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Abstract

Let w be a real-valued function on R and k be a positive integer. If
for every real number z, w(z + 2k) = rw(z + k) + sw(z) for some non-
negative real numbers 7 and s, then we call such function a second-order
linear recurrent function with period k. Similarly, we call a function
w : R — R satisfying w(z + 2k) = —rw(z + k) + sw(x) an odd second-
order linear recurrent function with period k. In this work, we present
some elementary properties of these type of functions and develop the
concept using the notion of f-even and f-odd functions discussed in [9].
We also investigate the products and quotients of these functions and
provide in this work a proof of the conjecture of B. Sroysang which he
posed in [19]. In fact, we offer here a proof of a more general case of the
problem. Consequently, we present findings that confirm recent results
in the theory of Fibonacci functions [9] and contribute new results in
the development of this topic.
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1. Introduction

The Fibonacci numbers F, are defined by Fy = 0,Fy = 1, and for n > 2, F,,41 =
F,, + F,_1. Since the introduction of these numbers, different generalizations have been
formulated and were extensively studied. In fact, several books were written solely to
study the properties of Fibonacci numbers (see for instance [5] and [21]). In a book by
T. Koshy [11], any sequences G, where G1 = a,G2 = b, and G,, = Gn—1 + Grn—2,n >3
is called the generalized Fibonacci sequence (GFS). In [10], A. F. Horadam defined a
second-order linear recurrence sequence {Wy,} by the recurrence relation

Wo=a, Wi=b, Wyp1=rW,+sWr_1, (n>2).

The sequence {W,} can be viewed easily as a certain generalization of {F,}. It is now
known in literature as Horadam’s sequence. For a good survey paper regarding Horadam
numbers, we refer the readers to [12] (see also [13] for a survey update and extensions).
The n** Horadam number W, with initial conditions Wy = 0 and W; = 1 can be
represented by the following Binet’s formula:
a —p"
a—p3"
where o and 8 are the roots of the quadratic equation 2> — rz —s = 0, ie. a =
(r++vr2+44s)/2 and g = (r — V72 + 4s).

In [15], the author presented a formula for solving the missing terms of {W,} given
its first term and last term. Another generalization of Fibonacci numbers is the so-called
Fibonacci polynomials (see [1] and [4] and the references therein). Recently, Fibonacci
numbers were involved in the study of difference and differential equations. Particularly,
in [20], D. T. Tollu, Y. Yazlik, and N. Taskara investigated the solutions of two special
types of the Riccati difference equation

Wn(0,1;7,s) = (n>2)

d yny1= ——
T4w, 0 T Ty,

such that their solutions are associated with Fibonacci numbers. Another interesting
investigation, which involves the Fibonnaci numbers, is presented in [6] where A. Hakami
found an application of Fibonacci numbers in the study of continued fractions. This
work of Hakami has been recently generalized, to some extent, by the author in [17].
Meanwhile, the author and J. B. Bacani consider in [2]| the system

Tnt+1 =

g and yn“:ﬁ (p,qg € RT and v € N)

as a generalization of Tollu et al.’s work [20]. One particular result established in [2] is
the solution form of the above system. In fact, it was shown that every solution of the
system, for any arbitrary given set of initial values, is expressible in terms of Horadam
numbers. In an earlier paper, the author [16], studied homogeneous differential equations
of the form

Tn+1 =

w® (2) = rw® (2) + sw(z),

where 7,5 € RT and w™® is the k** derivative of w with respect to x. Intriguingly, it was
found that the differential equation has some sort of connection with Horadam numbers.

Other papers dealing with problems involving Fibonacci numbers are what follows. In
[7], J. S. Han, H. S. Kim and J. Neggers studied the Fibonacci norm of positive integers,
and in [8], they studied Fibonacci sequences in groupoids. Han, Kim, and Neggers also
introduced the concept of Fibonacci functions with Fibonacci numbers in [9] which were
later on extended by B. Sroysang [19] to Fibonacci functions with period k. In [19], the
following generalization of Fibonacci functions was presented.
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1.1. Definition ([19]). Let k£ € N. A function f: R — R is called a Fibonacci function
with period k if it satisfies the equation

(1.1)  f(z+2k)=fz+k)+ f(z), VzxeR

Properties of Fibonacci functions with period k were also presented in [19]. As further
generalization of these functions, we define a second-order linear recurrent function with
period k as follows:

1.2. Definition. Let k£ be a positive integer, and r and s be non-negative real numbers.
A function w: R — R is said to be a second-order linear recurrent function with period
k if it satisfies the equation

(1.2)  w(z+2k) =rw(z+ k) +sw(z), VzreR

We say that w is a complete second-order linear recurrent function if for any arbitrary r
and s, w satisfies (1.2), otherwise it is called conditional.

Now, throughout the rest of this paper, we shall refer to a real-valued function w
satisfying equation (1.2) as a recurrent function of order k instead of using the term
second-order linear recurrent function with period k£ for convenience.

Definition (1.2) provides a further generalization of Fibonacci functions with Fibonacci
numbers [9] and Fibonacci functions with period k [19]. Our main contribution includes
a proof of the following open problems posed by Sroysang [19] (which is in fact a proof
of a more general case of the problem):

1.3. Conjecture. If f is a Fibonacci function with period k, then f(x + k)/f(x) — ¢
as r — oo.

1.4. Conjecture. If f is a Fibonacci function with period k, then f(x +k)/f(z) = —¢
as T — oo.

Here ¢ denotes the well-known golden ratio, i.e. ¢ = (1 ++/5)/2 = 1.6180339.. ..

