Hacettepe Journal of Mathematics and Statistics
Volume 45 (1) (2016), 6976

Comparison of near sets by means of a chain of
features

A. Fatih Ozcan* and Nurettin Bagirmaz'*

Abstract

If the number of features of objects in a perceptual system, is large,
then the objects can be known better and comparable. In this paper
basically, we form a chain of feature sets that describe objects and then
by means of this chain of feature sets, we investigate the nearness of
sets and near sets in a perceptual system.
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1. Introduction

Near sets were introduced by J.F. Peters [11], which are indeed a form of generalization
of rough sets proposed by Z. Pawlak [6]. The algebraic properties of near sets are de-
scribed in [9]. Recent work has considered near soft sets [20], soft nearness approximation
spaces [4], near groups [3], isometries in proximity spaces [18], and applications of near
sets [17,19]. The fundamental idea of near set theory is object description and classifica-
tion according to perceptual knowledge. It is supposed that perceptual knowledge about
objects is always given with respect to probe functions, i.e., real-valued functions which
represent features of a physical object. Some well known examples of probe functions are
the colour, size or weight of an object [1,2,9-16,21].
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2. Preliminiaries

In this section, we present the basic definitions of near set theory [9,11]. More detailed
explanations related to near sets and rough sets can be found in [1,2,9-16,21] and [5-8],
respectively.

2.1. Definition. [9] (Perceptual Object) A perceptual object is something perceivable
that has its origin in the physical world.

2.2. Definition. [9] (Probe Function) A probe function is a real-valued function rep-
resenting a feature of a perceptual object.Simple examples of probe functions are the
colour, size or weight of an object.

2.3. Definition. [9] (Perceptual System) A perceptual system (O, F') consists of a
non-empty set O of sample perceptual objects and a non-empty set F' of real-valued
functions ¢ € F such that ¢: O — R.

2.4. Definition. [9] (Object Description) Let (O, F') be a perceptual system, and let
B C F be a set of probe functions. Then, the description of a perceptual object z € O
is a feature vector given by

¢(x) = (91(), 2(2), ... ¢i(Z), ..., i ()
where [ is the length of the vector ¢, and each ¢;(z) in ¢p(x) is a probe function
value that is part of the description of the object = € O .

2.5. Definition. [2,6] (Indiscernibility relation) Let (O, F) be a perceptual system.
For every B C F' the indiscernibility relation ~p is defined as follows:

~p={(z,y) €O X O |Vo; € B, (x) = ¢: (y)}.
If B = {¢} for some ¢ € F, instead of ~ 4} we write ~g .
The indiscernibility relation ~p is an equivalence relation on object descriptions.

2.6. Lemma. [9] Let (O, F) be a perceptual system. For every B C F,

~p= () ~o .
PEB

2.7. Definition. (Equivalence Class) Let (O, F') be a perceptual system and let = € O

. For a set B C F an equivalence class is defined as z ., ={y € O |y ~p z}.

2.8. Definition. (Quotient Set)Let (O, F') be a perceptual system.For a set B C F a
quotient set is defined as
O/np={z/~p| z€0}.
2.9. Definition. [9] Let (O, F') be a perceptual system. Then
H(O7F) = U O/NBv
BCF

ie, [T(O, F) is the family of equivalence classes of all indiscernibility relations deter-
mined by a perceptual information system (O, F).

2.10. Definition. [9] (Nearness relation). Let (O, F) be a perceptual system and let
X,Y CO. A set X is near to a set Y within the perceptual system (O, F) (X Xg Y) iff
there are F1,F> C F'and f € F' and thereare A€ O/~ , BE O, np,,C €O/~ such
that AC X,BCY ve A,B C C.If a perceptual system is understood, then we say
briefly that a set X is near to a set Y.
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2.11. Definition. [9] (Perceptual near sets) Let (O, F') be a perceptual system and let
X C O. A set X is a perceptual near set iff there is Y C O such that X Xr Y. The
family of near sets of a perceptual system (O, F') is denoted by Nearrp (O).

