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Strong summation process in locally integrable
function spaces
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Abstract

In this paper, using the concept of strong summation process, we give a
Korovkin type approximation theorem for a sequence of positive linear
operators acting from L, 4 (loc) into itself. We also study modulus of
continuity for L, 4 (loc) approximation and give the rate of convergence
of these operators.
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1. Introduction

The classical theorem of Korovkin [7] on approximation of continuous functions on a
compact interval gives conditions in order to decide whether a sequence of positive linear
operators converges to the identity operator. Some results concerning the Korovkin type
approximation theorem in the space Lp[a,b] of the Lebesgue integrable functions on a
compact interval may be found in [4]. If the sequence of positive linear operators does
not converge then it might be benefical to use matrix summability methods.

Approximation theory has important applications in the theory of polynomial approx-
imation, in functional analysis, numerical solutions of differential and integral equations
[1], [8]-

The purpose this paper is to study a Korovkin type approximation theorem of a
function f by means of sequence of positive linear operators from the space of locally
integrable functions into itself with the use of a matrix summability method which in-
cludes both convergence and almost convergence. We also obtain rate of convergence in
Ly, (loc) approximation with positive linear operators by means of modulus of continuity.

Now we recall some information of locally integrable functions given in [6].
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Let q(z) =1+ 2% ; —0co < x < oo . For h > 0, by Ly 4(loc) we will denote the space
of measurable functions f satisyfing the inequality,

z+h 1/17
1
W (g [HOrd] <Mia@ <<
x—h

where p > 1 and My is a positive constant which depends on the function f.
It is known [6] that Ly ¢(loc) is a linear normed space with norm,

oih 1/p
(iﬁﬂf@ﬂpﬁ>
up -

s
—oo<xr<oo q (I)

where | f|[, , may also depend on h > 0. To simplify the notation, we need the following.
For any real numbers a and b put

(2) 1f1lp.q =

1/p

b
5520 @O, = | 52 [Urra)

If; Ly (z — b,z + h)||
i Lp,q (a,b = su nd
I Lo @)l , = sup. =
/5 Lp (& — b,z + h)|
;L x| >a = su B
I5: B (2] 2 @)l , = sup -
With this notation the norm in Ly, 4 (loc) may be written in the form
If; Lp (x — b,z + B
=su .
171, = sup e
It is known [6] that LF , (loc) is the subspace of all functions f € L, 4 (loc) for which
there exists a constant ks such that
I =g Ly (= bt )]
As usual, if T' is a positive linear operator from L, 4 (loc) into Ly, 4 (loc), then the operator

norm ||T'|| is given by ||T|| := sup Hﬁ;ﬂ“”’q
F#£0

)

=0.

p,q

2. Strong A—summation process in L, , (loc)

The main aim of the present work is to study a Korovkin type approximation theorem
for a sequence of positive linear operators acting on the weighted space Ly 4 (loc) by using
matrix summability method which includes both convergence and almost convergence.
We also give an example of positive linear operators which verifies our Theorem 2.5. but
does not verify the classical one ( see Theorem 2.1 below).

Let A: = {A(”)} = {a;g.)} be a sequence of infinite matrices with nonnegative real

entries. Let {T;} be a sequence of positive linear operators from L, 4 (loc) into itself. If
(3) liinZaZ]- 175 f = fll, , =0, uniformly in n,

J
then we say that {7} f} is strongly A—summable to f for every f in Ly 4 (loc) where it is

assumed that the series converges for each k, n and f. Some results concerning summation
processes on some other spaces may be found in [2], [9] and [10].
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We recall the following result of [6] that we need in the sequel.

2.1. Theorem. Let {Tj} be a sequence of positive linear operators from Ly 4 (loc)
into itself and satisfy the conditions

i) The sequence (T}) is uniformly bounded, that is, ||T;|| < C < oo, where C is a
constant independent of j,

ii) limy [T (fis2) — fi (z)|l,, =0 where fi (y) = y%, i=0,1,2.Then

lim |73 ~ f1l,,, = 0

for each function f € LE , (loc), (see [6]).
The next result shows that Korovkin type theorem does not hold in the whole space
Ly,q (loc) .

