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Toric ideals of simple surface singularities
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Abstract

In this paper, we study a class of toric ideals obtained by using some
geometric data of ADE trees which are the minimal resolution graphs
of rational surface singularities. We compute explicit Grobner bases
for these toric ideals that are also minimal generating sets consisting of
large number of binomials of degree < 4. In particular, they give rise
to squarefree initial ideals as well.
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1. Introduction

Algebraic varieties having squarefree initial ideals are of special interest. Many authors
have presented squarefree initial ideals arising from different contexts, see for instance
[5, 11, 13, 14, 16]. Normal toric ideals are known to have at least one squarefree term in
each minimal binomial generator by [19, Proposition 4.1] and [17, Lemma, 6.1]. They have
Cohen-Macaulay initial ideals when their configurations are A-normal, see [18]. These
suggest that they have (at least simplicial ones) squarefree initial ideals with respect
to a term order. The challenge lies in the choice of a correct term order. Motivated
by fundamental questions in combinatorial commutative algebra and its applications to
statistics and optimization, recently, with the aid of Gale diagrams, Dueck et al. [8] have
succeeded to show the existence of a term order with respect to which normal toric ideals
of codimension 2 have squarefree initial ideals. They have also proven that the Grobner
bases giving rise to these initial ideals constitute minimal generating sets for the toric
ideals.
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The aim of the present paper is to extend the discussion to certain examples of normal
toric ideals of higher codimension. As a case study, we concentrate on certain toric
ideals of higher codimension arising from singularity theory that are promising because
of the speciality of the corresponding singularities. These are the simplicial normal toric
ideals corresponding to the simple or ADFE surface singularities. In section 3, we prove
that toric ideals of DE type singularities have squarefree initial ideals. Our methods
are computational and use the configurations given in [1]. The reduced Grébner bases
we obtain are also shown to be minimal generating sets containing a large number of
binomials of degree at most 4, see section 4. In the last section, we speculate on initial
ideals of A,-type trees whose configurations seem impossible to give a closed form.

2. Preliminaries

2.1. Grobner basis. Let A = {ai,...,an} be a configuration in Z" and K[A] :=
K[{za|a € A}] denote the polynomial ring in variables z, with a € A over the field
K. Consider the affine semigroup NA = {Aa1 +--- + Avan : A € N} and let
K[NA] := K[{u®|a € A}] be the associated semigroup ring. The toric ideal L4 of A is
the kernel of the following K-algebra epimorphism:

m: K[A] —» K[NA], m(za):=u®*=ul' - -us".

It is known that I4 is a prime ideal generated by binomials za — zp with 7(za) = m(zb)
[20]. The zero set of 1, is called the toric variety Vi of A.

The initial monomial, in(f), of a polynomial f € I, \ {0} is the greatest monomial
of f with respect to a term order on the monomials of K[A]. The initial ideal, in(Ia),
of I, is a monomial ideal generated by all initial monomials of polynomials in 4. A
finite subset § C I4 is called a Grobner basis of 1,4 if in(I4) = in(9), where in(G) is the
monomial ideal generated by initial monomials of polynomials in §. The following is the
key in proving our main results.

2.1. Lemma. |2, Lemma 1.1] With the preceding notation, let M and M’ be monomials
in K[A]. The finite set G is a Grobner basis of I if and only if (M) # w(M') for all
M ¢ in(S) and M’ ¢ in(G) with M # M’.

2.2. ADE-trees. Here, we briefly review basics of ADFE-trees, see [4, 3, 23, 9, 10] for
more details. Let ' be a weighted graph without loops, with vertices C1, ..., C, and with
weight w; > 2 at each vertex C;. The incidence matrix M(I") = [c;;], associated with T’
is a symmetric matrix and defined in the following way: c;; = —w; and c¢;; is the number
of edges linking the vertices C; and C; whenever i # j. On the free abelian group £
generated by the vertices C; of I', M(T") defines a symmetric bilinear form (Y - Z) for a
pair (Y, Z) of elements in £ via (C; - C;) := ¢;;. The elements C = Y7, m;C; of £ will
be called cycles of the graph I where m; € Z. A positive cycle is a non-zero cycle with
non-negative coefficients.

If wi =2 for all ¢ and C' - C < —2 for any cycle then T' is of type A,, Dn, Fs, Er
and Fs. It is well known that these are the Dynkin diagrams obtained as the minimal
resolution graphs of the rational singularities of complex surfaces. The semigroup of
Lipman is the set

ENM):={CecL]|(C-Ci)<0 for 1<i<n}.

which is not empty since M (I") is negative definite in this case. By [15], each element of
this set corresponds to a function in the maximal ideal of the local ring of the singularity
on the surface having I' as the minimal resolution graph.
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In [22] and [1], the authors have studied the structure of this semigroup and provided
an algorithm to find a generating set over Z by associating an affine toric variety Vi, c.f.
also [21]. This toric variety corresponds to the configuration A of the smallest n-tuples
(di,...,d,) € N" such that (C-C;) = —d; for C € ET(I'). The interested reader can see
[1] for the details.

