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Abstract

As a generalization of conformal holomorphic submersions and conformal anti-invariant
submersions, we introduce a new conformal submersion from almost Hermitian manifolds
onto Riemannian manifolds, namely conformal slant submersions. We give examples and
find necessary and sufficient conditions for such maps to be harmonic morphism. We also
investigate the geometry of foliations which are arisen from the definition of a conformal
submersion and obtain a decomposition theorem on the total space of a conformal slant
submersion. Moreover, we find necessary and sufficient conditions of a conformal slant
submersion to be totally geodesic.
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1. Introduction

A submanifold of a complex manifold is a complex (invariant) submanifold if the tan-
gent space of the submanifold at each point is invariant with respect to the almost complex
structure of the Kéahler manifold. Besides complex submanifolds of a complex manifold,
there is another important class of submanifolds called totally real submanifolds. A totally
real submanifold of a complex manifold is a submanifold of such that the almost complex
structure of ambient manifold carries the tangent space of the submanifold at each point
into its normal space. Many authors have studied totally real submanifolds in various
ambient manifolds and many interesting results were obtained, see ([45], page: 199) for a
survey on all these results. As a generalization of holomorphic and totally real submani-
folds, slant submanifolds were introduced by Chen in [13]. We recall that the submanifold
M is called slant [14] if for any p € M and any X € T),M, the angle between JX and T, M
is a constant 6(X) € [0, 7], i.e, it does not depend on the choice of p € M and X € T, M.
It follows that invariant and totally real immersions are slant immersions with slant angle
# = 0 and 6 = 7 respectively.

On the other hand, Riemannian submersions between Riemannian manifolds were stud-
ied by O’Neill [37] and Gray [25]. Since then Riemannian submersions have been an ef-
fective tool to obtain new manifolds and compare certain manifolds within differential
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geometry, see [8], [12] and [21]. It is also known that Riemannian submersions have many
applications in different areas such as Kaluza-Klein theory [22], [10], statistical machine
learning processes [46], medical imaging [36], statistical analysis on manifolds [9] and the
theory of robotics [3]. As analogue of holomorphic submanifolds, holomorphic submersions
were introduced by Watson [44] in seventies by using the notion of almost complex map.
This notion has been extended to other manifolds, see [21] for holomorphic submersions
and their extensions to other manifolds. Although holomorphic submersions have been
studied widely, however this research area is still an active research area, see a recent
paper [43]. The main property of such maps is that the horizontal distribution and the
vertical distribution of holomorphic submersions are invariant with respect to the almost
complex map of the total manifold. Thus holomorphic submersions include only those
submersions whose vertical distribution is invariant under the almost complex structure
of the total manifold. Therefore, the second author of the present paper considered a
new submersion defined on an almost Hermitian manifold such that the vertical distri-
bution is anti-invariant with respect to almost complex structure [41]. He showed that
such submersions have rich geometric properties and they are useful for investigating the
geometry of the total space. This new class of submersions called anti-invariant submer-
sions can be seen as an analogue of totally real submanifolds in the submersion theory.
As a generalization of anti-invariant submersions, slant submersions were defined in [42]
and it is shown that such maps are useful for obtaining new conditions for harmonicity,
see also [4,5,7,18-20,24,28-32,34,35,38] and [40] for new submersions in other total spaces.

As a generalization of Riemannian submersions, horizontally conformal submersions
are defined as follows [6]: Suppose that (M, gp) and (B, gp) are Riemannian manifolds
and ' : M — B is a smooth submersion, then F' is called a horizontally conformal
submersion, if there is a positive function A\ such that

Mgy (X,Y) = gp(F.X,FY)

for every X,Y € T'((kerF)*). It is obvious that every Riemannian submersion is a par-
ticular horizontally conformal submersion with A = 1. One can see that Riemannian
submersions are very special maps comparing with conformal submersions. We note that
horizontally conformal submersions are special horizontally conformal maps which were
introduced independently by Fuglede [23] and Ishihara [33]. We also note that a hori-
zontally conformal submersion F' : M — B is said to be horizontally homothetic if the
gradient of its dilation A is vertical, i.e.,

H(gradX) =0 (1.1)

at p € M, where XK is the projection on the horizontal space (kerF,)*. Although confor-
mal maps do not preserve distance between points contrary to isometries, they preserve
angles between vector fields. This property enables one to transfer certain properties of a
manifold to another manifold by deforming such properties.

As a generalization of holomorphic submersions, conformal holomorphic submersions
were studied by Gudmundsson and Wood [27]. They obtained necessary and sufficient
conditions for conformal holomorphic submersions to be a harmonic morphism, see also
[15-17] for the harmonicity of conformal holomorphic submersions.

Recently, we introduced conformal anti-invariant submersions [2] from almost Hermitian
manifolds onto Riemannian manifolds, as a generalization of anti-invariant submersions,
and investigated the geometry of such submersions. (see also: [1]) We showed that the
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geometry of such submersions are different from their counterparts anti-invariant sub-
mersions and semi-invariant submersions. In this paper, we study conformal slant sub-
mersions as a generalization of both conformal holomorphic submersions and conformal
anti-invariant submersions and investigate the geometry of the total space and the base
space for the existence of such submersions.