Now the rest of the paper is organized as follows: in Section 2 and Section 3, we give
examples and basic properties of recurrent functions with period k& and odd recurrent
functions with period k, respectively. In Section 4, we develop the notion of these types
of recurrent functions using the concept of f-even and f-odd functions discussed in [9].
In Section 5, we study the products of these functions and finally, in Section 6, we
investigate the quotients of these functions. The proofs of conjectures (1.3) and (1.4) are
also presented in the last section.

2. Recurrent functions with period &

In this section we present some properties of recurrent functions with period k. We
begin by defining what we call Pell and Jacobsthal functions. If in equation (1.2), r = 2
and s = 1 (resp. 7 = 1 and s = 2), then we call such function a Pell (resp. Jacobsthal)
function. That is, for a given natural number k, a Pell function p with period k satisfies
(2.1)  p(z+2k) =2p(x+k)+plx), VreR,
and a Jacobsthal function j with period k satisfies
(2.2)  jlx+2k)=j(x+k)+2j(z), VzeR

z/k

2.1. Example. Let a > 0,k € N, and w(z) = a®” be a recurrent function with period

k. Substituting w in (1.2), we have
Q@+ — @R+ g2k vy e R,

So a® — ra — s = 0 whose roots are a2 = (r + /72 + 4s)/2. Thus, w(z) = o*/*.
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The following are special cases of the previous example.

(1) If (r,s) = (1,1), then the function f(z) := ¢*/* is an example of a Fibonacci
function with period k.

(2) If (r,5) = (2,1), then p(z) := 6®/*, where o = 1 + /2 is the well known silver
ratio, is an example of a Pell function with period k.

(3) If (r,s) = (1,2), then the function j(z) := 2°/* is an example of a Jacobsthal
function with period k.

2.2. Remark. Clearly, the functions f,p, and j are conditional. Also, any non-zero
constant function is conditional but only for positive real numbers r and s such that
r 4+ s = 1. On the other hand, the function w(z) = 0 is an example of a complete type.
It can be verified directly that any scalar multiple of a recurrent function with period k
is again a recurrent function with period k. Furthermore, if a differentiable function w
is a recurrent function with period k then so is its derivative w’.

2.3. Proposition. Let k € N and w: R — R be a recurrent function with period k.
Define g+(z) = w(z +t) for all z € R, where t € R. Then g: is also a recurrent function
with period k.

2.4. Corollary ([19]). Let k € N and f: R — R be a Fibonacci function with period k.
Define g¢(x) = f(z+1t) for all x € R, where t € R. Then, g+ is also a Fibonacci function
with period k.

2.5. Example. Let k € N and t € R. Define ¢g; : R — R by
(2.3)  gi(z) ="V vz eR,
then g¢ is a recurrent function with period k.

As special cases of the previous example, we have the following:

(1) if (r,s) = (1,1), then we have g;(z) := f(z +t) = $*+9/* a Fibonacci function
with period k,

(2) if (r,s) = (2,1), then we have g;(z) := p(z +t) = 6@/ a Pell function with
period k,

(3) if (r,s) = (1,2), then we have g:(x) := j(z+1t) = 2F9/% "4 Jacobsthal function
with period k.

2.6. Theorem. Let w be a recurrent function with period k and {W,(0,1;7,5)}, or
simply {W,}, be a Horadam sequence with initial conditions Wo = 0 and W1 = 1. Then,

(2.4)  w(z+nk)=Wew(x+ k) + sWprw(z), VzxeRneN

Proof. The proof is by induction on n. First, we note that a + 8 =r,a — 8 = V/r? + 4s,
and aff = —s. We see that the formula obviously holds for n = 1,2. So we assume (2.4)
holds for n and n + 1 for some natural number n > 2. Then,
w(z+ (n+2)k) = rw(z + (n+ 1)k) + sw(z + nk)
=r (Whrrw(z + k) + sWhw(z))
+ s (Whw(z + k) + sWp_1w(z))
= (rWhs1 + sWh)w(x + k) + s (rWer + sWyh_1) w(z)
= Whiow(z + k) + sWhpiw(z), VzeR,neN.

By induction principle, conclusion follows. O
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2.7. Corollary. Let w be a recurrent function with period k and let {Wy} be the sequence
of Horadam numbers. Then, o = aW,+sWy_1 for any x € R andn € N. In particular,
forr=s=1, we have ¢" = ¢pF,, + Fn_1, where F, is the n" Fibonacci number, for any

z€R and n € N.
Proof. From Example (2.1) we saw that w(z) = o®/*

k, so it satisfies equation (2.4), i.e.
R — 4z + nk) = Waw(z + k) + sWa_1w(x)
=@t/ Ry sWn,mﬂ:/k7 Vr € R,n € N.

is a recurrent function with period

Upon simplifying, we get

" =aW, +sW,_1, VneN,
as desired. Letting r = s =11in a = (r + vr2 + 4s)/2 we get ¢" = ¢Fp, + Fr_1. O
2.8. Corollary ([19]). Let f be a Fibonacci function with period k and let {F,} be the

sequence of Fibonacci numbers. Then, f(x+nk) = Fpf(x+k)+ Fne1f(z) for any x € R
and n € N.

Similar results can be obtained easily for Pell and Jacobsthal functions.

3. Odd recurrent functions with period k&

Here we discuss the notion of odd recurrent functions with period k formally defined
as follows:

3.1. Definition. Let ¥ € N. A function w : R — R is said to be an odd recurrent
functions with period k if

(3.1)  w(x+2k)=—rw(z+k)+ sw(z), VzeR.