3. Squarefree initial ideals

In this section, we obtain reduced Grébner bases for toric ideals of affine toric varieties
corresponding to D E-type singularities. Throughout the section, we assume that the first
term of a binomial is its initial monomial for a fixed term order. In order to find the set
A which determines the parametrization of the toric variety V4, we use Proposition 3.9
and 3.12 in [1].

3.1. D,-type singularities. We have n > 4. Since toric ideals behave in a different
manner when n is even and odd, we discuss two cases separately.

When n =2m: Let J ={3,5,...,n—1} and J° = {2,4,...,n—2}. Consider the subset
Doy, = {2ei,€j,2e1,2e,,e, +ep,e; +e1+e,|i, kL€ J jeJ and k < £},

where {ei,...,e,} is the canonical basis of Z". Then we introduce one variable for each
element in the set Dg,, and define the polynomial ring K[Da,,] to be the K-algebra
generated by the set of these variebles

{z1,...,Zn, Tk, y; | where i,j,k € J and j < k}.
Similarly we define the semigroup ring K[NDa.,] to be the K-algebra generated by
{u? ug,ul, ul, upug, wiuaun |4,k 0 € J, j € J° and k < £}.
The toric ideal Ip,,, is thus the kernel of 7 : K[Dam] — K[NDa2,,] which is defined as:
m(z:) = ui, w(z;) = uj, w(21) = ul, 7(x,) = ud, T(Tre) = ure,

TF(yi) = Ui U1 Un

for all i,k,0 € J, j € J with k < /.

We next define the ordering >=°"“" to be the reverse lexicographic ordering imposed
by:

Ty > oo 7 Tl 7 Tn > Thyga > Tjgga 7 Yk > Yk

where j1, j2, J3, ja, k1, k2 € J with jo < j4 or jo = ja, j1 < j3; and k1 < k2.

Then a squarefree initial ideal for Ip,,, is given by the following theorem, since the
first monomial of a binomial is its initial term.

3.1. Theorem. The following set Sp,,,

Ti,kTj,0 — Li,jThk,e TieTjk — Li,jTh,e 1<j<k</t
Ti,jTik — LTilj,k LTk — T, L5k 1<j<k
LkLi,j — Li,kTjk Tj,kYi — Ti,jYk 1< g < k
Ti,kYj — Ti,jYk 1<j<k
it — Ty — Ti Y i<j

Ti,jYi — TilYj TijT1Tn — YilYj 1< J

Tt Tn — Yi ielJ

is a Grobner basis of Ip,,, with respect to the ordering =" defined above.
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Proof. Let M and M’ be two monomials in K[Da,,] with M ¢ in(Sp,,,) and M’ ¢
(S Dp,,, ), where in(Sp,,, ) is the monomial ideal generated by initial terms of binomials
in §p,,,. Since z;x; € in(9p,,, ), we may assume that

_ b1, an
M = 227 20" Toy ey Tog,cqYdy - Yd, and
1 p oo e

M =x,x s xb/l’cll4~-xb;/7cg/yd/1~-~ydlr,, where

Za = Tby,ep 7 * 7" 7 Togeq 7~ Ydy 7 * 00 7 Yy,

Lol = Tyl of = 0 >= Tyl ot =Ygl =Yg
1°C1 a'Cq’ 1 v

First, we observe that the ordering above implies that ¢1 < --- < ¢, ¢} < --- < ¢y
and dy < -+ <d,,d] <---<d,. Moreover, we have by < c1 < by <co <--- < by <cq
and b] < ¢} < <y < - < bl < ey since i kT e, Ti ey, T Tik € i0(GDy,, )

The images of M and M’ are found easily as

2p 2a1+7r 20n+Tr
(M) = u; uy U " Uby Uey ++ Uby Uey Udy * * * Ud

T

no_o2p’ 2ai+r’ 2a0 4
(M) = ul) uj Un Up) Uy * Uy, Uer Uy U,

In what follows we will prove that 7(M) = m(M') = M = M’, by the virtue of Lemma
2.1. It follows from 7(M) = w(M’") that we have the following identities

(3.1) 200 +r = 2af +r'

(3.2) 20n +1 = 20y, +7'

(3.3) Ww+2q+r = 20 +2¢ +7r

(3.4) al—a, = o —a, (follows directly from (3.1) and (3.2)).

To accomplish our goal M = M’, we will assume now that M # M’ to obtain a
contradiction in all possible cases considered below. Since M # M’, we may suppose
further that they have no variable in common without loss of generality. This is because
in(9p,,,) is an ideal and M, M’ ¢ in(Gp,,,) implies that the new monomials obtained
by dividing M and M’ by their greatest common divisor will also lie outside of in(Sps,,, )-

If o1 > 0 and o, > 0 then o) = ), = 0, as M and M’ have no common variable. Since
TijT1Tn, TkT1Tn € in(SD,,,), we have p = ¢ = 0. This implies that r = 2p’ + 2¢' + 7’
by (3.3) and thus 2p’ + 2¢' + 21 = 0 by (3.1), a contradiction.