The paper is organized as follows. In the second section, we present the basic informa-
tion needed for this paper. In section 3, we give definition of conformal slant submersions
from almost Hermitian manifolds onto Riemannian manifolds, provide examples and give
a sufficient condition for conformal slant submersions to be harmonic. We also investigate
the geometry of leaves of (kerF,)* and (kerF,). Moreover we obtain a decomposition
theorem on the total space of a conformal slant submersion. Finally, we give necessary
and sufficient conditions for a conformal slant submersion to be totally geodesic.

2. Preliminaries

In this section, we define almost Hermitian manifolds, recall the notion of (horizontally)
conformal submersions between Riemannian manifolds and give a brief review of basic facts
of (horizontally) conformal submersions.

Let (M, gar) be an almost Hermitian manifold. This means [45] that M admits a tensor
field J of type (1,1) on M such that, VX,Y € T'(T' M), we have

JP=—I, gu(X,Y)=gu(JX,JY). (2.1)
An almost Hermitian manifold M is called Kahler manifold if
(VxJ)Y =0, VX, Y e (TM), (2.2)

where V is the Levi-Civita connection on M. Conformal submersions belong to a wide
class of conformal maps that we are going to recall their definition, but we will not study
such maps in this paper.

Definition 2.1. ([6]). Let ¢ : (M™, g) — (N, h) be a smooth map between Riemann-
ian manifolds, and let x € M. Then ¢ is called horizontally weakly conformal or semi
conformal at x if either

(i) dpz =0, or
(ii) dy, maps the horizontal space H, = (ker(dy,))* conformally onto Ty, N, ie.,
dpg is surjective and there exists a number A(x) # 0 such that
h(dpz X, dpaY) = Az)g(X,Y) (X, Y € Hy). (2.3)

We shall call a point x of type (i) in Definition 2.1 critical point. Also we shall call a
point of type (ii) a regular point. At a critical point, dy, has rank 0; at a regular point,
dp, has rank n and ¢ is submersion. The number A(x) is called the square dilation (of ¢
at x); it is necessarily non-negative; its square root A(z) = y/A(z) is called the dilation (of
¢ at ). The map ¢ is called horizontally weakly conformal or semi conformal (on M) if
it is horizontally weakly conformal at every point of M. It is clear that if ¢ has no critical
points, then we call it a (horizontally) conformal submersion.

Next, we recall the following definition from [26]. Let 7 : M — N be a submersion. A
vector field F on M is said to be projectable if there exists a vector field E on N, such that
dr(E,) = Eﬂ(x) for all z € M. In this case E and E are called 7— related. A horizontal

vector field Y on (M, g) is called basic, if it is projectable. It is well known fact, that if Z
is a vector field on N, then there exists a unique basic vector field Z on M, such that Z
and Z are m— related. The vector field Z is called the horizontal lift of Z.
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The fundamental tensors of a submersion were introduced in [37]. They play a similar
role to that of the second fundamental form of an immersion. More precisely, O’Neill’s
tensors T and A defined for vector fields E, F on M by

ApF = VWVygHF +HVygVF, TplF = HVygVE + VVypHF (2.4)

where V and H are the vertical and horizontal projections (see [21]). On the other hand,
from (2.4), we have

Vv W =Ty W + Vy W (2.5)
Vy X =HVy X +Ty X (2.6)
VxY =HVxY + AxY (2.7)

for X,Y e I'((kerF,)*) and V,W € I'(kerF,), where VW = VVyW. If X is basic, then
HVyX = AxV. It is easily seen that for x € M, X € H, and V, the linear operators Ty,
Ax T, M — T, M are skew-symmetric. We see that the restriction of T' to the vertical
distribution 7" |y« is exactly the second fundamental form of the fibres of 7. Since Ty is
skew-symmetric we get: 7 has totally geodesic fibres if and only if 7= 0. For the special
case when 7 is horizontally conformal we have the following:

Proposition 2.2. ([26]). Let w : (M™,g9) — (N™, h) be a horizontally conformal sub-
mersion with dilation A and X,Y be horizontal vectors, then

AxY = %{V[X, Y] - AZg(X,Y)gmdv(%)}. (2.8)

We now recall the notion of harmonic maps between Riemannian manifolds. Let
(M,gpn) and (N, gn) be Riemannian manifolds and suppose that ¢ : M — N is a
smooth map between them. Then the differential ¢, of ¢ can be viewed a section of the
bundle Hom(T M, p *TN) — M, where o 'TN is the pullback bundle which has fibres
(¢™'TN), = TN, p € M. Hom(TM,p 'TN) has a connection V induced from the

Levi-Civita connection VM and the pullback connection. Then the second fundamental
form of ¢ is given by

(V) (X,Y) = VE@u(Y) — 2 (VYY) (2.9)
for X,Y € I'(T'M), where V¥ is the pullback connection. It is known that the second
fundamental form is symmetric. A smooth map ¢ : (M,gy) — (N, gn) is said to be

harmonic if trace(Ve,) = 0. On the other hand, the tension field of ¢ is the section ()
of T'(p~'TN) defined by
m
T((p) = divpy = Z(VQO*)(QM ei)a (210)
i=1
where {ey, ..., e} is an orthonormal frame on M. Then it follows that ¢ is harmonic if
and only if 7(¢) = 0, for details, see [6]. Now, we recall the following lemma from [6].

