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Signed degree sequences in signed multipartite
graphs
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Abstract

A signed k-partite graph (signed multipartite graph) is a k-partite
graph in which each edge is assigned a positive or a negative
sign. If G(V4,Va,---,V4) is a signed k-partite graph with V; =
{vi1,vi2, -+ ,Vin; }, 1 < @ < k, the signed degree of v;; is sdeg(vij) =
dij = df; —d;;, where 1 < i < k, 1 < j < n; and dj;(d;;) is the
number of positive (negative) edges incident with v;;. The sequences
a; = [di1,diz, -+ ,din;], 1 < i < k, are called the signed degree se-
quences of G(Vi,Va,---,Vi). The set of distinct signed degrees of the
vertices in a signed k-partite graph G(V1, Va, -+ -, Vi) is called its signed
degree set. In this paper, we characterize signed degree sequences of
signed k-partite graphs. Also, we give the existence of signed k-partite
graphs with given signed degree sets.
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1. Introduction

A signed graph is a graph in which each edge is assigned a positive or a negative sign.
The concept of signed graphs is given by Harary [3]. Let G be a signed graph with vertex
set V. = {v1,v2, -+ ,vn}. The signed degree of v; is sdeg(v;) = d; = d?‘ — d;, where
1 < i < nanddj (d;) is the number of positive(negative) edges incident with v;. A signed
degree sequence o = [d1,dz, - ,dy] of a signed graph G is formed by listing the vertex
signed degrees in non-increasing order. An integral sequence is s-graphical if it is the
signed degree sequence of a signed graph. Also, a non-zero sequence o = [d1,d2, -+ ,dy]
is a standard sequence if o is non-increasing, > ., d; is even, d1 > 0, each |d;| < n and
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jda| > [da.

The following result, due to Charttrand et al. [1], gives a necessary and sufficient
condition for an integral sequence to be s-graphical, and this is similar to Hakimi’s result
for degree sequences in graphs [2].

Theorem 1. A standard integral sequence o = [d,,d2, - ,d,] is s-graphical if and only
if
OJ = [d2 - 13 d3 - 17 e ?dd1+5+1 - 15 dd1+5+27 o adn*Sa dn*8+1 + 17 o vd” + 1]

is s-graphical for some s, 0 < s < #.
The next result [12] provides a good candidate for parameter s in Theorem 1.

Theorem 2. A standard integral sequence o = [d1,da, - - ,dy] is s-graphical if and only
if

O =ld2—1,d3 =1, ,day4m+1 — L, daytm+2, > dn-m,dn-mt1 + 1, ,dpn + 1]
is s-graphical, where m is the maximum non-negative integer such that dg,ym+4+1 >
dnfmJﬁl-

The set of distinct signed degrees of the vertices in a signed graph G is called its
signed degree set. In [6], it is proved that every set of positive (negative) integers is the
signed degree set of some connected signed graph and the smallest possible order for such
a signed graph is also determined. Hoffman and Jordan [4] have shown that the degree
sequences of signed graphs can be characterized by a system of linear inequalities. The
set of all n-tuples satisfying this system of linear inequalities is a polytope P,. In [5],
Jordan et al. have proved that P, is the convex hull of the set of degree sequences of
signed graphs of order n. We can find more results on signed degrees in [4,5].

A signed bipartite graph is a bipartite graph in which each edge is assigned a positive
or a negative sign. Let G(U,V) be a signed bipartite graph with U = {u1,u2, - ,up}
and V = {v1,v2, - ,vq}. Then signed degree of u; is sdeg(w;) = d; = dj — d; , where
1 < i < pand df(d;) is the number of positive (negative) edges incident with u; and
signed degree of v; is sdeg(v;) = e; = e;r —e;, where 1 < j < ¢ and ej(e;) is the
number of positive (negative) edges incident with v;. The sequences o = [d1,d2, -+ ,dp]
and B = [e1,e2, - ,eq] are called the signed degree sequences of the signed bipartite
graph G(U, V). Two sequences « = [d1,dz2, - ,dp] and B = [e1, ez, -+ , eq] are standard
sequences if a is non-zero and non-increasing, |di| > |dpl, >27_, di = >27_ €5, d1 > 0,
each |d;| < g, each |e;| < p and |e;| < |d4].

The following result due to Pirzada et al. [8], gives necessary and sufficient conditions
for two sequences of integers to be the signed degree sequences of some signed bipartite
graph. .