If a1 > 0 and «;,, = 0 then o] = 0 which implies together with (3.4) that a1 = —a), <
0, contradiction. The case a; = 0 and «a,, > 0 is done similarly. So, we have only the
case where a1 = 0 and o, = 0. A similar argument shows that o = o}, = 0. In this
case r =1’ by (3.1).

Case I: Assume r = r’ > 0. Since z;y; € in(Sp,,, ), for all i < j, it follows that a < d,.
Again by x; jyi, Tj kYi, Ti,kY; € in(9D,,, ), for all ¢ < j < k, we have (b <)cq < d, and
(b <)eqr < dys. Hence, d, (resp. dy) is the biggest index appearing in 7(M) (resp.
w(M")). Since n(M) = w(M'), it follows that d, = d;. But this implies that yq, is a
variable appearing in both M and M’, contradiction.

Case II: Assume r = v/ = 0. If ¢ = 0 then n(M) = 7(M’) implies that u2’ =
ui?,ubll Ueq * o Wy Ut s which is possible only if ¢' = 0 as b}, < c;,. But in this case
a = a’ and z, is a common variable of M and M’, a contradiction. Thus ¢ > 0 and
q > 0.

Since ik, xtij € in(Ipy,, ), we have a < ¢q and o’ < ¢,. Since by < ¢4 and
b;/ < c;u we observe that cq (resp. c;/) is the biggest index appearing in w(M) (resp.
m(M’)) which yields together with 7(M) = w(M') that ¢, = c;,. In this case up, and
uy, appear in 7(M) = n(M'). Clearly by > b;, or by < b, as otherwise M and M’

would have a common variable xp, c,. If by > b, (> --- > b}) then by = a’ as up,
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appears in w(M'). This forces that b, < by = a’ < ¢4 = ¢, which is impossible, since
2%k € 1n(9Ds,, ). The other case by < b;, is impossible by a similar argument. O

3.2. Remark. Note that we have

=211 () (1)

dim Vp,,, = 2m, codim Vp,,, =m — 1+ (", ).

When n=2m+1: Let J ={2,4,...,n— 1} and J° = {3,5,...,n — 2}. Consider the
subset Day,+1 defined by

{2ei,e;j,4e1,4e,, e, + €, €1 + €, e; + 2e1,e; + 2en, € + 3e1 + e,,e; +e1 + 3e,

|i,k,0 € J,j€J and k < ¢},
where {e1,...,e,} is the canonical basis of Z". As before we introduce one variable for
each member of Dypmy1 and define the polynomial ring K[Da2pmy1] to be the K-algebra
generated by the set
{z1,. .., Tn, Tk, T1n, i1, Tin, Yi,1, Yi,n | Where 4,7,k € J and j < k}

and the semigroup ring K[NDy,,11] to be the K-algebra generated by

{u?  wg, Ul U Uk, UL U, WS, Uiy, WU U, usur Uy |8, K, € € J, § € J¢ and k < £},
The toric ideal Ip,,, ,, is thus the kernel of 7 : K[D2ymy1] = K[NDam 1] which is defined
as follows:

m(as) = ul, w(x;) = uj, w(x1) = ul, 7(zn) = un, T(Tre) = urte, T(T10) = Uity

m(zin) = wiul, 7(Tin) = wiug, T(Yin) = Wit un, 7(yin) = wuiud

for all i, k,¢ € J, j € J® with k < £.

Finally, we define the ordering =°% to be the reverse lexicographic ordering imposed
by:

Yir,1 7 Yio,1 = Yirn = Yign 77 TL > w0 > Tn >
7 Tjyja > Tjz,ja 7 Thi,l 7 Tha,l > Ty = Tyn >~ Tlin

where jl,jg,jg,j4,k17kz7€1,€2 € J with j2 < ja or jo = ja, j1 < j3 and k1 < k2 and
b1 < by

Then a squarefree initial ideal for Ip,,,  , is given by the following theorem as the first

monomials are the initial terms with respect to the ordering =°%.