Lemma 2.3. Suppose that ¢ : M — N is a horizontally conformal submersion. Then,
for any horizontal vector fields X,Y and vertical fields V,W we have
(i) Vde(X,Y) = X(In\)de(Y) + Y (In\)de(X) — g(X,Y)dp(gradin);
(i) Vdp(V,W) = ~dp(ALW);
(it}) Vdp(X,V) = —dp(VEV) = do((A%)5 V).
Here (A%)% is the adjoint of A% characterized by
(AMYE,F) = (B, AXF) (E,F € T(TM)).

Let gp be a Riemannian metric tensor on the manifold B = By x By and assume that
the canonical foliations Dp, and Dp, intersect perpendicularly everywhere. Then gp is
the metric tensor of a usual product of Riemannian manifolds if and only if Dp, and Dp,
are totally geodesic foliations [39].
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3. Conformal Slant submersions

In this section, we define conformal slant submersions from an almost Hermitian mani-
fold onto a Riemannian manifold, investigate the effect of the existence of conformal slant
submersions on the source manifold and the target manifold. But we first present the
following notion.

Definition 3.1. Let F be a horizontally conformal submersion from an almost Hermitian
manifold (Mji,g1,J1) onto a Riemannian manifold (Ma, g2). If for any non-zero vector
X € I'(kerFyp);p € My, the angle 6(X) between JX and the space (kerF,) is a constant,
i.e. it is independent of the choice of the point p € M; and choice of the tangent vector X
in (kerFip,), then we say that F' is a conformal slant submersion. In this case, the angle 0
is called the slant angle of the conformal slant submersion.

We note that it is known that the distribution kerF) is integrable. In fact, its leaves
are F~1(q), ¢ € My, i.e., fibers. Thus it follows from above definition that the fibres of a
conformal slant submersion are slant submanifolds of M, for slant submanifolds, see [13].
We now give some examples of conformal slant submersions.

Example 3.2. Every Hermitian submersion from an almost Hermitian manifold onto an
almost Hermitian manifold is a conformal slant submersion with A =1 and 6 = 0.

Example 3.3. Every conformal anti-invariant submersion from an almost Hermitian man-
ifold to a Riemannian manifold is a conformal slant submersion with A =1 and 6 = 7.

Example 3.4. Every slant submersion from an almost Hermitian manifold onto Riemann-
ian manifold is a conformal slant submersion with A = 1.

A conformal slant submersion is said to be proper if it is neither Hermitian nor conformal
anti- invariant submersion. We now present two examples of a proper conformal slant
submersion. We denote by J, the compatible almost complex structure on R* defined by

Jo(a,b,c,d) = (cosa)(—c¢, —d,a,b) + (sina)(—b,a,d, —c), 0<a< T

2
Example 3.5. Consider the following submersion given by
F: R — R?
(z1, 2,23, 24) (e sin 9, €™ cos x3),

where 2o € R — {kT,kr}, k € Z. Then it follows that
kerF, = span{Vy = Oxs, Vo = x4}
and

(kerF*)J‘ = span{ Xy = €** sin x90x1 + €** cos x20x2,

Xo = €™ cosx90x1 — €t sin x9022}.

Then by direct computations for any 0 < 6 < 7, F' is a slant submersion with slant angle
f. On the other hand,

F.X1 = (6")%0y1, F.Xo = (e")0ya.
Hence, we have
g2(F.X1, F.X1) = (6")201(X1, X1), ga(FiXo, FuXa) = (€")%g1 (X, X2),

where g1 and g denote the standard metrics (inner products) of R* and R?. Thus F is a
conformal slant submersion with A = e*!.
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Example 3.6. Let I’ be a submersion defined by
F: R — R?
(1,29, %3, 24) (cosh 1 sin x3, sinh 1 cos x3),
where z3 € R —{k%,kr}, k € Z. Then it follows that
kerFy, = span{Vy = Oxa, Vo = Ox4}
and
(k:erF*)J‘ = span{X; = sinh x; sin 230x; + cosh 1 cos x30x2,
X9 = cosh x; cos x30x) — sinh x; sin x30x2}.

Then by direct computations for any 0 < 6 < 7, F is a slant submersion with slant angle
f. On the other hand,

F.Xq = (sinh2 z1 sin? 23 + cosh? z1 cos? x3)0y1
and
F. X5 = (sinh2 x1 sin? 23 + cosh? z1 cos? x3)0Y2.
Hence, we have
gg(F*Xl, F*Xl) = (sinh2 T sin? xr3 + cosh? T cos? .’Eg)gl (Xl, Xl)
and
92(FiXo, Fi X3) = (sinh2 21 sin? x5 + cosh? z; cos? x3)g1(X2, X2),
where g1 and go denote the standard metrics (inner products) of R* and R%. Thus F is a

conformal slant submersion with A2 = sinh? z; sin? 23 + cosh? 21 cos? 3.