In particular, a function is an odd Fibonacci, odd Pell, and odd Jacobsthal function
if it satisfies equation (3.1) with (r,s) = (1,1),(2,1), and (1, 2), respectively.

3.2. Example. Let k € N;& > 0, and w(z) = &"/* be an odd recurrent function with
period k. Then, & = (—p + /p2 +4q)/2 = ga™'. So the function w(z) = (qofl)z/k is

an odd recurrent function.

Similar to what we remarked for recurrent functions with period k, if a differen-
tiable function w is an odd recurrent function with period k then so is its derivative
w’. Furthermore, any function defined by g; = w(z + t), where w satisfies (3.1) and
t € R, is an odd recurrent function with period k. For example, the function defined by
ge(x) = &®*t9/% is an odd recurrent function with period k. Of course, the functions
gi(x) == f(z+1t) = ¢~ @F/* and g (z) := p(x+1t) = o~ @+/* are also an odd Fibonacci
and odd Pell function, respectively.

3.3. Theorem. Let w: R — R be an odd recurrent function with period k, and let
{W_o} = {(=1)" "' W,.(0,1;7,5)}, i.e

(3.2) W,(nJrl) =—rW_,+sW_n+1, VneN.
Then, for alln € N and x € R, we have
(3.3)  w(z+nk)=W_,w(z+k)+ sW_ppiw(z).

The above theorem can be proven similarly as in Theorem 4.9 and we leave this to
the reader.
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3.4. Corollary. Let w be an odd recurrent function with period k and let {W_,} =
{(=1)""'W,.}, where W, is the n'™ Horadam number. Then, & = @W_, + sW_,41 for
any z € R and n € N. In particular, forr =2 and s = 1, we have 0" =0 * P, + P,_1,
where P, is the n'" Pell number, for any © € R and n € N.

3.5. Corollary ([19]). Let f: R — R be an odd Fibonacci function with period k, and let
{F_.} = {(=1)""'F,} be a sequence of numbers where F,, is the n'" Fibonacci number,
i.€.

(3.4) F_(n+1) =—F ,+F 11, VYneN

Then, for alln € N and x € R, we have

(35)  f(o+nk) = Fouf(z+ k) + Fonsi f(2).

Similar results can be formulated easily for Pell and Jacobsthal functions. Now we
develop the concept of recurrent functions with period k using f-even and f-odd functions
with period k.

4. f-even and f-odd functions with period k&
We start-off this section with the following definition.

4.1. Definition (cf. [19]). Let £k € N and ¢: R — R be such that if ph = 0, where
h: R — R is continuous, then h = 0. The map ¢ is said to be an f-even function with
period k (resp. f-odd) function with period k if p(z+k) = p(z) (resp. p(x+k) = —p(x))
for any = € R.

By the above definition, we can see immediately that there is no f-even and f-odd
Fibonacci function except possibly when the function is the zero function. In fact, in
general, a function w: R — R satisfying equation (1.2) is an f-even recurrent function
with period k if and only if r + s =1 or w(z) =0 for all x € R. Similarly, w is an f-odd
recurrent function with period k if and only if B— A =1 or w =0 for all x € R.

We first discuss f-even functions.

4.2. Example. Let p(z) = cos(nz) for all x € R and let h: R — R be a continuous
function such that (¢h)(z) = 0. For any x ¢ 77, we have p(x) # 0, so h(x) = 0. Since
R\ZZ is dense in R and h is a continuous function, h(xz) = 0. Now, let k£ be an even
natural number and z € R. Then,

p(z + k) = cos(m(z + k)) = cos(mzx) cos(km) — sin(mzx) sin(km) = cos(wz) = p(z).
Hence, ¢(x) = cos (wzx) is an f-even function.
In [19], we have seen that p(x) = z — |z] is also an example of f-even functions.

4.3. Theorem. Let k € N and p: R — R be an f-even function with period k and let
w: R — R be a continuous function. Then, w is a recurrent function with period k if and
only if pw is a recurrent function with period k.

Proof. For the necessity part, we assume that w is a recurrent function with period k
satisfying equation (1.2) with r,s € R*. Then, for any € R we have
o+ 2k)w(x + 2k) = o(x + k) [rw(z + k) + sw(x)]
=reo(z+ k)w(z + k) + sp(z + k)w(x)
= rp(@ + F)w (e + k) + s(pw) ().

Hence, the product pw is a recurrent function with period k.
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Now, for the sufficiency part, we assume that pw is a recurrent function with period
k satisfying equation (1.2) with r,s € RT. Let # € R. Then,
ez + k)w(z + 2k) = o(z + 2k)w(z + 2k) = (pw)(z + 2k)
= p(pw)(z + k) + q(pw)(z)
= rp(@ + kyw (o + k) + s(pw) ()
=rp(z+ k)w(z + k) + sp(z + k)w(z)
= o(z + k)jrw(z + k) + sw(z)].

Thus, w(z+2k) = rw(z + k) 4+ sw(z), and this shows that w is a recurrent function with
period k. This completes the proof of the theorem. O

4.4. Corollary. Let k € N and p: R — R be an f-even function with period k and let
g: R = R be a continuous function. Then, g is a Fibonacci (resp. Pell and Jacobsthal)
function with period k if and only if ¢g is a Fibonacci (resp. Pell and Jacobsthal) function
with period k.