3.3. Theorem. The following set Sp,,,

TikTj e — Ti Tkt Ti 0Tk — Ti,jTk.e 1< j<k< lted
Tj kTin—1 — Ti,jThn—1 TikTjn—1 — TijThkn—1 1<j<kelJ
T kTin — Ti,jThn Ti kTjn — TijThn i<j<keld
LTk — Ti T4k T jTik — TiTj k 1< j <kelJ
TpTij — TikTjk i<j<keld
TiT; — :E?J LijT1 — Tin—1Tjn—1 i<jed
Li,jTn — Tindjn Ti,jTin—1 — Tiljn—1 1<jed
Ti,jTin — Tikjn TjTin—1 — TijTjn—1 1<jed
TjLin — TijTjn Tjn—1Tin — Tin—1Tjn i<jed
Tin—1Tjn — T3 nTij 1<jedJ
Tir1 — xfﬁn_l TiTn — xfn i1edJ
Tin—1Tin — ;c%n:vi TinT1l — x%nmi,nq i€ J

Yi, 1l — T1,nTi,1 Yin — T1,nTin ieJ

2 4 .
Tin—1Tn — 1 nTin T1Tn — T1,n 1€ J
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is a Grébner basis of Ip,,, ., with respect to the ordering odd,

Proof. Let M and M’ be two monomials in K[Dgmy1] with M ¢ in(Sp,,,,,) and
M’ ¢ in(Spy,, 4. ), where in(Sp,,,,,) is the monomial ideal generated by initial terms of
binomials in $p,,,,,. Since yi1,Yin, Tix; € in(Gp,,, ., ), we may assume that
«@ «@
M = aba{'ayal  my e TogegTdyno1° Tdpn1Teyn  Teyn  and

’ ’ ’

/
[ p’ 21O .8
M = z,x 'Th TLnoeh B e, Ty et Tl 1Tl Bl

where the variables are ordered with respect to

Lo > Tby,eq »— > Tbg,cq = Xdyn—1 7> "> Tdpm—1 >~ Teg,n >~ > Teg,n,
Lot = Tyl of 7= - Tyl o 7 Xgl g1 > Xg 1 7 Ll oy Ll
1:¢1 ' Cq’ 1 Al 1 s
First, we observe that the ordering above implies that ¢; < -+ < ¢, ¢] < -+ < c;/,

di <+ <dpydy <---<d,ande; <+ < ey €] <--- < el,. Moreover, we have
b1<61§b2<cQ§~~~§bq<cqandb'1<c’1§b§<c’2§---§b;/ <c;/,since
Ti kTj.05 Ti 0Tk, TijTik € N(G Dy 4y )-

The images of M and M’ are found as follows

_ 2p, da1+B+2r dan+B+2s
(M) = ug’uy u,™" Upy Uey ** Uby UcyUdy *** Ud, Uey ** Ue,
/ _ 2p’ 4ol +p'+2r 4ol +B'+2s’
(M) = u)) u Up " Upj Ueq ** Upy U Uy~ U] U+~ U -

It follows from 7(M) = n(M’) that we have the following identities

(3.5) Ww+2¢+r+s = 204+2¢ +1 +5

(3.6) day +B+2r = 4oy + 8 +2r

(3.7) don +B+2s = 4dal,+ B +2¢

(3.8) 201 —2an,+r—s5 = 2a)—2a,+7r — s (follows from (3.6) and (3.7)).

To accomplish our goal M = M’, we will assume contrarily that M # M’ and obtain
a contradiction in all possible cases considered below. Since M # M’, we may suppose
further that they have no variable in common without loss of generality.

Since z1xn € in(Sp,,,,, ), it follows that a1 and ay can not be positive simultaneously.
If a1 > 0 then o, = 0 and o) = 0 immediately. That p = ¢ = s = 0 follows respectively
from x;x1, 24 j21, i nx1 € i0(SD,,, ). Thus equations 3.5 and 3.8 become

r = 2p/+2q'+r'+s'
2000 +1r = —2a/n—|—r'—s'

and we have 2a1 = —2(p’ + ¢’ + ' +a},) < 0, contradiction. If o, > 0 then clearly o), =0
and a1 = 0. That p = ¢ = r = 0 follows respectively from x;Tn, i jTn, Tin-1Tn €
in(9D,,, 41 ). Thus equations 3.5 and 3.8 become

s = 2p/+2q'—|—7"/+s/
200, — 8 = 20/1—1—7“/—8/

and we have 2a,, = —2(p’ + ¢’ +r' + a]) < 0, contradiction. So, both ay = a;, = 0. One
can show that o} = 0 and o), = 0 by a similar argument.

Now, Zjn—1Zin, Ti;n—1Zjn, Tin-1Li;n € in(9D2m+1) implies that r and s (resp. r
and s’) can not be positive at the same time.

If » > 0, then s = 0 in which case equation 3.8 becomes r = 1’ — s’. If ¥ > 0, then
s’ = 0 and we have r = r’ > 0, which is impossible as in this case, d. would be equal to
d.., since these are the biggest indices of variables in M and M’, x4, would be a common
variable. If s’ > 0, then ' = 0 and we have r = —s’, contradiction as r > 0 and s’ > 0.

/
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If s > 0, then 7 = 0 in which case equation 3.8 becomes —s = ' — s’. If ¥’ > 0, then
s’ = 0 and we have —s = r’, which contradicts the assumption that s > 0 and r’ > 0. If
s’ >0, then 7" = 0 and we have s = s’ > 0, which is impossible as in this case e; would
be ., and since these are the biggest indices of variables in M and M’, z., would be a
common variable.

