VPt | B(B—ntis ko +
=) LB ydp, _n_1)|)n
[v2 r(p 2y +i2 tripem ey + (2 (s o T

(B)VvV
+az @
mon )§P BB nta ket ) | b B(B—ntly kat)

(exo pi B tews ri B e 8 N St

+ b2 TV
watAy Dy||1 Az
N2:max{”2$“2||\112\|1D2+ v H
B(B+l2,ka+1)
1+d) (vatp2)te(Aatws)] 7
+as [V+( L
rg-1 NG

r(B) rg-1) wa ll_,(ﬁ(7n71>‘+>\2 N 3]+ As

T 0L W] D + Z
FE—L Btketlz | B(B—n+ig,ka+1)
e (o + (402 m{g o 402 g ) ]

[v2 £l5 o 42 (o] NG i

+b2
= PHEet2B(B—ntla katl) | ayB(B—ntls katl) _
X2 gy ows (s ooy ) €0 T2 2B (s + T(B—n)

(et NN

+ a2
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Denote
M = My, + N1, N = Ms + N,

®¢ = max{||®||1,1}, ¥o = max{|[¥||1,1},

7 = max{e1,01}, 0 =max{o1,71}.

3.1. Theorem. Suppose that A > 0,V > 0, o>~ < 1, de*™ < 1, (i)-(iv) defined in
Section 1 and (B1) hold. Then BVP(1.8) has at least one positive solution if one of the
followings is satisfied:

I ro<1

(I1) 70 =1 with NM*° <1 or MN'"™ < 1

(III) 70 > 1 with

M(ro—1)To[MYg+d]77 1

N(ro—1)To[N®g+¥g]77 ! < 1
(tro—1)77

(tro—1)7° - MT*

< or

1
N
Proof. From Lemmas 2.6 and 2.7, we know that (z,y) is a solution of BVP(1.8) if and
only if (z,y) is a fixed point of T. From Lemma 2.8, T: X X Y — X X Y is completely
continuous. By Lemma 2.9 and (i)-(iv), (z,y) is a positive solution of BVP(1.8) if and
only if (x,y) is a fixed point of T'.

To get a fixed point of T, we apply the Schauder’s fixed point theorem. We should
define an closed convex bounded subset 2 of E such that T'(Q2) C Q.

It is easy to see that ® € X, ¥ € Y. For r1 > 0,72 > 0, denote Q = {(z,y) € F :
[lx — ®|| <71, |ly — ¥|| < r2}. For (z,y) € Q, we get

(3.1) Azl < lz =2l + |2l < i+ @], Myl < [ly — T[] + [[¥]] < 72+ [[P]].
Furthermore, we have

| (t,y(8), Dgry(t)) = 2(B)] < bl Py(6)|* + as [t Dy y(1)|,

lg (£, 2(t), D a(t)) = ®(t)| < b2t~ @(t)|7* + az|t* ™Dyt a(t)|™,

|61 (t,y(t), Dg+y(t)) — Pro(t)] < @2(6)[Bilt> Py ()| + Ar|t** =P D y(1)[*,
|1 (8 (1), Dy y(t)) — Wio(t)| < Wi(&)[Cilt* P y(8)|F + Dalt> " Dy y(t)|*]
|q52 (t,z(t), Dy a(t)) — Pao(t | < Qo (t)[Ba|t?x(t) |7t + Aot T Dy x(t)| ],
|2 (8, 2(t), Dk a(t)) — Wao(t)| < Wa()[Calt* “x(t)|7* + Da|t* T Dyt a(t)|"]

hold for all ¢t € (O7 1). Tt follows that
| (ty(t), D y(8)) = D(1)] < ballyl|T + aallyl|™*, ¢ € (0,1),
|g (tax(t%Dg}Fx(t)) - \Il(t)| < b2||xH(71 —|—a2\|m\|"’17t € (07 l)a

|61 (t,y(1), Diy (1)) — Pro(t)| < @r()[Ballyl| + Axllyl|], ¢ € (0,1),

¥ (£:y(1), Dy y (1)) = Wro()] < W1 ()[Crllyl| + Dallyl|].2 € (0,1),

) -
(1) =
|2 (t,2(t), D’ 2(t)) — Pa0(t)] < Pa(t)[Balla||”* + Af|z||”],¢ € (0,1),
|02 (t,2(t), Diya(t)) — Wao(t)| < Wa(t)[Col|z||” + Dallz|["],t € (0,1).
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By the definition of T', we have