Let F' be a conformal slant submersion from an almost Hermitian manifold (M, g1, J)
onto a Riemannian manifold (Ma, g2). Then for U € I'(kerF,), we write

JU = ¢U + wU (3.1)

where ¢U and wU are vertical and horizontal parts of JU. Also for X € I'((kerF,)*), we
have

JX = BX + CX, (3.2)

where BX and CX are vertical and horizontal components. Using (2.5), (2.6), (3.1) and
(3.2) we obtain

(Vyw)V =CTyV — TyoV (3.3)
(Vyod)V = BTyV — TywV, (3.4)
where V is the Levi-Civita connection on M7 and

(Vyw)V = HVywV —wVyV

(Vuo)V = VyoV — ¢V V

for U,V € TI'(kerFy). Let F be a proper conformal slant submersion from an almost
Hermitian manifold (M, g1, J) onto a Riemannian manifold (Ma, g2), then we say that
w is parallel with respect to the Levi-Civita connection V on (kerF}) if its covariant
derivative with respect to V vanishes, i.e., we have

(Vyw)V = VywV — ¢V V

for U,V € I'(kerF). The proof of the following result is exactly same with slant immer-
sions (see [11] and [13]), therefore we omit its proof.



34 M.A. Akyol, B. Sahin

Theorem 3.7. Let F' be a conformal slant submersion from an almost Hermitian manifold
(My,¢1,J1) onto a Riemannian manifold (Ma, g2). Then F is a proper conformal slant
submersion if and only if there exists a constant A\ € [—1,0] such that

®*U = U
for U € T'(kerF,). If F is a proper conformal slant submersion, then A\ = — cos? .
By using above theorem, it is easy to see the following lemma.

Lemma 3.8. Let I’ be a proper conformal slant submersion from an almost Hermitian
manifold (M, g1,J1) onto a Riemannian manifold (Ma, g2) with slant angle 6. Then, for
any U,V € T'(kerFy), we have

91(¢U, ¢V) = cos® g1 (U, V), (3.5)
and

g1(wU,wV) = sin? 8¢, (U, V). (3.6)

We now denote complementary distribution of w(kerF,) in (kerF,)* by u. The proof
of the following result is exactly same with slant submersion (see [42]), therefore we omit
its proof.

Proposition 3.9. Let F' be a proper conformal slant submersion from an almost Hermitian
manifold (M, g1,J1) onto a Riemannian manifold (Ms,gs). Then p is invariant with
respect to Ji.

Corollary 3.10. Let F' be a proper conformal slant submersion from an almost Hermitian
manifold (M{", g1, J1) onto a Riemannian manifold (M3, g2). Let

{e1, ..., m—n}

be a local orthonormal basis of (kerFy), then {cscOwey, ..., csc Owen,_n} is a local orthonor-
mal basis of w(kerFy).

Proof. It will be enough to show that g; (csc we;, csc fwe;) = d;;, forany 4,5 € {1, ..., ™3
By using (3.6), we have
g1(cscbwe;, cschwe;) = csc? 0sin? 0gy (€i,€5) = 0ij,
which proves the assertion. O
We note that above Proposition 3.9 tells that the distributions p and (kerFy)®w(kerFy)

are even dimensional. In fact it implies that the distribution (kerFy) is even dimensional.
More precisely, we have the following result whose proof is similar to the above corollary.

Lemma 3.11. Let F be a proper conformal slant submersion from an almost Hermit-

ian manifold (M{", g1,J1) onto a Riemannian manifold (M3, g2). If e1,ea,...,€m—n are
2

orthogonal unit vector fields in (kerF\), then
{e1,secOpeq, eq, seclpey, ...,em—n,secOpem—n}
2 2
is a local orthonormal basis of (kerFy).

Let F be a proper conformal slant submersion from an almost Hermitian manifold
(M#", g1, J1) onto a Riemannian manifold (M#,gs). As in the case of slant immersions,
we call such an orthonormal frame

{e1,secOpey, e, seclpes, ..., e, secOpe,, csc Owey, csc Qwes, ..., csc bwey,

an adapted slant frame for conformal slant submersions. In the sequel, we show that the
conformal slant submersion puts some restrictions on the dimensions of the distributions
and the base manifold.
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Proposition 3.12. Let F' be a proper conformal slant submersion from an almost Hermit-
ian manifold (M, g1, J1) onto a Riemannian manifold (M3, g2). Then dim(u) = 2n—m.
If w =0, then n = 3.
Proof. First note that dim(kerF,) = m — n. Thus using Corollary 3.10, we have
dim((kerFy) ® w(kerFy)) = 2(m — n). Since M; is m— dimensional, we get

dim(p) = 2n — m. Second assertion is clear. O

We now check the harmonicity of conformal slant submersions. But we first give a
preparatory lemma.