2.2. Theorem. Let A : = {A“”} = {ag;)} be a sequence of infinite matrices

with nonnegative real entries. Let {7} be a sequence of positive linear operators from
Ly,q (loc) into itself satisfying

limsup 3~ il |1T5(fi;2) = fi (@), =0
J
where f; (y) =y for i = 0,1, 2. Then there exists a function f* in L, 4 (loc) for which
(4) hiﬂSlipZag;) ||ij* _ f*Hp,q > 21—%.
J
Proof. We consider the sequence of operators T; given in [6] :

Tj(f;m)_{ SEaf(w+h) we2(G-1)h (2 +1)h)

f(z) , otherwise.
It is shown in [6] that

175 fllq < 4NF1,, -

Assume now that A := {A(")} = {ag;)} is a sequence of infinite matrices defined by

1 .
o™ = 1 nm<ji<n+k
kj 0 , otherwise.

Consider the following function f* given in [6] :

z? ,ifx € Ej [(2k — 1)k, 2khR)
k=1

F@=93 22 ifae ()[2kh (2k+1)h)
k=
0 ,ifz<O. 1

Then f* € Ly 4 (loc) and it is shown in [6] that

o 1-1(2j —1)%h?
HTJf - f ”p,q22 P 1+ 452h2 .
Hence

k+n k+n . 272
1 . 1 1 (2i—1)%h
- T f* — >~ N oty Tt
k+1;” gz g 222 1+ 45212

j=n
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On applying the operator lillcn sup on both sides one can see that
n

k+n
hrnsupk+12|| T f = f" Hpq22171/’7.

Therefore the theorem is proved.
Now we show that the above mentioned problem has a positive solution in the subspace
LE , (loc) . First we give the following

2.3. Lemma. Let A: = {A(")} = {aé’;)} be a sequence of infinite matrices with non-

negative real entries. Let {7} be a sequence of positive linear operators from L, 4 (loc)
into itself satisfying

. (n) _
hinsgpra 175 (fi;2) — fi (@), , =0
j

where f; (y) = y* for i = 0,1,2. Assume that

(5) H/—supZakj < oo.

n, ]
Then, for any continuous and bounded function f on the real axis,

timsup Y~ 0}l [175(f;2) = £ (2); Lp.a (0, D) = 0
J

holds, where a and b are any real numbers.
Proof. Since f is uniformly continuous function on any closed interval, given € > 0 there
exists a positive number § = § (¢) such that if |t — x| < § implies that

(6) |lf () — f(z)] <e, forall x € [a,b],t € R.
Also, setting M = sup |f (z)|, we can write if |t — z| > ¢ that
z€R

(7) |f(t)— f(z)| <2M , for all z € [a,b],t € R.
Combining (6) and (7) we have
(8) If () = f(2) <e+

where -0o < t < 00; © € [a,b]. Let ¢ := maks{|al,|b|} and using the positivity and
linearity of operators T we obtain from (8) that

Do T (F (1);2) = £ (@) Ly (ab)]
<0G I @) = F @), +1f (@ Za 175 (1;2) =11l

<Za

2M
5+§T(tfx)2;m)

p,q

+ MY a1 ) — 1
J

p,q

n n 4M n
=D A o+ Z 0y |15 2) — 2, + 55~ D aiy ITi(x) ]l

J

QMC n
+< s Te —I—M)Za()HT Liz) -1

P,q°

Hence the proof is completed.
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2.4. Theorem. Let A : = {A(")} = {ag)} be a sequence of infinite matrices

with nonnegative real entries. Let {T;} be a sequence of positive linear operators from
L,.q (loc) into itself. Assume that

(9) H:= sukpZa,i?) IT5] < o0
J

n,
and

- (n)
(10) H = snuEZakj < oo.
g

Then {7}} is an A — strong summation process in Lk , (loc) ,i.e.,for any function f €
Lk, (loc) we have

. (M) 1 (f. ) — =
hI]inS?LpZGM I T5(f;x) f(‘r)Hp,q =0
J
if and only if

: () 1. (£, ) —
limsup 3 a7 (fi ) = fi @), =0
J

where f; (y) = y* for i =0,1,2.