272 (Try)(8) — B(1))|

< SO Gyl + Dallyll*] + = Z22 [P L [Ballyll + Axlly|™*]

_aa—1 .
y S R (1 — ) ds[bn |yl + aaly]|*]

+t2—a
ur f (1-s)*"1' k 1 )
+HR [ s (L= ) ds[ba|lyl| + aalyl|™]
0

a—1

n
ot S gk (1 — s)nds[baJy]|* + aally]|*]
0

g —s a—1
edupaer fUESIT ok (1 — 5)ds[by[[y]| + aaly]|™!]
0

< (LW |1 Cy + 2L (|@y |1 By

A+(1+4b) (v + +a(A+w1)]B(a+ly,k1+1 €
by 2+ OO i) ke ) Bl by >)|Iy|\1

+ (%TMH\I’1||1D1 + wlzh [|P1]]1 A1

A+(1+4b) (v + +a(A+w1)]B(a+ly,k1+1 E)
+a1[ (A4b)(v1+p1) F((a)lA 1)]B(a+tl k1 ))”yH 1
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and similarly we get

24m =0 DI (Ty)(t) — D D)

v1 F(I:x(fzn) +r F(I;(f;lf)n € 51
< a [T [1[Callyll* + Dallyl[™]

Cla=1) |y _T(«)
e TS T |y |4 [By [y ]|t + As |yl ]

_g)ya—m—1 €
e [T g (1 s)adsfolyl| 4 aa Iyl

+”1F(Fa(f7)n)+“l|r<€x(f;1—)1)\ fl(l—s)‘“l kl(l 11 gslb €1 51
A ) T(e) s —s)"ds[ballyl[* + ax|lyl|

b1 s b Tt el z S
+ T( ) X [T D] ‘OI(WFS(L) s 1(1_8)1d8[bl‘|y||61+a1Hy|| 1

al l;fzn “+awq 1;(11;113 € _aya—1 5
L | (€2 51 (1 — 5) 2 ds[ba[y]|* + aa[y]|

T'(a) I(a—1) M(a—1) (o)
S (Ul T'(aa—m) +Zl I'(a—m—1) H\I’1||1CI + w1 F(a—m—l)A+>‘1 T'(a—m) |‘©1||1Bl

+ biB(a—m+ly,k1+1)
T'(a—m)

[v1 rﬁfi"fn) +u1 \r(l;(f;zljl)\ +(bvl r@(‘flﬂ) +bp ‘r(i(f;l)l)\ )n“*kl“l]B(a*mHLthl)
+ax o)A

C(a) I'(a—1) a+k
‘b (0)\1 T(a—m) +awy [T(a—m—1)] )5 JrlirllB(Ot_m-"_ll,kﬁ_l)) ||y||61

T(a)A

(o) (a—1) (a—1) (o)
(P T g |,y 4 TS ES a  y

+ a1 B(a—m+ly,k1+1)
T'(ae—m)

' Na—1 I'(a I'a—1 o
[“1 F(a(—Zn) +p \F(a(fmf)l)\ "'(bvl r(a(fzn) +buy |F(a(77nf)1)\ )” +k1+ll]B(a—m+llﬁkl+1)
+b1 T(a)A

(a)\l F(l;(fzn) +awy ‘F(I;(E‘;ljl)‘ )§a+k1+l1 B(a—m+ly,k1+1) 51
a =nil Iyl

We get
IThy — @[] < Mi(rz + [[W][1) + Na[r2 + |[¥[[1])°* < Mrz + Wo]".
Similarly we get
[|Tox — W|| < Ma[r1 + [|®]]]7* + Na[+[r1 + ||®][]"* < N[r1 + ®0]°.
If there exists r1,72 > 0 such that

(32) M[TQ—F\I/[)]T STl, N[T’1—|—¢'0]U S'I‘Q,



408

we let Q = {(z,y) € E: ||z — ®1]| < r1,]||ly — ®2|| < 72}, then we get T(Q) C Q. Hence
the Schauder’s fixed point theorem implies that 7" has a fixed point (z,y) € Q. So (x,y)
is a solution of BVP(1.8).