Theorem 3. Let o = [d1,d2, -+ ,dp] and B = [e1,€e2, - ,€4] be standard sequences.
Then, o and B are the signed degree sequences of a signed bipartite graph if and only if
there exist integers r and s with di =r —sand 0 < s < q_;ll such that o/ and 8 are
the signed degree sequences of a signed bipartite graph, where o’ is obtained from o by
deleting d1 and B’ is obtained from 8 by reducing r greatest entries of 8 by 1 each and

adding s least entries of 8 by 1 each.
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The set of distinct signed degrees of the vertices in a signed bipartite graph G(U, V)
is called its signed degree set. The work for signed degree sets in signed bipartite graphs
can be found in [7]. Also the work on signed degrees in signed tripartite graphs can be
found in [10, 11].

2. Signed degree sequences in signed k-partite graphs

A signed k-partite graph (signed multipartite graph) is a k-partite graph in which
each edge is assigned a positive or a negative sign. Let G(V1,Va,---, Vi) be a signed
k-partite graph with V; = {v;1,vi2, -+ ,vin,; }, 1 < i < k. The signed degree of v;; is
sdeg(vij) = dij = df]- —d;;, where 1 <4 <k, 1 <j <n; and d;;- (d;;) is the number
of positive (negative) edges incident with v;;. The sequences «; = [di1,di2, -+, din,],
1 < i < k, are called the signed degree sequences of G(Vi,Va,---,Vy). Also the se-
quences o; = [di1,di2, -+ ,din;], 1 < i < k, of integers are s-graphical if ajs are the
signed degree sequences of some signed k-partite graph. Denote a positive edge xy by
zy" and a negative edge zy by £y~ . Several results on signed degree sequences in signed
multipartite graphs can be found in [9]. We start with the following observation.

Theorem 4. Let G(Vi, Va,- -+, Vi) be a signed k-partite graph with V; = {vi1, vi2, - -+, vin, },
1 <4 < k and having ¢ edges. Then
p=Yr >0, sdeg(vi;) = 2q(mod 4),

and the number of positive edges and negative edges of G(Vi, Va, - -+, Vi) are respectively
20tp 4ng 202

Proof. Let v;; (1 <4 <k, 1 < j < n;) be incident with di*j positive edges and d;;
negative edges so that
sdeg(vij) = d;rj — d;; while deg(vij) = d;rj +d;;-
Obviously, >, 7%, deg(vi;) = 2¢.
Let G(V1, Va,---, Vi) have g positive edges and h negative edges. Then ¢ = g + h,
k ng _ k g - —
> i df =2g and Y0, YU di = 2h.

=1 Jj=
Further,
kE ng k. ng
DD sdeglvy) =3 > (dly —dy)
i=1 j=1 i=1 j=1
kE n; kE n;
5 SR S e
i=1 j=1 i=1 j=1
= 2g — 2h.
Hence,
k. n;
p= Zsteg(vij) =29 —2h
i=1 j=1
=2(q—h)—2h
= 2q — 4h,
so that p = 2q(mod 4). Again, from g + h = q and 2g — 2h = p, we have g = 2‘{% and

2qg—
h=222 0
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Corollary 5. A necessary condition for the k sequences a; = [d;1, di2, - - - ,dini}, 1<i<
k, of integers to be s-graphical is that Zle Z?’:l dij is even.

A zero sequence is a finite sequence each term of which is 0. Clearly, every k fi-
nite zero sequences are the signed degree sequences of a signed k-partite graph. If
B = lai,az2, -+ ,a,] is a sequence of integers, then the negative of 8 is the sequence
B =[-ai,—az, - ,—ay].

The next result follows by interchanging positive edges with negative edges.

Theorem 6. The sequences a; = [di1,di2, -+ ,din;], 1 < ¢ < k, are the signed degree
sequences of some signed k-partite graph if and only if —a; = [—di1, —di2, -+ , —din,] are
the signed degree sequences of some signed k-partite graph.

Assume without loss of generality, that a non-zero sequence S = [a1,a2, -+ ,an] is
non-increasing and |a1| > |an|, for we can always replace 8 by —p if necessary. The
k sequences of integers a; = [di1,di2, -+ ,din;], 1 < i < k, are said to be standard
sequences if a; is non-zero and non-increasing, Zle Z;il d;j is even, di1 > 0, each
ldij] < 3% ime, 1 <0 <k 1< j < ny, |du| > |d,,, | and |di1| > |dij| for each
2<i<kl<j<n.