Lemma 3.13. Let F be a proper conformal slant submersion from a Kédhler manifold onto
a Riemannian manifold. If w is parallel with respect to V on (kerFy), then we have

Ty ¢U = — cos® 0Ty U (3.7)
for U € I'(kerFy).

Proof. If w is parallel, then from (3.3) we have CTyV = Ty¢V for U,V € T'(kerFy).
Interchanging the role of U and V, we get CTyU = Ty ¢U. Thus we have

CTyV — CTYU = Ty¢V — Ty oU.

Since T is symmetric, we derive

Ty ¢V = Ty oU. (3.8)
Then substituting V by ¢U we get Ty¢?*U = Tyu@U. Finally using Theorem 3.7 we obtain
(3.7). O

Theorem 3.14. Let F : (Mf(m+r), g1,J1) — (M go) be a conformal slant sub-
mersion, where (M, g1,J1) is a Kdhler manifold and (Ma, g2) is a Riemannian manifold.
Then the tension field T of F is

T(F) = —%F* (Teiei + sec? 0T¢ei¢>e,~) + (; — (m+ 2r)> FE.(gradin)). (3.9)
Proof. Let {ey,...,em,seclpeq, ...,sec Open, cscOwer, ..., cSCOwenm, [1, ooy fry J1L, vy J1for }
be orthonormal basis of I'(T'M;) such that {ey, ..., em,sec ey, ..., sec 0pen, } be orthonor-
mal basis of I'(kerF}),
{esc wey, ..., csc Bwe,, } be orthonormal basis of T'(w(kerFy)) and {1, ..., fry J1fa1y ey J1pir }
be orthonormal basis of I'(x). Then the trace of second fundamental form (restriction to
kerF, x kerF) is given by

trace*r*VE, = D (VE)(ei, ;) + (VF.)(secOge;, sec Oe;)
i=1
= Z(VF*)(ei, e;) +sec® O(VE,) (de;, pe;).
i=1
Then using (2.9) we obtain
1 1
tracefer v E, = ——F, (T.,e;) — —F (sec2 0T 4c, €5)
m m
1
= ——F(T..e; + sec? 0Ty, pe;). (3.10)
m
In a similar way, we have
m 2r
trace P VE, = Z(VF*)(CSC Owe;, csc Bwe;) + Z(VF*)(Miaﬂi)
i=1 =1
2r

= csc?f i(VF*)(wei,wei) + Z(VF*)(M, 1)

i=1 i=1
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Using Lemma 2.3 we arrive at

trace*rF) VE, = csc?0 Z{wei(lnA)F*wei + we;(In\) Frwe;
i=1
—  g1(we;, we;)Fi(gradin))}
2r
+ Y {m(lnN) Fapi + pi(Ind) Fapi — g1 (i, i) Fe(gradinA) }
i=1

= csc’f Z 291 (Hgradin, we;) Frwe;
=1
—  csc? 0gi(wey, wey ) Fy (gradin))
2r
+ Z 291 (Hgradin, ;) Fipi — 2rFy(gradin)).
1=1

Since F' is a conformal slant submersion, we derive

m
2
trace(kerF*)LVF* = csc?h Z ﬁgg(F* (gradin)), Fiwe;) Frwe;
=1

2r2

+ z:l ﬁgg(F*(gradln)\), Fopi)Fopi — (m + 2r)Fy(gradinX)
2
= FF* (gradlnX) — (m + 2r)F,(gradinX)
2
= ()\2 —(m+ 2r)) F.(gradin)). (3.11)
Then proof follows from (3.10) and (3.11). O

We note that for any C? real valued function f defined on an open subset of a Riemann-
ian manifold M, the equation A f = 0 is called Laplace’s equation and solutions are called
harmonic functions on U. Let F': M — N be a smooth map between Riemannian man-
ifolds. Then F' is called harmonic morphism if, for every harmonic function f: V — R
defined an open subset V of N with F'~!(V') non-empty, the composition fo F is harmonic
on F~Y(V). It is known that a smooth map F : M — N between Riemannian mani-
folds is a harmonic morphism if and only if F' is both harmonic and horizontally weakly
conformal [23] and [33]. Thus from Theorem 3.14 we deduce the following result.

Theorem 3.15. Let F : (Mf(m+r),gl,<]1) — (M3 g3) be a conformal slant sub-
mersion such that W # A2 where (M, g1,J1) is a Kihler manifold and (Ma, g2) is a
Riemannian manifold. Then any two conditions below imply the third:
(i) F is a harmonic morphism
(ii) w s parallel with respect to V on (kerFy)
(iii) F' is a horizontally homotetic map.

We also have the following result.

Corollary 3.16. Let F' be a conformal slant submersion from a Kdhler manifold

(Mf(m+T)791, J1) to a Riemannian manifold (My"2", go). If ﬁ = A\? then F is har-

monic morphism if and only if w is parallel with respect to V on (kerFy).