Now we will prove that (3.2) has positive solution r1,72 > 0. We transform (3.2) to
the following inequalities:

1/c 1/7

re < (5 — Wo)

M ;11 < (% — Do)

Hence we get

N(ri4®0)" <712 < (3 — ‘1’0)1/0
or

M(ra + o) <r < (% - ‘I’O)I/T .

Case (i) o7 < 1.
It is easy to see that there exists ry > 0 sufficiently large such that N(ry + ®g)7 <

(Tﬁl — ‘Ilo)l/a. Then we can choose r2 satisfying N(r1 + ®o)” < ro < (% — \I/o)l/a.
Hence (3.2) has positive solution 71 > 0,72 > 0. We choose 2 = {(z,y) € E :

[lz — ®|| <71, |ly — ¥|| < r2}. Then we get T(Q) C Q. Hence the Schauder’s fixed point

theorem implies that 7" has a fixed point (z,y) € Q. So (z,y) is a positive solution of

BVP(1.8).

Case (ii) or =1.
If NMY° <1, then

lim AdPo)™ — yppt/e <.

r—+00 (%7\110)1/0

So there exists 1 > 0 sufficiently large such that N(ri 4+ $9)” < (Tﬁl - \Ilo)l/a. Then we
can choose ry satisfying N(r1 + ®0)” <72 < (5% — \Ifo)l/g.
If MNY/7 < 1, then there exists 72 > 0 sufficiently large such that M(ry + ¥¢)° <
(%2 — <I>0)1/T. Then we can choose r1 satisfying M (r2 + ¥o)? <71 < (% — <I>0)1/T.
Hence (3.2) has positive solution 71 > 0,r2 > 0. We choose Q = {(z,y) € E :
[lz — @ < 71,||ly — V|| <r2}. Then we get T'(2) C Q. Hence the Schauder’s fixed point

theorem implies that T has a fixed point (z,y) € Q. So (z,y) is a positive solution of
BVP(1.8).

Case (iii) o7 > 1.
If

M(TO’*l)TO’[M\I/O#"I)(]]To_l <
(tro—1)7° =

then let 7y = %. It is easy to see that N(r1 + ®¢)” < (% — \IIO)I/U. Then we
can choose 2 satisfying N(r1 + ®o)” <12 < (% — \Ilo)l/a.

If

1
N

N(ro—1)7o[N®g+¥g]77 ! < 1
(to—1)7° — M7

1/

then let ro = Z2N®0+¥0 1t ig easy to see that M(rs + ¥()? < (r—"’ — <1>0) . Then we

To—1 N
can choose r1 satisfying M(rz + ¥o)? <r; < (%2 — @0)1/7.

Hence (3.2) has positive solution r1 > 0,72 > 0. We choose Q@ = {(z,y) € E :
[lz — ®|| <71, ||y — ¥|| < r2}. Then we get T(Q) C Q. Hence the Schauder’s fixed point
theorem implies that 7" has a fixed point (z,y) € Q. So (x,y) is a positive solution of
BVP(1.8).

The proof of Theorem 3.1 is complete. O
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3.2. Remark. If (Bl) holds with max{e;,d:} max{o1,v1} > 1, it is easy to see that
all known results in [1, 17] can not be applied to establish existence results for solu-
tions of BVP(1.8). It is easy to see that limM = lim N = 0 for sufficiently small
ai, bi,Ci, Di, Ai, Bi(i = 1,2). Then
NMY? <1, MNY™ <1,
M(ro—1)To[MYo+P To—1
o rrlie e — < 5
hold for sufficiently small a;, b;, Cs, D;, Ai, B;(i = 1,2). From Theorem 3.1, BVP(1.8) has

at least one solution for o7 < 1, and for sufficiently small a;, b;, C;, D;, As, Bi(i = 1,2)
when o7 > 1.