1ng

A complete signed k-partite graph is a complete k-partite graph in which each edge is
assigned a positive or a negative sign. The following result provides a useful recursive test
whether the k sequences of integers form the signed degree sequences of some complete
signed k-partite graph.

Theorem 7. Let a; = [di1,di2, - ,din;], 1 < i < Kk, be standard sequences and let
r=+ (du + Z?:z nj). Let o) be obtained from a1 by deleting d11 and ob,a%, - -, af
be obtained from aaq, as, - - - , ar by reducing r greatest entries of a2, az, - -+ , a by 1 each
and adding remaining entries of a2, a3, -+ ,ar by 1 each. Then «; are the signed degree
sequences of some complete signed k-partite graph if and only if o} are also signed degree
sequences of some complete signed k-partite graph, 1 <i < k.

Proof. Let G'(V{,V3,---,V}) be a complete signed k-partite graph with signed degree
sequences aj, 1 < i < k. Let V| = {vi2,v13, - ,V1n, } and V; = {vi1,vi2, * ,Vin, },
2 <4 < k. Then a complete signed k-partite graph with signed degree sequences «; |,
1 <4 < k, can be obtained by adding a vertex v11 to V7 so that there are r positive edges
from v11 to those r vertices of V4, V4, -+, V), whose signed degrees were reduced by 1 in
going from o; to of, and there are negative edges from v1; to the remaining vertices of

Vs, Vs, -, Vi, whose signed degrees were increased by 1 in going from «; to aj. Note

that the signed degree of v11 is r — (Zfﬂ n; — r) =2r — 25:2 n; = di1.

Conversely, let «; , 1 < i < k, be the signed degree sequences of a complete signed
k-partite graph. Let the vertex sets of the complete signed k-partite graph be V; =
{vi1, vi2, -+, Vin, } such that sdeg(vi;) =di;, 1 <i <k, 1<j<n;.

Among all the complete signed k-partite graphs with «;, 1 < ¢ < k, as the signed
degree sequences, let G(Vi,Va, -+, Vi) be one with the property that the sum S of the
signed degrees of the vertices of Va2, Vs,--- Vi joined to w11 by positive edges is max-
imum. Let df; and dj; be respectively the number of positive edges and the number
of negative edges incident with v11. Then sdeg(vi1) = di1 = df, — dyy, deg(vii) =

df, +dy, = Z?:z n;, and hence dj; = % (dn + 2522 nj) = r. Let U be the set of r
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vertices of Va, Vo, -, Vi with highest signed degrees and let W = U§:2Vj -U. We
claim that v1; must be joined by positive edges to the vertices of U. If this is not true,
then there exist vertices vy, € U and v;; € W such that the edge vi1vgn is negative and
the edge v11v;; is positive. Since sdeg (vgn) > sdeg (vij;), there exist vertices vmn and vpq
such that the edge vgnvmn is positive and the edge v;;vpq is negative. If the edge vgnvpq
is positive, then change the signs of the edges v11vgh, VghUpq, UpqVij, Vijv11 so that the
edges v11vgn and vpqv;; are positive and the edges vi1vi;and vgrvpq are negative. But if
the edge vgnvpq is negative, then sdeg (vgrn) < sdeg (vi;), which is a contradiction. The
case when vy, = vpq follows by the same argument as in above.

Hence we obtain a complete signed k-partite graph with signed degree sequences «;,
1 < i < k, in which the sum of the signed degrees of the vertices of Va, Vs, --- , Vi joined
to v11 by positive edges exceeds S, a contradiction.

Thus we may assume that vi; is joined by positive edges to the vertices of U and
by negative edges to the vertices of W. So G(Vi,Va,- -+, Vi) — v11 is a complete signed
k-partite graph with o}, 1 <i < k, as the signed degree sequences. []

Theorem 7 provides an algorithm of checking whether the standard sequences a;,
1 < i < k, are the signed degree sequences, and for constructing a corresponding
complete signed k-partite graph. Suppose «; = [di1,di2, - ,din;], 1 < @ < k, be
the standard signed degree sequences of a complete signed k-partite graph with parts
Vi = {vi1,vi2, -+, Vin, }. Deleting d11 and reducing r = % (d11 + Z;LQ nj) greatest en-
tries of a2, a3, - -+ , ax by 1 each and adding remaining entries of a2, as, - -+ , ar by 1 each
to form ab,aj,--- ,a). Then edges are defined by vi1 v;; if dj;s are reduced by 1 and
vuv; if déjs are increased by 1. For —a;, 1 < i < k, edges are defined by vuv;j if déjs are
reduced by 1 and mwfj if d}; s are increased by 1. If the conditions of standard sequences
do not hold, then we delete d;1 for that ¢ for which the conditions of standard sequences
get satisfied. If this method is applied recursively, then a complete signed k-partite graph
with signed degree sequences a;, 1 < i < k, is constructed.