4.5. Example. Let k € N and define p(z) = cos(rz) and y(z) = z—|z]. Note that ¢ and

~ are examples of f-even functions. Furthermore, recall that the function w(z) = a®/k

is a recurrent function with period k. Then, for all z € R, the products
(4.1)  (pw)(x) = cos(rz)a”/*
and

(42)  (yw)(@) = (z - [z])a"/*
are both examples of recurrent functions with period k. Specifically, if (r,s) = (2,1),

then (¢p)(z) = cos(rz)o®/* and (yp)(z) = (x — |z])o™/* are both Pell functions with
period k.

4.6. Example. Let k € N and define

1, for x € Q;
p(x) =
—1, otherwise.
Hence, p(z + k) = ¢(z) for any = € R. Also, if ph = 0, then h = 0 whether or not
h is continuous. Thus, ¢ is an f-even function with period k. We know that w(z) =

(x — |z]) a®/* is a recurrent function with period k. So, by Theorem 4.3, the mapping
defined by

(z — |z])a®™*, forz e Q;
(pw)(z) =
(lz] — z) a®*, otherwise,
is also a recurrent function. Specifically, if (r,s) = (1,2), then w(x) = 2°/* (z — |z]). So
we have,
2¢/k (g — |z]), forzeQ;
(pw)(z) =
27/k (|| —x), otherwise,
a Jacobsthal function with period k.
4.7. Theorem. Let k € N,p: R — R be an f-even function with period k, and let

w: R — R be a continuous function. Then, w is an odd recurrent function with period k
if and only if pw is an odd recurrent function with period k.
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We omit the proof since it is similar on how we prove Theorem 4.3.

4.8. Example. Let k be an even natural number and consider the f-even functions ¢ and
~. In Example (3.2), we saw that w(z) = @*/* is an odd recurrent function with period k.
Then, for all z € R, the functions (¢pw)(z) = cos(rz)a®’* and (yw)(z) = (x — |z])a*/*

are both odd recurrent functions with period k.

We now discuss f-odd functions. Recall that if ¢: R — R such that for ¢h =0 and h
is continuous, we have h = 0. The map ¢ is said to be an f-odd function with period k if
o(x+ k) = —p(x) for all € R. We have seen in [19] that ¢(z) = sin(7z) is an example
of f-odd function.

4.9. Theorem. Let k € N,p: R — R be an f-odd function with period k, and let
w: R — R be a continuous function. Then, w is a recurrent function with period k if and
only if pw is an odd recurrent function with period k.

Again, we leave the proof to the reader.

4.10. Example. Let k be any odd natural number. Define ¢(z) = sin(rz) and w(z) =
a*/* for all z € R. Hence, (pw)(x) = &/* sin(rz). We have seen in our discussion that
@ is an f-odd function with period k£ and w is an odd recurrent function with period k.
Hence, by Theorem 4.9, the product pw is a recurrent function with period k. We have
the following examples for specific values of r and s.
(1) If (r,s) = (1,1), then (¢f)(x) = sin(rz) (¢ — 1)*/¥ is a Fibonacci function with
period k.
(2) If (r,s) = (2,1), then (pp)(z) = sin(rz) (¢ — 2)"/* is a Pell function with period
k.
(3) If (r,s) = (1,2), then (pj)(x) = sin(nwz) is a Jacobsthal function with period k.

5. Products of recurrent functions with period k&

In this section, we give conditions so that whenever g and h are any two recurrent
functions with period k in R, their product forms another recurrent function with period
k.

5.1. Theorem. Let k € N and g and h be two recurrent functions with period k satisfying

(5.1)  g(z+2k) = Ag(z + k) + Bg(z), Vz€R,

(5.2)  h(z+2k)=Uh(z+k)+ Vh(z), VzeR,

respectively, where A, B,U, and V are non-negative real numbers. Suppose the following
conditions are satisfied:

(C1) A= AU, B= BV, AV = BU,
(C2) g is an f-even function and h is an f-odd function.

Then, w(z) := (gh)(x) forms another recurrent function with period k satisfying the
equation

(5.3)  w(z+2k) =Aw(z + k) + Bw(z), VxR

Proof. The proof is straightforward. Suppose g and h are two recurrent functions with
period k (k € N) satisfying equations (5.1) and (5.2), respectively. Furthermore, we
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suppose that conditions (C1) and (C2) are satisfied. Then,
wz +2k) = (gh) (= + 2k) = [Ag(e + k) + Bg@)|[Uh(z + k) + Vh(a)
= Aw(z + k) + Bw(z) + [AVg(z + k)h(z) + BUg(z)h(x + k)]
= Aw(z + k) + Bw(z) + AVg(x)[h(x) + h(z + k)]
= Aw(z + k) + Bw(z), VzeR,

xT

xT

proving the theorem. ]

5.2. Example. Let k be an odd natural number and ¢ € R*. Define g(z) = = — |z|
and let A =¢/(2t+ 1) and B = (t +1)/(2¢t + 1). Furthermore, define h(z) = sin(rz)
and U =V — 1 =¢t. We claim that w(z) := (gh)(z) is a recurrent function with period
k satisfying the following equation:

(5.4)  w(z+2k)=Aw(z+1)+ Bw(z), VzeR,

where A = AU and B = BV. We know that g(z) = = — |z] and h(z) = sin(wz) are
examples of f-even and f-odd functions with period k, respectively. We first show that
g satisfies the equation

t+1
2t+1

(5.5) gz +2k)= (z+ k) + g(z) VzeR,

2t +17
and then show that h satisfies

(5.6)  h(z+2k) = th(z + k) + (t + )h(z), VzeR.