Proof. We follow [6] up to a certain stage. If f € L (loc) then f — kys.q € LY, (loc).
So it is sufficient to prove the theorem for the function f € Lg’q (loc) . For € > 0, there
exists a point o such that the inequality

z+h 1/p

(g [1Hora) <aw

h

holds for all z, |z| > zo. By the well known Lusin Theorem, there exists a continuous
function ¢ on the finite interval [—xo — h, 2o + h] such that the inequality

(12)  [f = o5 Lp (=m0, z0)|| <€

is fulfilled. Setting
. 2he?
(13) 6<mln{m,h},

where M (z0) = max{ max | (z)], 1}, we can define a continuous function g by

|z|<zo+h
ex) L if [g|<@o+h
g(z) = 0 yif x| > 20+ h+0
linear , otherwise.

Then by (11), (12), (13) and the Minkowski inequality, we obtain

(14)  f—gl,, <e

for any € > 0 (see [6]).
Now we can find a point x1 > xo such that

M (z0)
1>

(15) q(z1) > and g (z) =0 for |z| > z1,
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where M (zo) is defined above. Then by (12), (13), (14) and the definiton of g and
Lemma 2.1. we get

DT (F5) = @y < 3205 1T (= 0l + 32 T =l
J

+ Za“” I1f =gl

< (z TACTNES ST
‘FEZGL)Wﬂg-%lﬁg(—xhxﬂH

+ Za“” I1T59 — i Lp.q (|2 > 1)

= <Z o I3, + Sl + )
(16) + > a0l ITig5 Lyq (2] = 1))
J

Since |g (z)| < M (xo) for all x € R, we can write

2045 W55 Ly (o] 2 )l < M (20) 3 I1T51: Ly (] 2 )]
J

(o) Za“” 751 — 15 Lpg (|z] > 21|

+ M (zo) Zag) 115 Lp,g (|z] > 1)l
J
<M (20) Y aif 1151 -1
J
M(iEo) (n)
Q(xl) kj

lp.q

Considering hypothesis and (15) we get by (16) that

o [CONTT R =
hinblipzakj 5 f f”p,q =0
J

In the whole space L, 4 (loc) we have the following.
2.5. Theorem. Let A : = {A“”} = {a,(:;.)} be a sequence of infinite matrices with

nonnegative real entries for which (9) and (10) holds. Let {7} be a sequence of positive
linear operators from L, 4 (loc) into itself satisfying

: [SONTE N . —
hinslipzakj ||Tj(fz7$)_fz (CL’)l =0
J

p.q

where f; (y) =y’ for i = 0,1,2. Then for any functions f € L, 4 (loc) we have

IT5f = fi Ly (x — b,z + h)||
hmsupZa(")< L

q* (z)
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where ¢* is a weight function such that lim Liz? _ .
|z|—o0 9 (=)

Proof. By hypothesis, given € > 0, there exists o such that for all z with |z| > zo we
have

1+ a2
¢ (z)
Let f € Lp,q (loc). Then, for all n, k we get

)
=Y a
J
<S> a T fL,, + ZW 11,
J
<l (Z ag |y, , + Za“”) <N, say.

Hence we have sup~y, < oo is bounded. By Lusin’s theorem we can find a continuous
n

(17)

B = £ (2] > o)

function ¢ on [—z, — h,xo + h] such that
(18)  |f = w5 Ly (=zo — h,mo + h)|| <e.
Now we consider the following function G given in [6]

o(—zo—h) ,z<-z0—h
G(z):= @ (20) , x| <o+ h
@ (zo+h) , x> w0+ h.