The next result gives necessary and sufficient conditions for the k sequences of integers
to be the signed degree sequences of some signed k-partite graph.

Theorem 8. Let o; = [di1, di2, -+ ,din,;], 1 < i < k, be standard sequences. Then «; ,
1 <i < k, are the signed degree sequences of a signed k-partite graph if and only if there

exist integers r and s with di; =r—sand 0 < s < % (25:2 n; — d11) such that o} are

the signed degree sequences of a signed k-partite graph, where o} is obtained from a; by
deleting d11 and a5, aj, -+ , o) are obtained from az,as, - - ,ax by reducing r greatest
entries of ag, a3, -, ar by 1 each and adding s least entries of a2, s, -+ ,ar by 1 each.
Proof. Let r and s be integers with di; =7 — s and < s < % (2?12 nj — d11) such

that aj, 1 <14 < k, are the signed degree sequences of a signed k-partite graph G'(V7,
V3,1, V).

Let V{ = {vi2,v13,+* ,v1n, } and Vi = {ws1,vi2, -+ ,0in,; }, 2 < i < k. Let U be the
set of r vertices of V3, V4, .-+, V) with highest signed degrees, W be the set of s vertices
of V3, V4, -+, Vy with least signed degrees and let Z = U¥_,V] — U — W. Then a signed
k-partite graph with signed degree sequences «;, 1 < ¢ < k, can be obtained by adding
a vertex vi1 to V4 so that there are r positive edges from v1; to the vertices of U and
s negative edges from v11 to the vertices of W. Note that the signed degree of v is
r—S= d11.

Conversely, let a;, 1 < ¢ < k, be the signed degree sequences of a signed k-partite
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graph. Let the vertex sets of the signed k-partite graph be V; = {vi1, vi2, - - - ,vmi} such
that sdeg(vij) =dij, 1 <i<k,1<j<n;.

Among all the signed k-partite graphs with a;, 1 < i < k, as the signed degree se-
quences, let G(Vi,Va,---, Vi) be one with the property that the sum S of the signed
degrees of the vertices of Va, V3, -- V) joined to vi1 by positive edges is maximum.
Let df, = r and dj; = s be respectively the number of positive edges and the num-
ber of negative edges incident with vi1. Then sdeg(vi1) = di1 = df, —d; = — s and

deg(vi1) = df, +d; =r+s < Zfﬂ n;, and hence 0 < s < £ (Zk n; — du). Let U be

=2
the set of r vertices of Va, Vs, - - - | Vi with highest signed degrees and let W = U;?:QV]- -U.

We claim that v1; must be joined by positive edges to the vertices of U. If this is
not true, then there exist vertices vy, € U and vmn € W such that the edge viivmn is
positive and either (i) vi1vgn is a negative edge or (ii) v11 and vgn are not adjacent in
G(WV1,Va, -+, Vi). As sdeg(vgn) > sdeg(vmn), that is dgn > dmn , therefore we consider
only (i) and then (ii) is similar to (i).

We note that if there exists a vertex vpq (7 v11) such that vpqvgs is a positive edge and
UpqUmn 1S a negative edge, then change the signs of these edges so that vi1vgn and vpgVmn
are positive, and v11Vmn and vpqvgn are negative. Hence we obtain a signed k-partite
graph with signed degree sequences «;, 1 <14 < k, in which the sum of the signed degrees
of the vertices of Va2, V3, --- | Vi joined to vi1 by positive edges exceeds S, a contradiction.
So assume that no such vertex v,, exists.

Now, suppose that vy, is not incident to any positive edge. Since sdeg(vgn) >
sdeg(vmn), that is dgn > dmn, then there exist at least two vertices vpq and vy (both
distinct from v11) such that vpqUmn and vitVm. are negative edges and both vpq and vy
are not adjacent to vgn. Then by changing the edges so that viivgn is a positive edge,
and v11Vmn,VghVpq, VghUi¢ are negative edges, we again get a contradiction. Hence vy, is
incident to at least one positive edge.