We have,
gle+2k) = +2%k—|v+2k] =z~ 2] = (2tt+1 + ztt++11> (x —|z))
= Qtil (@+1-|z+1])+ ;;;11 (z+1—|z+1))
- 2ti1g(x+ D+ Qttillg(w), Vo € R.

and
h(z + 2k) = sin(w(z + 2k)) = sin(wz) cos(2k)
= —tsin(mz) + (t + 1) sin(7zx)
= tsin(mzx) cos(km) + (¢t + 1) sin(7x)
= tsin(n(xz + k)) + (¢t + 1) sin(7zx)
=th(zx +k)+ (t+1)h(x), VreR.
Obviously, AV = BU. By Theorem 5.1, it follows that w(x) = (gh)(x) is a recurrent
function with period k satisfying equation (5.4).

5.3. Corollary. Let g and h be two recurrent functions with period k satisfying equations
(5.1) and (5.2), respectively. Suppose conditions (C1) and (C2) are satisfied, then w(z) :=
(gh)(z) is never a Fibonacci function with period k except possibly when g =0 or h =0
for all z € R.

Proof. Let g and h be two functions satisfying equations (5.1) and (5.2), respectively and
suppose that conditions (C1) and (C2) are satisfied. Hence,

g(x + k) = g(x + 2k) = Ag(x + k) + Bg(z)
=(A+ B)g(z+ k), VzeR,
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and

h(z + k) = h(z+2k) =Uh(x + k) + Vh(z)

= (U=V)h(z+k), VzeR

It follows that A+ B =1and U —V = 1. Since AV = BU, we have AV = (1 — B)V =
(1 +V)B = BU which implies that B = V/(2V + 1). Letting V =t € R" we get the
following equations:
(5.7)  glw+2k) = (t+1)(2t+ 1) "g(z + k) + 12t + 1) g(x),
(5.8)  h(z+2k) = (t+ 1)h(z + k) + th(z).

Hence,

= a7 lg(x +k)+ GT 19(1:)) ((t+ Dh(z + k) + th(zx))
_ (1) t2 tt+1)

S W@ R) g w(@) + o) (4 K) + ()
o+ 1)2 2

= Aw(z + k) + Bw(z), VzeR.

Suppose w is a Fibonacci function. Then, A = B = 1. This is impossible since

(t+1)? t? t?
= 1=2>1= .
241 2641 T
This proves the theorem. O

5.4. Corollary. Let g and h be two recurrent functions satisfying equation (5.1) and
(5.2), respectively. Suppose that AU = 2,BV = 1, AV = BU and condition (C2) is
satisfied. Then, w(z) := (gh)(z) is a Pell function.

Proof. The proof follows a similar argument used in the proof of Corollary 5.3 so we omit
it. O

5.5. Example. In the proof of Corollary 5.3 we have seen that the product of equations
(5.7) and (5.8) forms a recurrent function provided they satisfy conditions (C1) and
(C2). If we set A =2 and B =1, then we obtain a Pell function provided we could find
a positive real number ¢ such that t* — 2t — 1 = 0. The solution to this equation is given
by t = 1+ +/2, so we choose t = 1 4+ v/2 € R*. Hence, equations (5.7) and (5.8) become

(5.9)  gle+2k) = (;;TJ gz + k) + (20‘; 1) 9(@)

and
(5.10)  h(z +2k) = (o0 + 1)h(z + k) + oh(z),

respectively. Now, our goal is to find functions g and h satisfying condition (C2). We
can choose g(xz) = z — |z] and h(z) = sin(7x), and one can check that these equations
satisfy equations (5.9) and (5.10). Thus, by Corollary 5.8, w(z) = (z — |z|) sin(7z) is a
Pell function.

5.6. Corollary. Let g and h be any two recurrent functions with period k satisfying equa-
tion (5.1) and (5.2), respectively, such that AU = 1, BV = 2, AV = BU and condition
(C2) is satisfied. Then, w(z) := (gh)(z) is a Jacobsthal function.
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5.7. Example. In Example (5.2), we have seen that the function defined by w(z) :=
(gh)(z) = (z— |z |) sin(wx) is a recurrent function with period k satisfying equation (5.4).
If we set A and B to be in the set of natural numbers such that B = A+ 1, then we have
the following

gz +2k) =020+ 1) gz + k) + (0 +1)(20 + 1) 'g(x), VzeR,

h(zx +2k) =0h(z+ k) + (0 + 1) h(z), VzeR,

w(x + 2k) = Aw(z + k) + (A + Dw(z), Yz eR,
where 0 = A+ \/A(A + 1). If we let A = 1, then we obtain the following equations,
(5.11) gz 4+2k) =020+ 1) gz + k) + (6 +1)(20 + 1) 'g(z), Vz R,
(5.12)  h(z+2k) =ch(z+k)+ (c +1)h(z), VreR,
(5.13) w(z+2k) =w(z+k)+2w(x), VzeR,
where ¢ = 1 + /2 is the well known silver ratio. Suprisingly, equation (5.13)appears to
be a Jacobsthal function. Since g and h are f-even and f-odd functions, respectively,

we see that the function defined by w(z) := (gh)(z) = (x — |z]) sin(wz) with g and h
satisfying equation (5.11)and (5.12) is indeed a Jacobsthal function by Corollary 5.6.

5.8. Theorem. Let g be a recurrent function with period k (k € N) and h be an odd
recurrent function, also, with period k satisfying

(5.14) g(z +2k) = Ag(z + k) + Bg(z), Vz €R,

(5.15)  h(z+2k)=—-Uh(z+k)+Vh(z), VzeR,

respectively, where A, B,U, and V are non-negative real numbers. Suppose condition
(C1) is satisfied and

(C3) g and h are both f-even functions, or
(C4) g and h are both f-odd functions.