2.12. Example. Let (O, F) be a perceptual system such that O = {z1,z2,...,z6} ,
F = {¢1,d2}, ¢1 (w1) = ¢1 (x2) = ¢1 (x3) , p1 (w4) = ¢1 (w5) = ¢1 (w6) , 1 (x1) 7# b1 (24)
and ¢z (z1) = ¢2 (¥2) , 2 (z3) = ¢2 (24) , P2 (x5) = P2 (z6) ,¢2 (1) # P2 (w4) # P2 (25) .

Thus O/~¢1 = {{z1, 22,23}, {z4, 75, w6 }}, O/N¢2 = {{z1, 22}, {z3, 24}, {25, 76 }} ,
O/N{m,(ﬁz} = {{1’1, xQ} ) {1’3} s {I4} s {$57 1’(,}} .

Let X = {x1,x2,23,25},Y = {2, 24, z5,x6} . Thus there are A = {z4} € O/N{d)l’m},
B = {zs,z6} € O/~,,C = (AUB) € O ~, such that A C X,B C Y. Therefore
X Xgp Y.

2.13. Proposition. [9] Let (O, F) be a perceptual system, BC F and x,/~; € O, np,
where |z s~ 5| > 2. All elements belonging to a class x ,~ 4 are near each other.

2.14. Proposition. [9] Let (O, F) be a perceptual system. For any B C F, every
equivalence class of an indiscernibility relation ~p is a near set .

3. Some New Properties of Near Sets
In this section, we give some new propositions which are related to some propositions
in [9].

3.1. Proposition. [9] Let (O, F) be a perceptual system. For every X C O, the following
conditions are equivalent:

(1) X € Nearr (O),
(2) there is A € T[ (O, F) such that A C X,
(3) there is A € O~ such that A C X .

3.2. Proposition. Let (O, F) be a perceptual system and X,Y C O . Then
XXpY = X,Y € Nearr (O) .

Proof. Let X Xp Y. From Definition 2.11, there are A,B € [] (O, F) such that A C
X, B C Y.Thus, from Proposition 3.1, X,Y € Nearrp (O). O

3.3. Remark. From Proposition 3.2, two near sets may not be near to each other. We
can see this in the following example.

3.4. Example. Let (O, F) be a perceptual system such that O = {z1,z2,...,z6} ,for
simplicity F = (¢) and ¢ (x2) =¢ (x3),¢ (x2) = ¢ (x5) = ¢ (w6), ¢ (x1) # ¢ (x2) #

¢ (24) Thus O,y = {{z1}, {22, 23}, {®a, x5, 6} } . Let X = {z1,22},Y = {x2, 23,26} . There
are A = {r1} € O, g, B = {z2,23} € O e such that A C X,B C Y, so X,Y €
Nearr (O) . But there is no C' € O, 4 such that A, B C C.Therefore X and Y are not

near to each other.

3.5. Proposition. [9] Let (O, F) be a perceptual system and X, Y C O . Then

X,Y € Nearr (O) = X UY € Nearr (O),
i.e., the family of near sets of a perceptual system (O, F') is closed for the union of
sets.

3.6. Proposition. Let (O, F) be a perceptual system and X,Y C O . Then
XXpY = XUY € Nearr (O).

Proof. 1t is clear from Proposition 3.2 and Proposition 3.5 . O
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3.7. Proposition. [9] Let (O, F) be a . Then

X €[[(0,F) = X Xp X,
i.e., the relation X is reflexive within the family [] (O, F) .

3.8. Proposition. Let (O, F) be a perceptual system. Then

X Xp X <« thereis A € [](O, F) such that A C X.
That is, a set X C O to be near to itself need not be a equivalence class or need not
be a union of equivalence classes. But at least it has to contain an equivalence class.