We claim that there exists at least one vertex v,. such that vy.vg, is a positive edge
and vy. is not adjacent to vmn. Suppose on contrary that whenever vy is joined to
a vertex by a positive edge, then v, is also joined to this vertex by a positive edge.
Since sdeg(vgrn) > sdeg(vmn), that is dgn > dmn, then again we have the same situation
as above, from which we get a contradiction. Thus there exists a vertex v,. such that
VyzUgh is a positive edge and vy, is not adjacent to vpy,. Similarly, it can be shown that
there exists a vertex vpq such that vpqvmn is a negative edge and vy, is not adjacent to
vgn. By changing the edges so that vi1vgn,Umnvy- are positive edges, and v11Vmn, VghUpq
are negative edges, we again get a contradiction. Hence v1; is joined by positive edges
to the vertex of U.

In a similar way, it can be shown that v1; is joined by negative edge to the s vertices
of Vo,Va, -+, Vi with least signed degrees.

Hence G(Vi,Va,---, Vi) — v11 is a signed k-partite graph with «oj, 1 <1 < k, as the
signed degree sequences. [

Theorem 8 also provides an algorithm for determining whether or not the standard se-
quences o, 1 <1 < k, are the signed degree sequences, and for constructing a correspond-
ing signed k-partite graph. Suppose a; = [di1, di2, -+ ,din;], 1 < i < k, be the standard
signed degrees sequences of a signed k-partite graph with parts V; = {v;1, vi2, -+ , Vin, }-
Let diy =r—sand 0 < s < % (2522 n; — dn). Deleting d11 and reducing r greatest
entries of ag, a3, -+ ,ar by 1 each and adding s least entries of a2, a3, -+ , ax by 1 each
to form ab, af, - -, af. Then edges are defined by vllv;"j if di;s are reduced by 1 ; vi1vy;
if dj; s are increased by 1, and v1; and v;;jare not adjacent if dj; s are unchanged. For
«;, edges are defined by viiv;; if d;; s are reduced by 1; vllv?; if di; s are increased by
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1, and v11 and v;; are not adjacent if déj s are unchanged. If the conditions of standard
sequences do not hold, then we delete d;; for that i for which the conditions of standard
sequences get satisfied. If this method is applied recursively, then a signed k-partite
graph with signed degree sequences a;, 1 < i < k, is constructed.

3. Signed degree sets in signed k-partite graphs

Let G(Vi,Va,---, Vi) be a signed k-partite graph with X C V;,Y CV; (i # j). If
each vertex of X is joined to every vertex of Y by a positive (negative) edge, then it is
denoted by X @Y (X 8Y).

The set S of distinct signed degrees of the vertices in a signed k-partite graph
G(Vi,Va, -+, Vi) is called its signed degree set. Also, a signed k-partite graph
G(Vi,Va, -+, V%) is said to be connected if each vertex v; € V;; is connected to every
vertex v; € Vj.

The following result shows that every set of positive integers is a signed degree set of
some connected signed k-partite graph.

Theorem 9. Let di,d2, - - - ,d: be positive integers. Then there exists a connected signed
k-partite graph with signed degree set

2 t
S={d,y di,--, > di}.
i=1 i=1

Proof. We consider the following two cases. (i) k even, (ii) k odd.
Case (i). Let kK = 2m, where m > 1. Construct a signed k-partite graph G(Vi, Va, - -+, Vo)
as follows.

Let
=P UQURUSUXUXIUX{UXoUX5UXY U UX, 1UX[_ UX,
Vo=P,UQURUSUYUYUYa2UY; U---UY; 1 UY, 4,
Vi =PFP3UQs,
Vam-1 = Pomn—1 U Q2m—1,
Vam = Pom U Qam,
where

(a) Pl,Ql,Rl,Sl,Xl,XLX{/,XQ,Xé,Xg,' . ,Xt_l,Xt/,l,Xt/Ll are pairwise diSjOiIlt7
(b) P2,Q2, Ra,S2,Y1,Y!, Y5, Yy, - | Yi_1,Y/_; are pairwise disjoint,

(¢) Foralli, LNQ; = ¢, 3 <i<2m and |P;| = |Qi| =di, 1 <1< 2m; |Ry| = |Si| = du,
1<i< Xl =|X]| =i =Y/ =di, 1 <i<t—1 [X]|=do+dz+- - +dit1,
1<i<t-—1.