Then, w(z) := (gh)(z) is an odd recurrent function with period k satisfying the equation
(5.16) w(z+ 2k) = —Aw(z + k) + Bw(z).

Proof. The proof is similar to the proof of Theorem 5.1 so we omit it. ]
5.9. Example. Let k be an even natural number and ¢ € R*. Consider the functions

g(z) = = — |z| satisfying equation (5.7) and h(z) = cos(wz). We show that h is an odd
recurrent function with period k satisfying the equation

(5.17)  h(z+ 2k) = —th(z + k) + (¢t + 1)h(z).
‘We have,

h(z + 2k) = cos(m(z + 2k)) = cos(wz) cos(2k)
—tcos(mzx) + (t + 1) cos(mx)
—tcos(mx) cos(km) + (t + 1) cos(mx)
—tcos(m(xz + k)) + (t + 1) cos(mx)

=—th(z+k)+ (t+1)h(z), Yz eR.

Clearly, AV = BU. Since g and h are both f-even functions, then by Theorem 5.8,
w(z) = (x — |x])cos(mx) is an odd recurrent function with period k satisfying the
equation given by

(5.18)  w(w +2k) = — (2;1 1) w(z + k) + ((;Llf) w(z), Vo eR.
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5.10. Example. Let k € N and A, B,U,V € RT. Consider f-odd functions g and h
satisfying equations (5.14) and (5.15), respectively. Then we have

g(x + 2k) = Ag(z + k) + Bg(z) = (A — B)g(z + k)
= (B - A)g(x + 2k)
and
h(z +2k) = —Uh(z + k) + Vh(z) = —(U + V)h(z + k)
= (U + V)h(z + 2k).

These imply that B— A =1and U+ V = 1. If AV = BU, then AV = (B-1)V =
(1 - V)B = BU, which implies that B = V/(2V — 1). Hence, we have the following:

(5.19) gz +2k) =1 -V)2V —1) gz +k) + V2V -1)""g(z),
(5.20) h(z+2k)=—(1—-V)h(z+ k) + Vh(x).
Since A € R, we get w(z) := (gh)(x) satisfying the equation

(5.21)  w(z +2k) = — <%> w(z + k) + <2VVi 1) w(z), Vo eR,

is an odd recurrent function with period k if and only if V € (1,1].

5.11. Corollary. Let g be a recurrent function with period k and h be an odd recurrent
function, also, with period k satisfying equations (5.14) and (5.15). Suppose conditions
(C1), and (C3) or (C4) are satisfied. Then, w(z) := (gh)(z) is never an odd Fibonacci
nor an odd Pell function with period k except possibly when g =0 or h =0 for all x € R.

F

5.12. Corollary. Let g(x) be a recurrent function with period k and h be an odd recurrent
function, also, with period k satisfying equations (5.14) and (5.15). Suppose AU =
1,BV =2, AV = BU, and the functions g and h satisfies condition (C3) or (C4), then
w(z) := (gh)(z) is an odd Jacobsthal function with period k.

We leave the verification of Corollary 5.11 and Corollary 5.12 to the reader.

5.13. Example. Let k be an even natural number, ¢ € RT. Consider the functions
g(z) =  — |z| and h(z) = cos(mz). We note that g and h are both f-even functions.
We claim that if these two functions satisfy the following equations

(5.22) g(x+2k):( o >g(x+k)+<"+1)g(x), Ve €R,

20 +1 20 +1
and
(5.23)  h(z+2k) = —oh(z + k) + (0 + 1)h(z), VxR,
respectively, where o is the silver ratio, then the product w(z) := (gh)(z) = (z —

|z]) cos(mz) forms an odd Jacobsthal function with period k which satisfies the equation
o? (0 +1)2
w(z +2k) = — <20+ 1) w(z+ k) + (Tﬂ) w(z)
= —w(z+k)+2w(z), VzreR.

We know that g satisfies equation (5.22) from Example (5.2). Hence, we only need to
show that h(x) = cos(wz) satisfies equation (5.23). In fact, we have shown this already
in Example (5.9). Thus, by Corollary 5.12, w(z) = (x — |z]) cos(wz) is indeed an odd
Jacobsthal function with period k.
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5.14. Example. In Example (5.10), we have seen that for any arbitrary f-odd functions
g and h satisfying equations (5.19) and (5.20) with U € [0, 3,0), the product w(z) :=

)9
(gh)(z) is an odd recurrent function with period k. If we let V =3 — o € (%,1], where
o is the silver ratio, then the functions g and h satisfying the following equations

o—2 3—o
gl +2k) = (5 — 20) g(xz+ k) + (5 — 20) g(z), Yz eR,
h(z +2k) = —(oc — 2)h(z + k) + (3 — o)h(z), VzeR.
whose product is given by w(z) := (gh)(x) satisfying the equation

(5.24) w(x +2k) = — (%) w(z + k) + (%

is an odd Jacobsthal function with period k& by Corollary 5.12.

) w(z), VxR,

5.15. Theorem. Let g and h be two functions satisfying equation (5.1) and (5.2), respec-
tively. Suppose A = AU, B = BV, AV = —BU, and condition (C3) or (C4) is satisfied,
then w(x) := (gh)(z) is a recurrent function with period k satisfying equation (5.16).