N(ro—1)10[NPo+To]77 1 < 1
(tro—1)77 - M7T*

and

4. Numerical examples

In this section, we present two examples for the illustration of our main result (The-
orem 3.1).

4.1. Example. We consider the following boundary value problem

Dl u() +t*T10(1 ft)’zﬁf(t,v(t),Déf?jv(t)) —0, te(0,1),

D2 w(t) + 1715 (1 — 1)~ B g(t,u(t), D2 u(t)) =0, te (0,1),
(4.1) }i%tgu(t) - %u(l/?) =0,

u(1) — 3u(3/4) = 0,

}Er%)tév(t —1v(1/2) =0

v(1) — v(3/4) =0,

Then
(i) BVP(4.1) has at least one positive solution if there exists a constant H > 0 such
that

[f(tu,0) = * < H, t€(0,1),u,vER,
lg(t,u,v) —t°| < H, t € (0,1),u,v €R.
(i) BVP(4.1) has at least one positive solution if

|f(t,u,v) — 3] < blt%uel, b1 >0, &1 >0,

lg(t,u,v) — 7] < bat But, by >0, 01 >0
and one of the followings holds:
(a) €101 < 1
(b) €101 = 1 with (38.1089b1)'/7134.0678b2 < 1 or 38.1089b; (34.0678b2)"/ ™ < 1
(C) €101 > 1 with

38.1089171(610'171():11:11£318).€110§i3b1\I’0+<1>0]s1<7171 (340678()2)‘71 <1

or

€e1o1—1
34.0678b2(610'171():11;7'11£3;1).?16518b2<I>0+\IIO] 191 (381089b1)61 S 1.

(iii) BVP(4.1) has at least one positive solution if

3 78
flt,u,v) = t? +b1t%u€1 +a1tT3v61, ai,b1 >0, €1,61 >0,

I 9
gt u,v) = 17 4+ bat T u” + agt 10 07, as,by >0, 01,71 > 0.

with a;,b;(i = 1, 2) sufficiently small.
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Proof. Corresponding to BVP(1.8), we have a = 10,5 = 20, m = % and n = %,
£zé,n:i,a—b c=d=1%and ¢i(t,u,v) = ¢;i(t,u,v) = 0(i = 1,2) and
p(t) =710 (L= 1), g(t) = 10 (1 - )" 5.

It is easy to see that (i)- (1v) hold with k; = 1—0 = ko, and I; = 720, lo = . One

sees that k1 > —1, a—m+11 >0,24+k1+11 >0, ko > -1, ﬂ n+ly >0, 2+k2—|—l2 > 0.
One sees that both p and ¢ are not integrable on (0,1). Hence (i)-(iv) defined in Section
1 hold.

By direct calculation using Matlab7, we find that

9
1 (1)1 ~ 02679, v1 =1— 1 %2~ 0.0670,

=
I

o\w

wr=1-1%(3)10 ~06141, A\ =1— 1 V2~ 0.4641,

19
pe =3 (1)20 ~0.2588, va=1— 3 V2~ 0.4828,

m:l—%(%) ~0.6196, A2 =1— ; V2~ 0.4824,
A=E(B)P -3V + (- VD) (1-3 (D)) ~ 0400
V=300 -5V 0-589) (1-5()F) moa2

Hence A >0,V >0, bp®~ ' <1, d¢e> < 1.
Choose ®(t) = t?, U(t) = t°. By direct computation, we find that

9 1
BB = 5 (t—s)10 19 v1t10 4puqt” 10 B(17/20,29/10)
t10[®(t)| = t10 fo T(19/10)° s10(1—s)” 2°d3+ . AL T(19/10)
9 _1 3/4.3 &
v1t10 41t~ 10 (§-s)10 19
A ({ 1“4(19/10)310(1 s)"20ds
9 L1201
A1t10 —w 10 38 1 —2L
42ttt of F2(19/)10) s10(1 —s)"20ds