We see that G is continuous and bounded on the whole real axis. Now let f €
Ly,q (loc)and we get for all n, k that

= Zag) I T5f = f; Lp,g (=0, 20) ||
< Za(n) HT f G) P,q (_350,1’0)” + Za(n) ||T G- G Lp,q( mo,xo)H
J
4 Zag;) If = G Ly (—x0 — h,mo + )|
J
<l 1Tl 1 = @) Log (=20 = hywo + )|
J
+ Zag;') IT;G — G; Lp,q (—x0, xo) ||
J

+ a1 = G Lp.q (—z0 — h,o + )|

J
R VL ALTIRS T

+> " a{ | T:G — G Ly,g (—z0, o).
J

Hence by the hypothesis and Lemma 2.1. we have
(19) lilgn sup Bn = 0.
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On the other hand, a simple calculation shows that

un =S a5 = £l
J

_ af)Tif - f
J

wih P 1/p
1
= ), ‘) e
(n) o
<Za

|| <o q* () q(z)

oth . P 1/p
1 n
3h f _ Q5 T;f — f| dt
(n) x—h | J q(ZC)

+Zakj sup ”

= Bn sup a() + Yn Sup a(2)
|z|<zo q* (:C) |x|>xg q* (I)

(20) < Bng(w0) +eVn-
It follows from (17), (18), (19), (20) and Lemma 2.1. that

un < q(20) | f — G; Lp,g (—z0 — hyzo + h)| (Z al ||T;

ot Sl )

J J
+ q(z0) Zag)TjG — G; Lp,g (—x0,20)|| + N
J
= Ke + q(x0) Z ag;)TjG — G5 Lp,q (—x0,0)
J

where K := Mq (z0) + N and M := H + 1. By Lemma 2.1. we get

IT5f — f; Lp (x — hyx + )|
lim sup E al™ ( sup P — .
k n J ki zER q* (I)

2.6. Remark. We now present an example of a sequence of positive linear operators
which satisfies Theorem 2.5 but does not satisfy Theorem 2.1. Assume now that A :=

{A(”)} = {a,(g)} is a sequence of infinite matrices defined by

1 .
RCONNY By == ,n<j<n+k
kj 0 , otherwise.

In this case A—summability method reduces to almost convergence,([8]).
Let Tj : Lpq (loc) = Ly q (loc) be given by

Tj(f;m)_{ e @+h) Lwe2G—1)h (25 +1)h]

f(z) , otherwise
The sequence {7} satisfies Theorem 2.1. (see [6]). It is shown that for all j € N,

175 fll,, < 4lfll,,. Hence {T}} is an uniformly bounded sequence of positive linear

operators from Ly, 4 (loc) into itself. Also

limsup Y o} |7 (fis2) = fi (@)]],,, =0
J

where f; (y) =y for i = 0,1,2. Now define {P;} by
Pi(fiz) = (1 +u;) T; (f;2)
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where

1 ,j=2"neN
“=Y0 d.d.

It is easy to see that {u;} almost convergent to zero. Therefore the sequence of positive
linear operators {P;} satisfies Theorem 2.5. but does not satisfy Theorem 2.1.

3. Rates of Convergence For Strong A—Summation Process in
Lyp,g (loc)

In this section, using the modulus of continuity, we study rates of convergence in
Ly,q (loc).
We now turn to introducing some notation and basic definitions to obtain the rate con-
vergence of the operators given in Theorem 2.5.
Also, we consider the following modulus of continuity:

w(f,0)= sup |f(y)—f(2),

|lz—y|<é

where § is a positive constant, f € Ly 4 (loc) . It is easy to see that, for any ¢ > 0 and all
f € Lp,q(loc),

w(f,6) < (1+[)w(f,0),

where [c] is defined to be the greatest integer less than or equal to ¢, [3].
To obtain our main results we first need the following lemma.