Hence, r = s = 0 and this implies together with equation 3.8 that v’ = s’. Since they
can not be positive simultaneously, »’ = s’ = 0 as well. After all these observations,
equation 3.6 reveals that 8 = 8’. Since M and M’ have no common variable, it follows
that 8 =8 =0.

If ¢ = 0 then n(M) = n(M’) implies that uZl = ui’,’,ubllucll Uy U which is
possible only if ¢’ = 0 as b, < ¢,. But in this case a = a’ and x, is a common variable
of M and M’, a contradiction. Similarly, ¢’ = 0 gives rise to a contradiction. Thus ¢ > 0
and ¢’ > 0.

Since ;i k, ki € iN(Sp,,, ), We have a < ¢q and o’ < ¢,. Since by < ¢4 and
b, < ¢y, we observe that ¢, (resp. c/) is the biggest index appearing in (M) (resp.
m(M')) which yields together with 7(M) = m(M’) that ¢, = ¢;,. In this case up, and
uy, appear in 7(M) = n(M"). Clearly by > by, or by < b, as otherwise M and M’

would have a common variable @b, ,. If by > b, (> --- > b}) then by = a’ as up,
appears in w(M'). This forces that b, < by = a’ < ¢4 = ¢, which is impossible, since
251 € in(SDy,,., ). The other case by < b;, is impossible by a similar argument. ]

3.4. Remark. Note that if n = 2m + 1 we have,

(1) 2 (5) () <(0) ()

dimVp,,, ., =2m+1, codim Vp,,,,, =2m+1+ (7).

3.2. E,-type Singularities. We will give Grébner bases of toric ideals I¢,, where
n = 6,7,8, without proofs, as they can easily be checked by a computation in Cocoa [7].
To begin with, let us define the set £ C 75:

{3e1, 3e2, €3, 3e4, 3€5, €6, €1+€2, €1+€5, €2+€4, €1t€5, 2€2+€5, €2+2€5, 2€1+€4,€1+2€e4 }.

Let K[E¢] be the polynomial ring K[z1,...,z14] with 14 variables and K[NE&g] be the
semigroup ring generated over K by monomials u* with a € €. Then, as before, the
toric ideal I¢, is the kernel of the epimorphism defined by sending the i-th variable z;
to u®, where a; denotes the i-th element in Eg, for all = 1,...,14. Similarly, we define
the set &, C Z7:

{e1,e2,€3,2e4,€5,2e6,2e7,e4 + €5,e4 + €7,€6 + €7}.

Again, K[&7] denotes the polynomial ring K[z1,...,210] with 10 variables and K[N&7]
be the semigroup ring generated over K by monomials u®* with a € 7. Thus, the toric
ideal I¢, is the kernel of the epimorphism defined by sending the i-th variable z; to u®?,
where a; denotes the i-th element in &7, for all ¢ = 1,...,10. Finally, the set & C Z% is
defined as {e1,...,es}.

3.5. Theorem. With the notations above we have the following:



(1) A Grobner basis for Ie, with respect to lexicographic ordering with ©1 > x2 >
T3 > Xg > Ts > Te > T11 > Tiz > T13 > T14 > T7 > Tg > Tg > X1o 1S given by

XT7T10 — T8XY,
T12T13 — TETo,
T11L13 — T7T8TY,
T5T13 — x?;xm;
T4T13 — 55%47
T2T10 — T11T9,
X212 — «’E%h
xr1T9 — T13%7,
T1T5 — x§7

X13T10 — L1478,
11210 — T12%9,
TsX9 — 12710,
T5T11 — m%m
T4X12 — 56955307
T2xXg — T11X7,
T2X5 — 11712,
T1T14 — C511‘)3,
T1T4 — T13T14,

X13T9 — L1427,
X118 — 1227,
TsX7 — T12T8,
T4X8 — T14710,
T4T11 — T3T10,
T2X14 — 357353,
oLy — :Eg,

T1T11 — T7T8,
1o — 1:?

T12T14 — T8X9T10,
T11T14 — TsTY,
T5L14 — xsﬂf%o,
T4X7 — X1479,
L4l — 56:1;0,

T2X13 — $$$9,
T1x10 — 1378,
T1T11 — TITs,

(2) A Grobner basis for Ie., with respect to lezicographic ordering with x1 > x2 >
T3 > Ty > Ts > Te > Ty > Ty > To > Tio 1S given by the following binomials

2 2 2
TeX7 — 10, T4T7 — Tg9, T4Te — Tg-

(8) The toric ideal Ie, = (0).

T7xg — T9T10, LeL9 — T8L10, T4X10 — T8T9,

4. Minimal generating sets

In this part, using [6] we show that the Grobner bases obtained in the previous section
are in fact minimal generating sets for each toric ideal. This will be achieved as follows.

Since our semigroups NA are pointed, there is a partial order on them given by

c <d < thereis a ¢’ € NA such that c 4+ ¢’ =d.