31+ 1 A14w; ) B(17/20,29/10)
= (1 +3 IAM +3 1A 1) '(19/10) ~ 2.3895,

I | ) % ~3
120 [W ()] = 120 |~ fo {5575y 5 10 (1 — 8) ™ 20ds 4 v2t2gat 20 BES0)
19 _1 3/4 20 49 _23
—wtstee = f (1“4(39/)20) s10(1 —s)"20ds
& —1 1/2 04 % 4
A - 32—° 10 -
e f (F2(39/)20) s10(1 —s)"20ds

3 vt 1 Ao+ B(4/5,59/10)
< (1 +3 2VH2 t3 2vw) ' (39/20) 1.4335,
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and
9 4 i t (t— s)10 H _21
5
t10‘D0+<I)( 10 fo NG OL 510 (1 —s)"20ds
r(19/10 9/10) ,— &
erl 1"511?10; 0 +u1 rEl?mit 10 B(17/20,29/10)
A T'(19/10)

r(9/10) - (9/10) ,— <% 3/4 /5
V1r(11/10)t O tu1 /oyt 10 (Z S) 10 19 _21
—= g‘ F(1o/10) 5 1° (1—s)"20ds

r(19/10) , 45 (9/10) ,— 1/2 9
AR BAR T b
0

+ 2A

Y1T(11/10 T(1/10) +

r(19/10 r(9/10 r(19/10 r(9/10
+ ( a ;+“1 SYET) l>‘1 1“511;10; twi I‘El;log) B(17/20,29/10)
2

< B(1/20,29/10)
> T T(11/10) A A T(19/10)
=~ 20.7609,
BT = i | ¢ G B B
10 | DR W (t)] fr(13/1o) 10(1—s)”20ds
T(39/20) %Jr r(19/20) ,— o
+ T'(13) H2 T(E/10) B(4/5,59/10)
Y (39/20)
1(39/20) , 3« r(19/20) ,— - 3/4
L/Q%t 10 4o 1"((3//10))t 10 3/ (2-s 20 19 80— s =
oV 0 F(39/20)
'(39/20) % 1"(19/20)t71—7O 1/2 19
2T(13/10) “2 T(3/10) (5—5) 20 L 23
+ 2V " T(39,20) 5 ° (1—s)20ds
r(39/20) r(19/20) ' (39/20) ['(19/20)
B(3/20,59/10) + 3 V2T(13/10) M2 T(3/10) + 1 22 T(18/10) T2 T(3/10) B(4/5,59/10)
> T ras/10) v 2 v T'(39/20)
~ 6.2585.

It is easy to see by calculation that

|®]| = max{ sup t10|®(¢)|, sup t10|D5 D(t)| p < 20.7609,
te(0,1] te(0,1]

— — 13 __
19| —max{ sup t20[T(t)|, sup t170|D02£\If(t)|} < 6.2585.
te(0,1] te(0,1]

One sees that (B1) holds with A; = B; =C; = D; =0(i = 1,2), ®i0(t) = Tio(t) =001 =
1,2), ®i(t) = Uy(t) = 0(i = 1,2), ®(t) = 12, ¥(t) = t°.
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Furthermore, we have

M, = max {b1 [A+<1+b)<v1+u1>+;(8)1IW1)]B(a+ll,k1+1)’

b1 B(a—m+ly,k141)
T'(aa—m)

[Ul rﬁfi‘fw +pa \F(l;(f;Ll—)l)\ +(b“1 r@(i’Z”) +buy \r(l;(f:nlf)m )"a+k1+ll]B(a*m+llvkl+l)
+a; T(a)A

' IN'laa—1 k l
b (a)\l F(a(_fn)Jrawl |F((1(—7n—)1)\)5a+ 1+ B(a—mdi1,k1+1)
+ 01 T(a)A

<b ([A+<1+b)(vl+m)+;((2)1:w1)]B(a+zl,k1+1> 4 Blo—mihud41)

(EM p(l;(_uzn) +aw; ‘F(l;(_a;l_)m )§a+k1+l1 B(a—m+ly,k1+1)
I'(a)A

I (o) F(a—1) (o) T(a—1) k141
w1 O i e (b O b D ) R Ba—met i b 4+1)