For allz’, let Pi@Qi-H; 1<i<2m—1; Qi@Pi-H 1 <e<2m —1; Ql@RQ,R1@
Q2,R1 © 852,51 ®R2, X1 DS, X1 DR, X, Y/, 1<i<t—-1,X/®Y;, 1 <i<t—1;
X/'oY,1<i<t-1; X;0Y1,2<i<t-1 X[@Yi1,2<i<t—-1;
foralleven i, P, © Pi+1,2<i<2m—2; Q:;©Qi+1,2<i<2m —2;
and for all i, Q1 © Q2, R1 © R2, X1 © R2, X1 © 52, X;0Y;_1,2<i<t—-1; X/ 0Y/ 4,
2<i<t—1.

Then the signed degrees of the vertices of G(Vi, Va,- -+, Van,) are as follows.
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sdeg(p1) = |Q2| — 0 = d; for all p1 € Pi;

foreveni,2<i<2m—2

sdeg(pi) = |Qi-1] + |Qit1| — [Piy1| = d1 + d1 — d1 = dy, for all p; € P;;
forodd i, 3<i<2m—1

sdeg(pi) = |Qi—1| + |Qix1| — |Pic1| = d1 + d1 — d1 = du, for all p; € P;,

sdeg(pam) = |Qam—1| — 0 = du, for all pay, € Pom;

sdeg(ql) = |P2‘ =+ |R2| — |Q2| = d1 —|—d1 — dl = d1, for all q1 S Q1;

sdeg(qz) = |Pi| + |[Ra| + |Ps| — (|Q1] + [Qs]) = di + d1 + d1 — (d1 + d1) = d, for all
g2 € Q2;

forodd i, 3<i<2m—1

sdeg(q;) = |Pi—1| 4+ |Pit1] — |Qi—1] = d1 + d1 — d1 = d1, for all ¢; € Qs;

for even 7, 4 <i<2m —2

sdeg(qi) = |i—1| + |Pig1| — |Qit1] = d1 + di — dv = du, for all ¢; € Qi, sdeg(gam) =
|Pom—1| — 0 = di, for all gam € Qam, sdeg(r1) = |Q2] + |S2| — |R2| = d1 + di — d1 = di,
for all 1 € Ry,

sdeg(s1) = |Rz2| — 0 =dy, for all s; € Sy,

sdeg(ra) = |Q1| + |S1]| + | X1| — (|R1] +|X1]) = di + d1 + di — (d1 + d1) = da, for all
r2 € Ry,

sdeg(s2) = |Ra| + | X1| — |X1| = d1 + d1 — d1 = d1, for all s3 € Sa,

sdeg( ) ‘SQ| + ‘Yll| — |R2| =di+di —di = d1, for all 1 € X1,
sdeg(m'l) ‘Rz‘ + |Yi‘ — |SQ‘ =d + di —dy = dl, for all LE/l S X{,
sdeg(z) = |Y{| — 0 =du, for all 7 € X7;

for2<:i<t-—1

sdeg(x:i) = |Yi_1| + |Y/| = [Yic1| = d1 + di — d1 = dy, for all z; € X;;
for2<i<t-—1

sdeg(z}) = |Yic1| + |Yi| — |Yi_1]| = di + di — d1 = du, for all z} € X;
for2<i<t-1

sdeg(zy) = |Y{| — 0 =du, for all zi € X{';

for1<i<t—2

sdeg(yi) = | Xi| + | Xis1| — [ Xiga| =di +di —dy = dy, for all y; € Y;

sdeg(yi—1) = | Xi_1] — 0 = di, for all y;—1 € Y;_1;

for1<:i:<t-—2 _

sdeg(yi) = | Xal +1X{| + [ Xita| = | X[ = di+de+ds+ -+ di1 +di —di = Y01 dj,

for all y; € Y/,

and sdeg(yi_1) = | Xe—1|+|Xi_1| = di+da+ds+---+di = Z; 1dj, forally; | €Y/ ;.