As I, is generated by binomials za — zp with 7(za) = 7(2b), za and zp will have the
same A-degree. Recall that for p = (p1,...,pn) € N¥| the A-degree of the monomial
xP =t . 2Ry is degy (aP) = p1ai + - - + pvay € NA. A vector b € NA is called a
Betti A-degree, if 4 has a minimal generating set containing an element of A-degree b.
Since Betti A-degrees are independent of the minimal generating sets our Grébner bases
will determine all the candidate vectors b € NA.

For a vector b € NA, G(b) is the graph with vertices the elements of the fiber

degy’' (b) = {z® | dega(a®) = b}
and edges all the sets {«P, 29} , whenever P — 2% € I4 1, where the ideal I, 1, is defined
by Iab = (xP — 2P | dega(zP) = dega(z?) S b).

For each possible Betti A-degree b, we consider the complete graph Sy, with vertices
G(b);, the connected components of G(b). Let T} be a spanning tree of Sp. Then Fry is
the collection of binomials P —z9 corresponding to edges {zP, 29} of Ty, with 2P € G(b);
and z9 € G(b),;. We will use the following to show the minimality of the generating sets
given by the Grobner bases presented in section 3.

4.1. Theorem. [6, Theorem 2.6]. F = J, o4 I, is @ minimal generating set of L.

Notice that if b is not a BettiA-degree, then Fr,, = () and that the number of possible
spanning trees determine the number of different minimal generating sets.

4.1. Even Case Das,,. We consider the subset D, defined by,
Dom := {2€;,€;,2e1,2e,,e, +er,e;, +e1+e,|ik e jeJ and k < £},

where J = {3,5,...,n—1} , J° = {2,4,...,n — 2} and {ei,...,e,} is the canonical
basis of Z" . Recall that the elements of D, are the Ds,,-degrees of the variables
Ti, Tj, T1, T, Tk, and y; respectively.

By Theorem 3.1, we see that Ip,,, is generated by the set Go,,,



Ti,kXj,6 — Ti,jTk,L

LTi gk — Li,jlk e

i<j<k<tleld
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TijTik — TiTjk TjTik — TijTjk i<j<keld
TrTij — TikTjk T kYi — TijYk i<ji<keld
Ti, kY — Ti,jYk i<j<keld
TiTj — Ty TjYi — Ti,5Y5 1< ] eJ
TijYi — TiYyj T5,jT1Tn — YilYj i1<jed
TiT1 Ty — Y2 i€ J.
Therefore, possible Betti Da,,-degrees are

b1:29i+28j, bgzei+e]-+2e1+2en,

bs =2e; +e; +e1 + ey, bs =e; + 2e; +e1 + ey,

bs = 2e; + €5 + ey, be = e; + 2¢e; + ey,

b7 =€; +ej +2ek7
bg = 2e; + 2e1 + 2e,,

bs =e; +e; +e; +e1+ en,
bio =e;+e; t+er+e

Next we prove that these binomials constitute a minimal generating set for Ip,,,.

4.2. Proposition. The set Gp,,, is a minimal generating set of Ip,,, .

Proof. Since there is no binomial in Ip,, b, , G(b1) consists of two connected components
{ziz;} and {z7;}. Similarly, G(b2) has {z; jz12,} and {y:y;}, G(bs) has {z;;y:} and
{z:y;}, G(ba) has {z;y;} and {z;;y;}, G(bs) has {x; ;z;r} and {z;z;r}, G(be) has
{zjzir} and {z; z;r}, G(b7) has {xrz;;} and {z;rz;r}, G(be) has {z;z1z,} and
{y?} as its connected components.

By Corollary 2.10 in [6], these graphs determine all indispensable binomials of Ip,,, .
Since these binomials are indispensable, they must belong to any minimal generating set.
Let us find the other binomials needed to obtain a minimal generating set for Ip,,, .

G(bg) and G(b1o) have three connected components: {z; jyr}t U {z;ryi} U {xiry;}
and {z; jzp,e} U{zi ket U{xiex; 1}, respectively. Since each connected component of
these graphs is a singleton, the complete graphs Spg and Sp,, are triangles obtained by
joining connected components of G(bg) and G(b1o), respectively. Thus, spanning trees
of these complete graphs can be obtained by deleting one edge from the triangle.

Therefore, in a minimal generating set only one of the following three binomial couples
may appear corresponding to G(bs);

TijYk — Tj,kY: and Ti Yk — TikYj, OF
TjkYi — TijYk and Tj kY — Ti kY, OF
TikYj — TijYk and T kY — Tj kY

and similarly for G(b1o);
TijTh,t — Ti,kTje and Ti jTk,0 — TioTj,k, OT
TikTj e — TijThe and Ti kTj e — T40%j,k, OF

i 0Tjk — TijTh,e AN Ti 0Tj 5 — Ti,kTje-

Hence, there are many different minimal generating sets for the toric ideal Ip,, , and in
particular the set §p,,, is a minimal generating set of Ip,,, . O

4.2. Odd Case Day,+1. In this case, we consider the set Day+1 C Z" given by

{2e;,e;,4e1,4e,, e, + e, e1 +e,,€; + 2e1,e; + 2e,,e; + 3e1 +e,,e;, + e + 3e,

lik, € J,j€Jand k < (},
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where J = {2,4,...,n—1}, J°={3,5,...,n—2} and {e1,...,e,} is the canonical basis
of Z". Again, the Da,,1-degrees of the variables are exactly the elements of Dop,i1 as
before.