+a1 [ T(a)A

(19/10 r(9/10 . r(19/10 . (/10 3
{0.0670ﬁ+0.26791ﬂ51§10; +(.0p70 LOS/1% 4 0.2070 TO/IBY (3) 4}B(1/20,9/10)

Sa 0.4093T'(19/10)

b [0.4093+ 3 (0.0670+0.2679)+ 4 (0.46414+0.6141)]B(17/20,9/10) | B(1/20,9/10)
+b1 ( 0.4093T(19/10) T(11/10)

0.4641 T'(19/10) , 0.6141 T'(9/10) 1\2
( 2 T(11/10) 2 \r(l/lo)\)(§)4B(1/20’9/10) ~
+ st ~ 6.9793a; + 31.0850b,,

and

Ny = max {a1 [A+<1+b>(v1+m)+ra(%1gw1>1B(a+11,k1+1>7

a1B(a—m+ly,k141)
T'(a—m)

(o) T(a—1) T'(x) T'(a—1) a+kq+l1
[“1 oy HH e o= 1] +(b“1 oy TO1 Ml —m =1y )" 1+ 1]B(a*m+llvk1+l>

+b1 T(a)A

(a—m)

+a ( T(a)A

al1 D) 4 gy ‘F(l;(f;l_)l)‘ )€a+k1+ll B(a—m-+ly,ki1+1) }

T(11/10) T(1/10) 2 T(11/10) 2 T(1/10)

{010670r<19/10> +0,2679r(9/10)+(o.oo7o (19/10) | 0.2679 r(9/10>)(%)%}3(1/20,9/10)
<b 0.4003T(19/10)

[0.4093+ 2 (0.067040.2679)+ 1 (0.464140.6141)]B(17/20,9/10) B(1/20,9/10)
+a1 ( 0.4093T'(19/10) + T(11/10)

. (19/10 . r(9/10 3
oap4l Fguflog + 00341 1"((1//10))\ ) (%) 4B(1/20,9/10)

+ ( : 0.4093T(19/10) ~~ 34.1691a; + 7.0239b1,
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I'(39/20 r(19/20 . (39/20 . r(19/20 7
M, < [0'4828 1"513?10; +0.2588 r(<3//10)) *(0 4328 1"513;10; +0:2388 1“<<3//10)> ) (%)t ] B(3/20,9/10)
2% a2 0.4237T(39/20)

b [0.4237+ 3 (0.482840.2588)+ L (0.482440.6196)]B(4/5,9/10) B(3/10,9/10)
+02 0.4237T°(39/20) + 0.4237T(13/10)

7
+ 0.op24 FF((1339///2100)) +0:0398 1}((139//1200)) ) (3)19B(3/20,9/10)
0.42371(39/20)

) ~ 14.2808a2 + 19.7870b2,

and
(39/20 (19/20 ) 1'(39/20 .2588 ['(19/20 s
N < b [0'48281"513?10; +0.2588 1"((3//10)) +(0 4328 FEIS?ID% +0:2588 1"((3//10)))(%) 10]3(3/2079/10)
2 > 02 0.4237T'(39/20)

[0.4237+ 3 (0.4828+0.2588)+ 1 (0.4824+0.6196)]B(4/5,9/10) | B(13/20,9/10)
t+az ( 0.4237T'(39/20) + T'(13/10)

+ T(13/10) 2 T(3/10)
0.4237T°(39/20)