Proof. It is clear. O

3.9. Proposition. [9] Let (O, F) be a perceptual system . For any X,Y C O, if there is
A€]](O,F) such that AC X NY, then X X Y.

3.10. Proposition. Let (O, F) be a perceptual system and let X, Y C O and F is a
singleton set. Then

X Xp Y < thereis A € [[ (O, F) such that A C X NY.

Proof. It is enough to prove the implication (=). From Definition 2.10, there are A €
O/np,BEO0,/~n,,C €0/~ suchthat ACX,BCY and A,B CC. Since F isa
singleton set and A, B C C, then A = B = C. Therefore A C X NY. O

3.11. Proposition. [9] Let (O, F) be a perceptual system and let X,Y,Z C O. Then
the following conditions hold:

(1) X XpY &Y CZ= X Xp Z,
(2)XCY & XNp Z=Y Xp Z .

3.12. Proposition. Let (O, F) be a perceptual system and A1, Az, B1, B2 C O.Then the
following conditions hold:

(1) A1 XNp As &B1 Xy By = (A1 UBl) X (A2 UBQ) or (A1 UBQ) X g (A2 UBl),
(2) (A1 ﬁAQ) X (B1 ﬂBz) = Ay Xg By or A1 Xg By or A3 X By or As X Bs.

Proof. Let (O, F) be a perceptual system and let A1, A2, B1, B2 C O.

Case ( 1). Let A1y Wg Az and By Mg Bs. So A1 X A s Az C Az U By and
B1 Mg Ba, By C (A2 U By) then from Proposition 3.11 (1) A; Xp (A2 U B2) and B1 Mg
(A2 UBQ) . Since Al [X]F (AQ UBQ) and Bl MF (AQ UBQ), (Al UBl) NF (A2 UBQ) .
Similarly it can be shown that (A1 U B2) Mg (A2 U By).

Case ( 2). Let (A1 N Az) Xp (B1 N Ba). Since (A1 N Az) C A; and from Proposition
3.11 (2) A1 Mg (B1 N Bg). Since A1 X (B1 N B2) and from Proposition 3.11 (1), then
A1 Mg Bj. Similarly it can be shown that As Xp By or A2 Xp By or Az Xp Bo. O

The fact that the reverse of the implication reversed in Proposition 3.12 (1) does not
hold is shown by example . Similarly it can be shown that the Proposition 3.12 (2) does
not hold always.

3.13. Example. Let (O, F) be a perceptual system such that O = {z1,z2,..., 238} ,s0
O/NF = {{331, 322,.1‘3} s {JJ4,.Z‘5} s {l‘e,.rmmg}} .Let A1 = {332,323,.1‘4} s AQ = {.T1,LE2, I3, x5},
B1 = {z1,x3,%4,27}, B2 = {x2,24,26,28},80 A1 U B1 = {21, %2,23,24,27} and Az U
By = {x1,x2,x3,%4, %5, e, Tg } . Since {1, x2, 23} € O, ~pand {1, z2, 23} C A1UB1, AU
By A1 U By X Az U Bs.But there is no X/NF S O/NF,Y/NF S O/NF,Z/NF S
O ~psuch that X, .. C A1, Y, o, C Az and X,Y C Z. Therefore, from Definition
2.10, A1 and As are not near to each other. For same reason, By and B2 are not near to
each other.



73

4. Chain of Features, Nearness and Near Sets

In this section basically, a nested chain of probe functions (features) is formed and cor-
responding indiscernibility relation, nearness relation and near sets in (O, F') perceptual
system are investigated.

4.1. Definition. Let (O, F) be a perceptual system. Then
[1(O,~r) :={~p| BC F},

ie. T1(O,~r) is the family of indiscernibility relations of all probe functions deter-
mined by a perceptual information system (O, F') .