By Theorem 3.3, we see that Ip,, ., is generated by the set §»,, ., of binomials

Ti kTj e — TijThk,e Ti 0 Tjk — Ti,jThk,e 1< g < k<teld
TjkTin—1— TijThkn—1 TikTjn—1 — TijThkn—1 1<) < keldJ
TjkTin — TijTh,n Ti kTjn — Ti,jThn i1<j<keld
TjTik — TijTj k T4, jTik — Tilj k i<j<keld
TrTi,j — TikTj k i<j<ked
TiTj — 3312,]- TijT1 — Tin—1Tjn—1 1 < ] eJ

i, jTn — LinTjmn Li,jLin—1 — LiTjn—-1 1< ] eJ
TijTin — LiTjn TjTin—1— TijTjn—1 1<jed
TjTim — TijTjn Tjn—1Ti;n — Ti;n—1Tjn i<jedJ
Tin—1Tjn — x%)nxi,j i<jed
TiT1 — xf,n,l TiTn — xfn 1€J
Tin—1Timn — x%n% TinT1 — w%,nxi,n—l 1eJ

Yi,l — T1,nTi,1 Yin — T1,nTin iedJ
Tin—1Tn — m%nxzn T1Tn — ac‘ll,n i€ J

Therefore, possible Betti Da,y,41-degrees are

b1:2ei+2ej, b = 4e; +e; + ey,
b3:e¢+ej + 4e,, b4=261+2€1‘+ej,
b5:2€i+e]‘—|—2€n, b6:2€1 +ei—|—2e]-,
b7:e¢+2ej—|—2en7 bs = 2e; +e¢—|—ej+29n,
be = 2e1 + €; + €; + ey, bio =e; +e; + ex + 2e,,
bi1 = e; + 2e; + e, bi2 = 2e; +e; + ey,

b1z =e; +e; + 2ey, bis =e;+e; +er+eg,
bis = 4e;1 + 2e;, bis = 2e; + 4e,,

b17 = 291 —+ 292' + 26‘n7 blg = 491 +e; + 29n,
big = 3e1 +e; + €en, b2o = €1 + €; + 3e,

b21 = 2e;1 + e; + 4e,, b2z = 4e; + 4e,.

Next we prove that these binomials constitute a minimal generating set for Ip,, -
4.3. Proposition. The set §p,,, ., is a minimal generating set of Ivn,,, .

Proof. There is no binomial in Ip,,,,,b,. Thus, the graph G(b1) consists of two con-
nected components {z;z;} and {z7,}. Similarly, G(bz2) has {z; jz1} and {Zin—12Zjn-1},
G(bs) has {z;;jzn} and {zinzjn}, G(ba) has {x;xin—1} and {x;z;n-1}, G(bs) has
{zijzin} and {x;z;n}, G(be) has {x;xin-1} and {z:;jxjn-1}, G(bz) has {x;xin}
and {xi,jmj,n}, G(b11) has {xj;ri,k} and {wi,jxj,k}, G(blz) has {.Z‘,',jxi,k} and {xixj,k},
G(bis) has {zxzi;} and {zirz;r}, G(bis) has {zi;,21} and {z7, ,}, G(bie) has
{zi,zn} and {m?,n}, G(bi7) has {zin-17in} and {x%nml}, G(big) has {zinz1} and
{minxi,nfl}, G(blg) has {ym} and {ml,nxm}, G(bzo) has {yi,n} and {1‘1,”1}1‘,”}7 G(bgl)
has {%;n—17,} and {23 ,,%s,, }, and finally G(b22) has {z12,} and {z] ,} as its connected
components.

Indispensable binomials of Ip,,  , are all determined by these graphs by Corollary
2.10 in [6] and hence, corresponding binomials belong to any minimal generating set.

The other graphs G(bs), G(bg), G(b1o) and G(bi14) have three connected compo-

nents:

{Zin-12jnt U{Tjn-1Tin}t U {ﬂf%nﬂﬁm}, {zjrtim—1} U{TijThn-1} U{TirTjn-1},
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{zjkxint U{ZijTren}t U{zirzn} and {&; xxj0} U{zijare} U{zioz; i}
respectively. Each connected component of these graphs is a singleton. Therefore, the
complete graphs are triangles obtained by joining the connected components of the graphs
G(bsg), G(bg), G(b1o) and G(b14), respectively. Thus, we obtain the spanning trees by
deleting one edge from each triangle.