0.4828 I'(39/20) | 0.6196 L'(19/20)\( 1\ 15
+ 1Y10 B(3//20,9/10
( 2 (%) (3//20,5/ )> ~ 12.4878a2 + 14.2808b>.

So
M = M; + N1 <41.1484a; + 38.1089b1, N = M3 + N2 < 26.7686az + 34.0678b2,

®¢ = max{||®||1,1} < 20.7609, ¥y = max{||¥||1,1} < 6.2585,

7 =max{e1, 01}, 0 =max{o1,71}.
(i) If there exists a constant H > 0 such that
|f(t,u,v) —t*] < H, t€(0,1),u,v€R,

lg(t,u,v) —t°| < H, t€ (0,1),u,v €R,

then we can choose €1 = 61 =01 =9 = 0. So 70 =0 < 1. Then (i) in Theorem 3.1
implies that BVP(4.1) has at least one positive solution.
(ii) If there exist constants b1,b2 > 0 and €1,01 > 0 such that

|f(t,u,v) — 2] < brt T uct,

|g(t7u,v) - t5| < th%uC"l,

we can choose 61 =1 =0, a1 = az = 0. Theorem 3.1 implies that BVP(4.1) has at least
one solution if one of the followings holds:

(a) €01 < 1

(b) €101 =1 with (38.1089b1)1/"134.0678b2 <1lor 38.1089b1(34.0678b2)1/71 <1

(c) eio1 > 1 with

3&1089&71(elal71)2?22_332?3?1+20A7069]e101—1 (34.0678b2)™ < 1

or
4.0678b: —1 707.2782bs+6.2585]°171 1 €
34.0678b2 (€107 )(6]0] 0) 82by+6.2585 (38 ]089l ) 1<

(iii) If

€ 78
flt,u,v) =t + byt 20y —i—altliolv‘sl, ai,b1 >0, €1,61 >0,

o 9
g(t,u,v) =t° + bot o %t + agt%v“, az,b2 >0, 01,71 >0,
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then Theorem 3.1 implies that BVP(4.1) has at least one positive solution if one of the
followings holds:

(a) To<1

(b) 7o = 1 with 926.7686a2434.0678b2)(41.1484a1+38.1089b1 )17 < 1 or (41.1484a1+
38.1089b1)926.7686a2 + 34.0678b2)"/ ™ < 1

(¢) 7o >1 with

(41.1484a1+38.1089b1 ) (1o —1)70[6.2585(41.1484a, +38.1089b; ) +20.7690] 7 —1
(to—1)7°

< 1
= 926.7686a5+34.0678b2)°

. (26.7686a5434.0678by) (ro—1)70[20.7690(26.7686a5+34.0678by) +6.2585] 77~
(to—1)7°

< 1
— (41.1484a71+38.1089b1)7 *
O

4.2. Remark. Since both p and ¢ are not measurable on (0, 1), we know that all known
results in 1, 17] can not be applied to establish existence results for solutions of BVP(4.1).
Hence Theorem 3.1 fills a gap not covered by [1, 17].

4.3. Example. We consider the following boundary value problem

Dw (t)+t_%(1—t)_%f(t,v(t),Dl(?v(t)) —0, te(0,1),
D20 (t)+t*%(1—t)r%g(t,u(t)p(f?u(t)) =0, te(0,1),
(4.2) }gr(l)t u(t) — 2u(1/2) =0,

u(1) - Ju(3/4) = 0,
tlii%ﬁv t)—3v(1/2) =0

v(1) = 3v(3/4) = 0,

where
f(t,u, U) = t2 + brtut + altv‘;l, 17b1 > 07 61,51 > 0,

g(t,u,v) = 4t° + batu’t + astv™, az,b2 >0, 01,71 > 0.

Then BVP(4.2) has at least one positive solution for sufficiently small a;, b;(i = 1, 2).
Proof. Corresponding to BVP(1.8), we have o = %, = %, m= 2 andn = 32

a=b=c=d=1%and ¢i(t,u,v) = Yi(t,u,v) = 0(i = 1,2) and p(t) = t7%(1 —t)*%7
10

)=t 31 -0)¥

It is easy to see that (1)-(iv) hold with k1 = E = ko, and [; = —g, lo = %. One
sees that k1 > —1, a—m—+11 > 0,24+ki1+11 >0,ke > —1,8—n+1l2>0,2+ka+12 > 0.
Oneseesm>a—1,n>p—1.

Then Theorem 3.1 implies that BVP(4.2) has at least one positive solution if one of
the followings is satisfied:

I ro<1

(IT) 70 > 1 for sufficiently small a;, b;(i = 1,2). O
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