Remark 3.17. By arguing as in [6, Proposition 3.5.1, Theorem 4.5.4], one can see that
Theorem 3.15 and Corollary 3.16 are also valid for a horizontally weakly conformal map.
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We note that if W = \? is satisfied, then F is certainly horizontally homothetic.

We now study the integrability of the distribution (kerF,)' and then we investigate the
geometry of leaves of (kerF,)* and (kerF). We note that it is known that the distribution
kerF is integrable.

Theorem 3.18. Let F' be a proper conformal slant submersion from a Kdihler mani-
fold (M, g1, J1) onto a Riemannian manifold (Ma, g2). Then the following assertions are
equivalent to each other;

(i) (kerF,)* is integrable,
o 1
(ii) F{gz(V{;F*GX — VEFE.CY, FwV) — g2(VEF.X — VEF,Y, FweV)}
=q(AxBY — AyBX
—CY(In\)X 4+ CX(InN)Y
—2g1(CX,Y)In \,wV)
for X,Y € T((kerF,)*), V € I'(kerF,).
Proof. For X,Y € T'((kerF,)*) and V € I'(kerF.), using (2.1), (2.2) and (3.1) we have
g (X, Y], V)=—q(VxY, JoV )+ g1 (Vx JY,wV)+q1 (Vy X, JoV)— 1 (Vy I X, wV).
Then by using (3.2), we get
n([X,Y],V) = =g1(VxY,6*V) = g1 (VxY,wpV) + g1 (VxBY,wV)
+91(VxCY,wV)
+91(Vy X, 6°V) + g1(Vy X, wgV) — g1(Vy BX,wV)
— g1 (VyeX,wV).
Since F' is a conformal submersion, using (2.7), Theorem 3.7 and Lemma 2.3 we arrive at
g1([X,Y],V) = cos? 0g1 ([X, Y], V) + g1 (AxBY — AyBX,wV)

—i—%gg((VF*)(X, Y), FuwgV)

1
—ﬁgg(vggF*Y, F.woV) — gi(gradinX, X)g1(CY,wV) — gi(gradinX, CY ) g1 (X, wV)
1 1
+91(X, €Y)g1(gradinA, wV') + FQQ(VQF*GY, FwV) = 330:(VE)(Y, X), FwgV)

1
—l—ﬁgg(V{;F*X, F.woV) + g1(gradin\, Y ) g1 (CX,wV) + g1(gradin), CX)g; (Y, wV)

1
—q1(Y,€X)q1 (gra’dln}‘: wV) — pQQ(V}F/F*GX, FuwV).
Since VF, is symmetric, we have

sin?0g1 ([X,Y],V) = g1(AxBY — AyBX — CY(In\)X + CX(In\)Y
201(CX,Y)In \,wV)

1
+ 32{02(VVEX - VRRY, FweV)
— p(VEReX —VEF.CY, FwV)}
which proves assertion. 0

From Theorem 3.18, we deduce the following which shows that a conformal slant sub-
mersion with integrable (kerF,)* turns out to be a horizontally homothetic submersion.
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Theorem 3.19. Let F' be a proper conformal slant submersion from a Kdhler manifold
(My,¢1,J1) onto a Riemannian manifold (Ma, g2). Then any two conditions below imply
the three;

(i) (kerF,)* is integrable
(ii) F' 1is horizontally homotetic.

N
(iii) p{gQ(viF*eX ~ VEFE.CY, FwV) — 2(VEF.X — VEF.Y, FaweV)}
=0aq1 (Ax'BY — Ay'BX, WV)
for X,Y € T((kerF,)*), V € I'(kerF,).
Proof. For X,Y € I'((kerF,)*), V € T'(kerF,), from Theorem 3.18, we have
sin?0g1 ([X,Y],V) = g1(AxBY — AyBX — CY(In\)X + CX(In \)Y
— 2¢1(CX,Y)In A\, wV)
1
+ p{92(v$ﬂX — VEFEY, FowoV)
— @(VEF.CX — VEF.eY, FuwV)}.

Now, if we have (i) and (iii), then we arrive at
—g1(Hgradln X, CY)g1(X,wV) + g1 (Hgradln X, €X) g (Y,wV)
—291(CX,Y)g1(Hgradln A\, wV') = 0. (3.12)
Now, taking Y = JV in (3.12) for V € I'(kerFy), we get
g1(Hgradln A, CX)g1 (wV,wV) = 0.

Hence A is a constant on I'(x). On the other hand, taking Y = €X in (3.12) for X € I'(p),
we derive

—g1(Hgradln X, €2X)g1 (X, wV) + g1 (Hgradn X, CX) g1 (CX,wV)
—2g1(CX,CX) g1 (Hgradln \,wV) =0,

hence, we arrive at
91(CX, CX)g1(Hgradln \,wV) = 0.