Therefore, in a minimal generating set only one of the following three binomial couples
may appear corresponding to G(bs);

2
Tin—1Tj,n — T1,nTij a0d Tin—1Tj,n — Tjn—1Tin,
2 2
TLnTi,j — Tin—1Tj,n aNd T1 nTij — Tjn—1Tin,
2
Tjn-1Tin — Tin—-1Tjn a0d Tjn-1Tin — TT nTi,;

and the same is true for the following couples corresponding to G(bg);

Tj,kTin—1 — Ti,jTk,n—1 and Tj,kTin—1 — Ti,kTjn—1,
TijThn—1 — TjkTin—1 and Ti jThn—1 — TikTjn—1,
TikTjn—1 — LjkTin—1 aNd Ti kTjn—1 — Ti,jThyn—1

and similarly for G(b1o);

Zj kTin — Ti,jThn aNA T kTin — Ti,kTjn,
TijThyn — TjkTin aNd TijThn — TikTjn,
TikTjn — TjeTin and Ti kTjn — T4, jThn

and for G(b1a);

TikTje — TijTe,e aNd Ti kTje — TioTjk,
i, jTk,0 — Ti,kTje and Ti jTk,e — TieTj k,
Ti 0Tk — TijTh,e a0 T 0 Tjk — T kTj,0-

These discussions show that there are many minimal generating sets for Ip,, ., and in
particular, the set §p,,, ., is a minimal generating set of Ip,, ;. O

4.3. E,-type. In this case, it is easy to check that the Grobner basis given in Theorem
3.5 constitutes a minimal generating set for each n = 6, 7, 8. Indeed, there is nothing
to prove for the case of n = 8, as the corresponding toric ideal is trivial. In the case
of n = 7, the corresponding toric ideal is generated minimally by the 6 binomials given
in Theorem 3.5 (2) as we explain now. Let b be the €7-degree of a binomial given in
Theorem 3.5 (2). Since the graph G(b) has two connected components, the complete
graph Sp (and its spanning tree Ty) is a line segment and thus JFr, is a singleton. As the
connected components of G(b) are singletons, Fr, must consist of the binomial we have
started with. This means that the binomial is indispensable, i.e. appears in any minimal
generating set. Therefore the toric ideal has a unique minimal generating set provided
by Theorem 3.5 (2).
As for the case of n = 6, we have a generating set given in Theorem 3.5 (1) consisting of

35 binomials. Let b = 2e; 4+ 2e2 +e4 +e5 which is the Eg-degree of the binomial 11213 —
x728T9. The graph G(b) has two connected components {11213} and {z7xsz9, T3210}
As before the complete graph Sy, (and its spanning tree Tp) is a line segment and thus
I, is a singleton but it changes according to which monomial we choose from the second
component of G(b). So, Fr, is either {z11213 — z7z8ze} or {11213 — w%xlo}. ‘We have
the same situation for the following degrees:

b =e1 + 2e2 + 2e4 + €5,

b =2e;1 + e + e4 + 2es,

b=e; +es+ 2es + 2es5.
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It is a standard procedure to check that the other 31 binomials given in Theorem 3.5
(1) are indispensable, so there are 8 different minimal generating sets for the toric ideal
including the one provided by Theorem 3.5 (1).

5. What about A,-type?

There are two ways to study the question of whether or not toric ideals of these
configurations have squarefree initial ideals. The first one is to produce an example with
no squarefree initial ideal using computer programs. In order to achieve this goal one has
to find all possible initial ideals for a fixed configuration. The toric ideal corresponding to
Ay is generated by a binomial with a squarefree monomial. One can compute 29 different
initial ideals for the toric ideal of As and obtain the unique squarefree one generated by
6 monomials by using e.g. Gfan [12]. As long as n gets larger values listing all the
possible initial ideals (or regular triangulations of the corresponding convex polytope)
using computer programs becomes problematic. In the second way, one has to determine
the correct term order with respect to which the initial ideal is generated by squarefree
monomials by heuristic/experimental methods. For the toric ideal of A4 the lexicographic
ordering with x14 > x12 > 10 > T9 > T7 > Ta > Tg > Tg > Ts > T3 > T11 > T1 > X2
gives a Grobner basis consisting of 54 binomials with a squarefree initial ideal. Similarly,
the toric ideal of A5 has a squarefree initial ideal generated by 105 monomials which are
obtained as the initial terms with respect to the lexicographic ordering with x19 > 18 >
Ti7 > T11 > T10 > T3 > T16 > T13 > T7 > T15 > T14 > T12 > Ty > Ty > T9 > T4 > Te >
r2 > x1. However, for larger values of n, proving the existence of squarefree initial ideals
is difficult as well. This is due to the fact that there is no general formula for the vector
configuration as in the case of D-type, although one can compute them one by one with
e.g. CoCoA using the algorithm described in [21].
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