3.1. Lemma. Let A: = {A(")} = {al(;;.)} be a sequence of infinite matrices with non-
negative real entries. Let {7} be a sequence of positive linear operators from L, 4 (loc)
into itself.Then for each j € N and 6 > 0, and for every function f that is continuous
and bounded on the whole real axis, we have

ST AT — f3 Lo (a,0)]l S w (£36) S al 1T fo — foll,
J J

+2w(£50) Y al? +C0 > al? T fo — foll,
J J

where fo (t) = 1, ¢z (t) := (t —2)*,C1 = sup |f ()] and §:= a; = /I Tjpall, -

a<x<b
Proof. Let f be any continuous and bounded function on the real axis, and let = € [a, b]

be fixed. Using linearity and monotonicity of T; and for any § > 0, by modulus of
continuity, we get

1 i) - r@I <15 (w (1.1555) )
P @I (i)~ fo @)
< wq (f,0) T (fosz) — fo ()] +wq (f,9)

WO | 4 1 @I T (foso) — fo (@)].

+ 52
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Let 6 := aj = /||Tj ¢xll, ,- Then we have
T3 f = f5 Lp.q (a,0) || < wq (f,0) IT5 (fo;2) — fo ()l , +
+ Wq (f7 6)
wq (f,0
1897 g

: (I ¢21,.,)

+ 175 (fo;z) — fo (@)l,,q iugblf(ﬂcﬂ

Now let C1 = sup |f (z)]. Then we get
a<z<b

Zag) IT; f— f; Ly, (a,0)|| < Za,(;)wq )T (foiz) — fo (‘r)”p,q
J
—|—2Za§£)wq

+ C1 Za(n) 175 (fo;x) — fo (x)Hp,q

3.2. Theorem. Let A : = {A(")} = {ag.)} be a sequence of infinite matrices with

nonnegative real entries for which (10) holds. Let {7;} be a sequence of positive lin-
ear operators from L, 4 (loc) into itself. Assume that for each continuous and bounded
function f on the real line, the following conditions hold:

(?) liins:pZag-) IT; (fo;x) — fo(2)l,,=0
J
(44) lim supza,(;;-)wq (f,6)=0

(#41) hmsupZa,(;;)wq N Ty (fosx) — fo (z)]l,, =0

where § = o = /|| T} ¢=ll, ,- Then we have

limsup - i} |T;f = f3 Ly (a,b)]| = 0.
J

Proof. Using Lemma 3.1. and considering (¢), (i), (i74) and (10) we have

liinsipz:ag;) T f = f; Lp,q (a,b)]| =
J

for all continuous and bounded functions on the real axis.
3.3. Theorem. Let A : =:AM™ ! = ag;.) be a sequence of infinite matrices with

nonnegative real entries for which (9) and (10) holds. Let {T};} be a sequence of positive
linear operators from Ly 4 (loc) into itself. Assume that

limsup Y afl) |75 (fi;2) = fi (@), = 0
J
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where f; (y) =" for i =0,1,2. If

(?) lilgns:pZag-) IT; (fo;x) — fo(2)],,=0
J

(44) liin sup Z a,(;;.)wq (G,6)=0
J

(idd) limsup S~ 0} wq (G 0) T3 (fos2) = fo (@), =0
J

where G is given as in the proof of Teorem 2.5. Then we have

. n T,f — f;Lp(x — h,z+ h)|
lim sup al™ (sup 175 1P ’ =0
k n ; ki zER q* (IE)

where ¢* is a weight function such that lim Liz? _ .

|z|—o00 a* (=)

Proof. It is known from Theorem 2.5. that

tn < q(20) |f = G; Lp.g (—z0 — hyxo + h)| (Z al 175, + Za,i?)
J J

+q(20) Y al |T5G — G; Ly,q (—x0, 20)|| +eN

J

=Ke+q(x0) Y al? |G — Gs Ly (—0, z0)

J

where K := Mq(x0) + N and M := H 4+ 1. Then by Lemma 3.1. and Theorem 2.5. we

get

u < Ke+q(20) Y afl wq (G5 6) 175 (fos2) = fo (@),

J

+2q (20) Y afwq (G36)

J

+q(20) CL > al? |ITy (fos2) — fo (@),

where C; :=  sup |G ()| and the proof is completed.

—zo<z<zQ
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