From above equation, A is a constant on I'(w(kerFy)). Similarly, one can obtain the other
assertions. n

Theorem 3.20. Let F be a proper conformal slant submersion from a Kdihler manifold
(M1, g1,.J1) onto a Riemannian manifold (Ms, g2). Then the distribution (kerF,)* defines
a totally geodesic foliation on My if and only if

%{gﬂvimx FowoV)—go(VE F.RY, FowV)} = g1 (AxBY,wV)
+ g1(gradin), X)g1 (Y, weV)
+ g1(gradin),Y)g1 (X, weV)
— (X, Y)g1(gradin,weV)
— g1(gradinX, X)g1 (CY,wV)
— g1(gradinX, CY ) g1 (X,wV)
+ g1(X, CY)g1(gradin,wV)
for X, Y € I'((kerF)*), V € T'(kerF,).

Proof. For X,Y € I'((kerF,)*) and V € T'(kerF,), using (2.1), (2.2), (3.1) and (3.2) we
have

g (VxY, V) = —g1(VxY,$*V) — g1 (VxY,wpV) + g1 (VxBY,wV) + g1 (VxCY,wV).
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Since F' is a conformal submersion, using (2.7), Theorem 3.7 and Lemma 2.3 we arrive at
01 (VxY, V) = cos? 09, (VxY, V) + g1 (AxBY, V) + g1 (gradin), X)gy (Y, woV)
+ g1(gradin\,Y)g1(X,wpV) — g1(X,Y)g1(gradin, weV)
- %92(V§<F*Y, FweV)
— g1(gradinX, X)g1(CY,wV) — gi(gradinX, CY ) g1 (X,wV)
+ g1(X, CY) g1 (gradin\, wV) + %gg(vﬁgmex F.wV).
Hence we have
sin? 01 (VxY, V) = g1 (AxBY,wV) + g1 (gradin), X)g1(Y,wpV)
+ g1(gradin\,Y)g1(X,woV)
— (X, Y)gi(gradind, wV) — gi(gradin), X)gi(CY,wV)
— g1(gradinX, CY)g1(X,wV) + ¢g1(X, CY ) g1 (gradinX,wV)
- %{gg(vﬁmc FowdV) — go(VEFL.CY, FowV)}
which proves assertion. ]
In a similar way we have the following.

Theorem 3.21. Let F be a proper conformal slant submersion from a Kdihler manifold
(M, ¢q1,J1) onto a Riemannian manifold (Mas, g2). Then the distribution (kerF) defines
a totally geodesic foliation on My if and only if
1
12 (0(VE)(U,woV), F.Z) = go(Vigy Fuwl, FeJCZ)} = g1(Awy ¢U
+ g1(wU,wV)gradln \, JCZ)
+ a0 (TU‘BZ, wV)
for U,V € I'(kerF,) and Z € T'((kerF,)*%).
From Theorem 3.21, we deduce that:

Theorem 3.22. Let F' be a proper conformal slant submersion from a Kdhler manifold
(My,¢1,J1) onto a Riemannian manifold (Maz, g2). Then any two conditions below imply
the three:

(i) kerFy defines a totally geodesic foliation on Mj.
(ii) A is a constant on I'(u).

(iil) % {g2(VE)(U,wdV), F.Z)—go(VE, FuwlU, F,JCZ)} = g1 (Auv $U, JCZ)+g1(TyBZ, V)
for U,V € T'(kerF,) and Z € T'((kerF,)*).
Proof. For U,V € I'(kerF,) and Z € T'((kerF,)*), from Theorem 3.21, we have
sin?0g, (Vo V, Z) = g1 (TywV, BZ) — g1 (Auy oU, JCZ)

— g1 (wV,wl)g1(HgradinX, JCZ)
+ %{gz((VF*)(U, weV), F.Z) — g2(Viy FuwU, F.JCZ)}.

Now, if we have (i) and (iii), then we get
g1 (wV,wU)g1(HgradinX, JCZ) = 0.

From above equation, A is a constant on I'(x). Similarly, one can obtain the other asser-
tions. O

From Theorem 3.20 and Theorem 3.21 we have the following result.
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Corollary 3.23. Let F be a proper conformal slant submersion from a Kdhler manifold
(M, ¢1,J1) onto a Riemannian manifold (Ma, g2). Then My is a locally product Riemann-
ian manifold if and only if

%{Wﬁémx FawgV) — g2( VX F.CY, FuwV)} = g1 (AxBY, wV)
+ g1(gradinX, X)g1(Y,wepV)
+ g1(gradin\,Y ) g1 (X, woV)
— g1(X,Y)g1(gradin\,weV)
— g1(gradinX, X)g1 (CY,wV)
— g1(gradinX, CY ) g1 (X, wV)
+ g1(X, CY) g1 (gradin,wV)

and

1

2192 (VE)U.woV), F.Z) = ga(Viy Fwl, FICZ)} = gi(AwyoU

g1 (wU,wV)gradln A\, JCZ)
gl(TUBZ,OJV)

for X,Y,Z € T((kerF)*) and U,V € T'(kerF,).

Finally we obtain necessary and sufficient condition for a conformal slant submersion
to be totally geodesic. We recall that a differentiable map F' between two Riemannian
manifolds is called totally geodesic if

(VF)(X,Y)=0 VX,Y € I(TM).