Proof. The proof is similar to the proof of Theorem 5.1 so we omit it. O

5.16. Corollary. Let g and h be two functions satisfying equation (5.1) and (5.2), re-
spectively. Suppose A = AU, B = BV,AV = —BU, and condition (C3) or (C4) is
satisfied, then, w(z) := (gh)(x) si never a (or an odd) Fibonacci nor a (or an odd) Pell
function with period k except possibly when g = 0 or h = 0 for all x € R. Moreover, if
A=1,B=2, and g and h are both f-odd functions, then w is a Jacobsthal function with
period k.

Proof. Let g and h be two functions satisfying equation (5.1) and (5.2), respectively.
Suppose A = AU, B = BV, AV = —BU, and g and h are both f-even functions, then we
have the following:

g(x +2k) = Ag(z + k) + Bg(x) = (A+ B)g(z + k)
= (A+ B)g(xz+2k), VzeR,
and
h(z +2k) = Uh(z + k) + Vh(z) = (U + V)h(z + k)
= U+ V)h(z+2k), VYzeR.
These imply that A+ B = U +V = 1. Since AV = —BU, we get B = V/(2V —1).
Hence,
gl +2k) = (V -1V -1)""g(z+k) + V2V —-1)""g(z), VzeR,
h(x +2k) =(1—V)h(z + k) + Vh(z), Yz eR.
By assumption, A € R™, then w(z) := (gh)(x) satisfying the equation

w(z + 2k) = — <%) w(z + k) + <2VVi 1) w(z), VaeR,

is a recurrent function with period k if and only if V' € [O, %) Now, suppose that w is a
Fibonacci function with period k, then

2 2 2
1% :1>0>—V +2V—1:_(1—V)‘
2V -1 2V -1 2V —1
So, it is impossible that w is a (or an odd) Fibonacci function with period k. Furthermore,
it can also be seen in (5.25) that w cannot be a (nor an odd) Pell function with period

(5.25)
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k. Similarly, suppose w is a Jacobsthal function with period k, then V2/(2V — 1) = 2,
which implies that

(1-V)> —V*42v -1 . _
1 = V1 =—1, orequivalently V =2+ 2.

But V € [07 %), thus w cannot be a (nor an odd) Jacobsthal function with period k. On
the other hand, if g and h are both f-odd functions, then we have

g(z +2k) = Ag(x + k) + Bg(x) = (A — B)g(x + k)
= (B—-A)g(z+2k), VzeR,
and
h(z + 2k) = Uh(z + k) + Vh(z) = (U — V)h(z + k)
=(V-U)h(z+2k), VzxeR.

These imply that B— A=V — U = 1. Since AV = —BU, we obtain B = V/(2V —1).
Hence,

o+ 2) = (g ) ot + 1)+ (557 ) 9to)
h(z + 2k) = (V — Dh(z + k) + V().

Because A € RT, then w(x) := (gh)(z) satisfying the equation

(=W V?
(5.26) w(z+2k) = (72V — w(z + k) + 1 w(z), VzeR,
is a recurrent function with period k if and only if V' € (3,1]. It can easily be verified
that there is no value for V € (3, 1] such that equation (5.26) is a Fibonacci or a Pell
function with period k. However, we can find a value for V € (%, 1} such that (5.26) is
a Jacobsthal function. In particular, we can choose V=3 — 0 € (%, 1] so that we have

(5.27) gz +2k) = (50__2?7) g(x+ k) + (53__2(;) g(x),
(5.28) h(z+2k)=(2—o0)h(z+k)+ (3—0)h(z).
Equations (5.27) and (5.28) imply that
w(x + 2k) = — <(;:7223> w(z+ k) + (%) w(zT)
=—w(z+k)+2w(z), VrekR,

is a Jacobsthal function with period k. This verifies the corollary. O

5.17. Theorem. Let g and h be any two functions satisfying

g(z + 2k) = —Ag(z + k) + Bg(x),
h(z +2k) = —Uh(z + k) + Vh(z),

respectively, where A, B,U, and V are non-negative real numbers. Suppose that condi-
tion (C1) is satisfied, and g is an f-even function whereas h is an f-odd function, then
w(z) := (gh)(x) forms another recurrent function with period k satisfying equation (5.3).
Furthermore, if A = AU, B = BV, AV = —BU, and condition (C3) or (C4) is satisfied
then, w(zx) := (gh)(x) is also a recurrent function with period k satisfying equation (5.3).
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6. Quotients of recurrent functions
Here we discuss the limit of the quotients of recurrent functions with period k& and

provide proofs to two conjecture of Sroysang [19].

6.1. Theorem. Let k € N and w: R — R be a recurrent function with period k. Then,
the limit of the quotient w(x + k)/w(x) exists.

Proof. Let k,n €N, r,s € R", and consider the quotient Q(z) := w(z + k) /w(x), where
w is a recurrent function with period k. Then, we have two possibilities: (i) Q(x) < 0,
and (ii) Q(z) > 0. First, suppose that Q(z) < 0 then (WLOG), u := w(z) > 0 and
v:=w(z + k) < 0. Hence,

w(z + 2k) = —rw(z + k) + sw(z)
= —rv + su,

w(z + 3k) = rw(z + 2k) — sw(z + k) = r(—rv + su) — sv
= —(r* 4 s)v + rsu,

w(x 4 4k) = rw(z + 3k) + sw(x + 2k) = r(—(r® + s)v + rsu) + s(—rv + su)
= —(r® + 2rs)v + s(r* + s)u

w(x +nk) = —Wyv+ sWy_1u, Vn €N,

where W,, is the n'® Horadam number with initial conditions Wy = 0 and W; = 1. Let
2’ € R. Then, we could find z € R and n € Z such that 2’ = = + nk. So we have