4.2. Lemma. Let (O, F) be a perceptual system, [[ (O, F) is the family of equivalence
classes of all indiscernibility relations and [[(O,~F) is the family of indiscernibility
relations of all probe functions. Then for all B C F, the function

f:H(OvNF) _>H(O7F)
~p— 0 np
is one-to-one and onto.
4.3. Proposition. Let (O, F) be a perceptual system and F = B, = {¢1,d2,...,Pn}.
Then for all B, CF ,1<j,i<mn,

B; C B < ~5,C ~p, -
Proof. Let B; CF ,B; CB;,1<j,i<n. Since (]| ~¢C (] ~¢ and, from Lemma
PEB; PEB;
2.6, ~p,Cr, - n
4.4. Corollary. Let (O, F) be a perceptual system and F = B,, = {¢1, d2,...,on}. Then
fOT‘allBigF,ngBi,1§j7i§n,

~pg.Cr~p. < N ~yC N~y .
Bi=mBT s, TS geny 0

4.5. Proposition. Let (O, F) be a perceptual system , F' = B, = {¢1, P2, ..., on} and
BZQF ,ngBi,lgj,iSTL . Then

~p;C~p; = For all A € O/NBithere is a unique C € O/NBJ_ such
that AC C .
Proof. Let ~p,C~p,;,v € O, A= :E/NBiandC =T g, .Since ~p, C~p,, then Tymg, C
T/np O

4.6. Proposition. Let (O, F) be a perceptual system , X C O, F = By, = {¢1, b2, ..., Pn }
and B; CF ,B; C By, 1 <j,i<n . Then the following conditions hold:
(1) 1_.[ (Oa NBj) c H (Ov NBz‘) ’
(2) T1(0, B;) € T1(O, Bi) .
Proof. Let (O, F) be a perceptual system , X C O, F = B, = {¢1,¢2,...,¢6,} and
(1) Since B C B; then B C B; . Thus from Definition 4.1 [T (O, ~5,) C [[(O,~s,).
(2) Since B; C By, from Definition 2.9 [] (O, B;) C [](0, B;). O

4.7. Proposition. Let (O, F) be a perceptual system ,F = B, = {¢1,¢2,...,6n} and
BZQF ,ngBi,lgj,iS’l’L. Then

Nearp; (O) C Nears, (O).
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Proof. Let X C O and X € Nearg, (O) . Since X € Nearp; (O) thereis A € [T (O, ~p;)
such that A C X. From Proposition 4.6 (1) A € [] (O, ~B;) . Therefore X € Nearp, (O).
(]

The fact that the reverse of the implication reversed in Proposition 4.7 does not hold.
‘We can see this in the next example.

4.8. Example. Let (O, F) be perceptual system in Example 2.12. Thus O = {z1, z2, ..., zs},
F ={¢1,¢2}. Recall also that O~ = {{z1, 22,23}, {z4,25,26}}, O ~,, = {{z1,22}
Azs, wa} {ws, 26}, Opnyy, 4y = Hor m2} {s} {2} {25, 26}}. Let X C O, B1, By

C F be defined as: X = {x1,x2,24}, B1 = {¢1},B2 = {¢1,d2}. Since {z1,z2} €
O~ gy 6y 20d {z1,22} C X, then X € Nearp, (O). But there is no A € O~ such
that A C X, therefore X ¢ Nearsp, (O).

4.9. Proposition. Let (O, F) be a perceptual system ,F = By, = {¢1, P2, ..., o0}, X, Y C
Oand B; CF ,B; CB;,1<j,i<n .Then

XM, YV=XK, Y
; i

Proof. Let X M Y. From Definition 2.10 there are A,B,C € [](0, Bj;) such that
ACX,BCY and A,B C C. Since A, B,C € [[ (0, Bj), then from Proposition 4.6 (2)
A,B,C € J[ (O, B;). Again from Definition 2.10, X MY O
4.10. Definition. Let (O, F') be a perceptual system , X, Y C O, F = B, = {¢1, 02, ..., dn}
and B; C F. Then the expression

X M. Y means that: A set X is near to a set Y within the perceptual system
(O, F) only for the ~ relation.