A geometric interpretation of a totally geodesic map is that it maps every geodesic in the
total manifold into a geodesic in the base manifold in proportion to arc lengths.

Theorem 3.24. Let F' be a proper conformal slant submersion from a Kdahler manifold
(M, g1,J1) onto a Riemannian manifold (Ms, g2). Then F is a totally geodesic map if
and only if

(i) 3e{g2(VE)(U,woV), F Z)=ga(VEy FuwU, F.JCZ)} = gi(Awv oU, JCZ)+g1(TywV, BZ),
(ii) 32{92((VE)(U,wBX), KY)+g:((VE)(U, €X), F.CY)} = g1(Ty¢BX,Y )~ 01 (Ty€X, BY ),
(iii) F' is a horizontally homothetic map
for U,V € T'(kerF,) and X,Y, Z € T((kerF,)").

Proof. (i) For U,V € I'(kerF,) and Z € T'((kerF,)*), using (2.1), (2.2), (3.1), (3.2 and
Lemma 2.3 we have

FR((VE)U V), E2) = u(Vud?V, 2) + g1 (VowsV, 2)

- 91(VywV,BZ) — g1(VywV,CZ)

= 1(Vud*V. Z) + g1 (VywoV, Z)
- gl(VUwV, ‘BZ) + gl(vwaU, JGZ).
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Using (2.5), Theorem 3.7 and Lemma 2.3 we arrive at

1
Fgg((VF*)(U, V), F.Z) = — cos? 091(VuV,Z) — g1 (TywV,BZ) + g1 (Awv oU, JCZ)

1
— ﬁgg((VF*)(U,wgf)V),F*Z) — gi(gradln A\, wV)g; (wU, JCZ)

— q1(gradln \,wU) g1 (wV, JCZ) 4+ g1 (wV,wU)g1(gradinA, JCZ)
+ %gz(vaF*wU, F,JCZ).
Hence we have
sin? H%QQ((VF*)(U, V), F.Z) = g1(Auv U, JCZ) — g1(wV,wU)gi(gradin), JCZ)
—q(TywV,BZ)
+ %{92((VF*)(U, woV), F.Z) + g2(VEy FuwU, F.JCZ)}.

(ii) For X,Y € T'((kerF,)*) and U € I'(kerF,), in a similar way

%92((VF*)(U, X),F.Y) =g (VuoBX,Y) + g1 (VywBX,Y)

A
— gl(VUGX, BY) — gl(VUGX, GY)
Using also (2.5), Theorem 3.7 and Lemma 2.3 we arrive at

1 1
ﬁgg((VF*)(U,X), EY)=g(Ty¢BX,Y) + pgg(F*(VUwBX), E.Y)

1
—g1(TyCX,BY) —

1292(FL(VyeX), F.eY)

1
= 0(Ty¢BX,Y) + 1592(~(VE)(U,wBX) + ViwBX, F.Y)

1
— q1(TyCX, BY) — 15.05(—(VF.) (U, €X) + vEeX, F.eY)
= g1 (TU¢BX, Y) — g1 (TUGX, 'BY)

1
+32102((VE)(U, €X), F.CY) - g(VE) (U, wBX), F.Y).

(iii) For X,Y € I'(n), from Lemma 2.3, we have
(VFE)(X,Y) = X(In\E.Y + Y(In\)F. X — g1(X,Y) Fi(gradin)).
From above equation, taking Y = JX for X € I'(u) we obtain
(VF)(X,JX) = X(In\)FoJX + JX(In\)Fu X — g1(X, JX)Fi(gradin))
= X(In\)F.JX + JX (In\)F, X.
If (VF)(X,JX) =0, we obtain
X(In\)F,JX + JX (In\)F,.X = 0. (3.13)
Taking inner product in (3.13) with Fi.JX we have
g1(gradin, X)go(FyJ X, FiJX) + g1(gradin, X)g2(Fv X, F,JX) = 0.

From above equation, it follows that A is a constant on I'(x). In a similar way, for U,V €
I'(kerF), using Lemma 2.3 we have

(VE,) (wU,wV) = wU(In\) FowV + wV (InA) FuwU — g1 (wU, wV) Fy(gradinX).
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From above equation, taking V' = U we obtain

(VF)(wU,wU) = wU(In\) FywU + wU (In\) FuwU — g1 (wU, wU) Fy(gradin))
= 2wU (In\) FywU — g1 (wU,wU)Fy(gradin)). (3.14)

Taking inner product in (3.14) with F.wU and since F' is a conformal submersion, we
derive

2g1(gradinX, wU)ge(FuwU, FuwU) — g1 (wU, wU)ga(Fy(gradin)), FowU) = 0.

From above equation, it follows that A is a constant on I'(w(kerF)). Thus A is a constant
on I'((kerF.)*). On the other hand, if F is a horizontally homothetic map, it is obvious
that (VFy)(X,Y) = 0. Thus proof is complete. O
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