Wh
wa +k)  w@tn+Dk)  —Wepv+sWau Vg +su
wi@) T w@ank) WartsWaiu y 4 st

(6.1)

Since x — 0o as n — oo, then letting n — oo equation (6.1) we get

. W,
w(z' + k) —v% +qu v (llmn—>oo W:I) + qu
lim 2 iy n = L
rroo w(l‘ ) nTee —y + qu V{;:l —v + qu (llmn%oo ‘;[1/;1 )
Note that g = =Y "™2° “;2% € (—1,0). So lim,— o 8™ = 0. Thus,
. w(@ + k) —av + su
lim = =,
z—oo  w(z') —v+alsu
. . Wit . anHl_gntl
since limy o =gt = liMp 00 S = On the other hand, suppose (WLOG),

w(z) and w(z +TIL€) are both positive and = > k. We can express w(z + k)/w(x) as
w(2n+d+k)/w(2n+46) since any non-negative real number x can be written as © = §+2n
for some § € R and n € N. Now, we claim that

w(2n+0 + k)
im —————*
n—oo  w(2n +9)
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We show this by expressing both sides in terms of continued fractions. For the LHS, we
have

w2n+k+96)  pw2n+90)+quw2n+6—k) w(2n 40 — k)

w(2n + §) w(2n + 9) T w(2n + §)
1

w(2n + § — 2k)

w2n+ 4§ — k)

1

1

w(2n + 6 — 3k)

w(2n +§ — 2k)

=r+s

r+s

=r—+s
r+s

r+s

=r+s
r+s

r+s

1

r+s
. w(2n+6—(2n—1)k)
Tt S G2 (=R

w2n+6+k) 1
(6.2) Tw@nt9) =r+s

r+s

1

r+s
w(2n+6—(2n—1)k)
-t w(2n+6—2(n—1)k)
For the RHS, we have a = r + (—r + V72 4+ 4s5)/2 = r 4+ s/a. Thus, we have

1

a=r+s
r+s
r+s
r+s

1
1

Now, taking the limit of equation (6.2) as n — oo, we get

Hlim Q(z) = lim w(Zn;ringk) = r+s;1 = a.
T—00 n— oo ’w( n + ) r+s
r+s
This proves the theorem. O

6.2. Corollary. Let k € N. If f, (resp. p and j) is a Fibonacci (resp. Pell function and
Jacobsthal) function with period k, then the limit of the quotient f(x + 1)/f(x), (resp.

p(z+1)/p(z) and j(z +1)/j(x)) exists.

6.3. Corollary. Let k € N and let w be a recurrent function with period k, then
limy oo w(x + k)/w(x) = a. In particular, if f (resp. p and j) is a Fibonacci (resp.
Pell, and Jacobsthal) function with period k, then limy_o f(x + k)/f(x) = ¢ (resp.
limy oo p(z + k) /p(z) = 0 and limz— o0 j(x + k) /5(x) = 2).
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Proof. Let n,k € N and suppose that the quotient w(z + k)/w(z) is positive. Further-
more, assume (WLOG) that w(z) and w(z + k) are both positive, then

(6.3) w(z+ (n+ 1)k) _ Woriw(x + k) + sWhw(x) _ WV"}i:lw(m + k) + sw(x)
’ w(z + nk) Whw(z + k) + sWaw(z)  w(z+ k) + Wvgi;lsw(x) '

Letting n — oo in equation (6.3), we get

lim wlz+ (n+ k) =o.

n—oo  w(xw + nk)
If, on the other hand, w(xz + k)/w(z) is negative and suppose that (WLOG) w(z) > 0
and w(z + k) < 0 then, by the proof of Theorem 6.1, we see that limg_,o w(z + (n +
1)k)/w(x 4+ nk) = a. This proves the corollary. O

6.4. Remark. In [19, Conjecture 25|, Sroysang conjectured that if f is a fibonacci
function with period k, then lim, o f(z+k)/f(x) = ¢. Indeed, this is true by Corollary
6.3.

Sroysang’s second conjecture found in [19, Conjecture 26] is also true as stated in the
following results.

6.5. Theorem. Let k € N and w:=R — R be an odd recurrent function with period k.
Then, the limit of the quotient w(x + k) /w(x) exists.

6.6. Corollary. Let k € N. If f, (resp. p and j) is an odd Fibonacci (resp. odd
Pell function and odd Jacobsthal) function with period k, then the limit of the quotient

Fa+1)/f(), (resp. ple +1)/p(z) and j(x +1)/j(x)) eists.

6.7. Corollary. Let k € N and let w be an odd recurrent function with period k, then
limy oo w(z+k) /w(z) = —a. In particular, if f (resp. p and j) is an odd Fibonacci (resp.
odd Pell, and odd Jacobsthal) function with period k, then lim,_,o f(z + k)/f(x) = —¢
(resp. limg— oo p(x + k) /p(x) = —0 and limz— o j(z + k) /j(x) = —2).

We omit the proof of these results since they can be proven in a similar fashion as in
Theorem 6.1 and Corollary 6.3.

7. Summary

We were able to extend successfully the notion of Fibonacci functions [9] and Fibonacci
functions with period k [19] by characterizing the concept of second-order linear recurrent
functions with period k. We were also able to confirm the conjectures of Sroysang in [19]
by proving a more general result about the asymptotic growth rate of Fibonacci functions
with period k. In our next investigation [18], we will revisit Sroysang’s conjecture and
provide another proof using the results presented in [20] by Tollu et al. together with
the concept of Cauchy sequences.
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