4.11. Proposition. Let (O, F) be a perceptual system , X, Y C O, F = B,, = {¢1, b2, ..., pn }
and Bi CF ,B; CB;,1<j,1:<n . Then
XM, Y=XN., Y

j i
Proof. Let X M. _ Y. From Proposition 3.10 and Proposition 3.1, respectively, then

XNY € Nearsg, (OJ) . Thus from Proposition 4.7, X NY € Nearp, (O) . Therefore, from
Proposition 3.10, then X M. Y. (]

4.12. Example. Let (O, F) be perceptual system in the Example 2.12. Recall also that

O nyy = Har, w2} {ws, 2a} {ws, w6t} , Onyy, o,y = (o, 22} {as} {za} {25, 26} }
Let sets X, Y C O, B1,B2 C F be defined as: X = {z2,23,24},Y = {3, 24,26} B1 =
{¢2}, B2 = {¢1,¢2}. Since {z3,24} € O ~(, ,and {z3,24} C X,Y then X M Y.

Since {za} € O ~ny, . and {za} C {z3,24} C X,V then X My Y.

4.13. Definition. Let (O, F) be a perceptual system and F' = B, = {¢1, ¢2, ..., dn}.

(41) Bi1CByC..CB,

Then the ascending subsets (4.1) is called as a chain of probe function sets or briefly
a feature sets chain.
From Proposition 4.6, we can give following proposition.

4.14. Proposition. Let (O, F) be a perceptual system , F' = B,, = {¢1, P2, ..., on} and
B1 € By C...C B, bea feature chain. Then the followings hold:
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(1) H(OvNBl) - H(OvNBz) c...C H(OvNF)
() T1(0. B)) CT1(0. B2) ¢ . C [1(0, F).

4.15. Definition. Let (O, F) be a perceptual system and F' = B, = {¢1, ¢2, ..., dn} .

(4.2) Mp, CXp,C ... CXNFp

The relation (4.2) corresponding to (4.1) is called as chain of a perceptual nearness or
briefly nearness chain.
From Proposition 4.7 and Proposition 4.9 we can give following proposition.

4.16. Proposition. Let (O, F) be a perceptual system ,F = Bp, = {¢1,¢2,...,¢n}, X, Y C
O and Xp, CXp,C ... CXra nearness chain . Then the following conditions hold:

(1) XXM, Y =XNXNp, V=.=>XNXpY
(2) Nearp, (O) C Nearp, (O) C ... C Nearr (O).

4.17. Definition. Let (O, F) be a perceptual system and F = By, = {¢1, ¢2, ..., on} -

(43)  ~rCwp, ,C ... Cp

The relation (4.3) corresponding to (4.1) is called a chain of indiscernibility relations
or briefly indiscernibility chain.

4.18. Remark. By using Definition 4.15 and Definition 4.17, we obtain Mg, CX¥~p, C
.. CX. . . In fact, more than one indiscernibility chain can be formed. We can imagine
this indiscernibility chain as a tree, i.e., a branching model which is formed by trunk,
branch, thinner branch and so on, respectively. So we get a tree which has n features in

the trunk and 1 feature in the thinnest branch.
From Proposition 4.11 we can give following proposition.

4.19. Proposition. Let (O, F) be a perceptual system , X, Y C O, F = By, = {¢1, P2, ..., on }
and M5 CX. 5 C ... CX.  nearness chain . Then ,
XMWy YOXM, VC.LCXN Y.

4.20. Remark. There is a nuance between X Xr Y and X X, Y . X X__. Y implies
that the sets X and Y near to each other with respect to only the ~p indiscernebility
relation in (O, F') perceptual system. However, X Xp Y implies that the sets X and Y
near to each other by means of Definition 2.10.
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