Therefore signed degree set of G(V1, Va, !, Vam) is S = {d1, Zf d;, ,ZZ Ldi}

Case (ii). Let k = 2m + 1, where m > 1. This follows by using the construction as in

case (i), and taking another partite set Vom+1 = Pamt1 U Q2m+1 With Popmyi N Qomt1 =
7|sz+1| =1Q2m+1| = di, Pom ®Q2m+1, Q2m D Pom+1, Pom+1® P, Pamy1 D Ra, Qam+1®

51,01 @S2 and Poy, © Pomt1, Q2m © Q2m+1, Pom+1 © Q1, PL © Rz, 516 5s.

Clearly, by construction , the above signed k-partite graphs are connected. Hence the

result follows. [

By interchanging positive edges with negative edges in Theorem 9, we obtain the fol-
lowing result.

Corollary 10. Every set of negative integers is a signed degree set of some connected
signed k-partite graph.
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Finally, we have the following result.

Theorem 11. Every set of integers is a signed degree set of some connected signed
k-partite graph.

Proof. Let S be a set of integers. Then we have the following five cases.

Case (i). S is a set of positive (negative) integers. Then the result follows by Theorem
9 (Corollary 10).

Case (ii). S = {0}. Then a signed k-partite graph G(V1, Va, -+, Vi) with V; = {v;,v;}
for all ¢, 1 <14 <k, in which v;vj 1, viviy1 for all 4, 1 <7 < k — 1, are positive edges and
V041, Vi for all 4, 1 <4 < k — 1, are negative edges has signed degree set S.

Case (iii). S is a set of non-negative (non-positive) integers. Let S = S’ U {0}, where
S’ be a set of positive(negative) integers. Then by Theorem 9(Corollary 10), there is a

connected signed k-partite graph G’ (V{, V3, - - , V) with signed degree set S’. Construct
a new signed k-partite graph G(Vi, Va,---, Vi) as follows.
Let Vi = Vi U{z1i} U{yi}, Vo = Vi U{z2} U {y2}, V5 = V5, ---, Vi = V{, with

Vindar} = ¢, Vin{yr} = o, {z )0y} = ¢, Van{az} = ¢, Van{yz} = ¢, {z2}N{y2} = ¢.
Let viza,z1v5, 4192 be positive edges, viyz,x1T2,y1v5 be negative edges, where v] €
Vi,v5 € V3 and let there be all the edges of G'(V{,V3,---,V}). Then G(V1,Va,--- , V)
has signed degree set S. We note that addition of the positive edges viza,T1v5, Y192
and negative edges viy2, 2122, y1v5 do not effect the signed degrees of the vertices of
G'(V{,V3,---,V}), and the vertices z1,y1, T2, y2 have signed degrees zero each.

Case (iv). S is a set of non-zero integers. Let S = S’ U S”, where S’ and S” are
sets of positive and negative integers respectively. Then by Theorem 9 (Corollary 10),
there are connected signed k-partite graphs G'(V{,V3,--- , Vi) and G"(V{', V', -+, V)
with signed degree sets S’ and S respectively. Suppose G (V{1,Vs1,---,V};) and
G5 (V{5, Vg, - - , Vi) are the copies of G'(V{,Vy,--- ,V{) and G"(V{", V', --- , V) with
signed degree sets S’ and S’ respectively. Construct a new signed k-partite graph
G(Vi,Va, -+, Vi) as follows.

Let

Vi=ViuWv;uVv uvi,
Vo= V3 UV UVy U Vg,
Vs = V3 U V5 UVE U Vi,

Vi = VR UV UV UV,

with V' NV :¢7Vi/mvi” :¢:Vi’ﬂVi/2/ = 9, illﬁvz'” = 9, 10 1/2/ :¢7Vi/’ﬂ o = ®.
Let vivis, viv5 be positive edges, vivs, vi;v5 be negative edges, where v € V{,vi; €
Vi1, 08 € V3’ vhy € Vas and let there be all the edges of

G/(Vll7 ‘/2/7 e 7Vk/)7 G/l(‘/l/h ‘/2/17 e 7Vk/1)7 G//(Vll/7 ‘/2//7 e 7Vk//) and GIZI(Vllé7 ‘/2/57 e 7Vk//2)
Then G(Vi, Va, -+, Vi) has signed degree set S.

We note that addition of the positive edges v1v%,, v11v5 and negative edges viv5 , v11v5 do
not effect the signed degrees of the vertices of G'(V{, V3, -+, V), Gi(V{1, V31, -+, Via),
GH(VINa ‘/2//7 Tty Vlc”) and Gg( lléa VQIéa e 7Vk”2)

Case (v). S is the set of all integers. Let S = S’ U S” U {0}, where S’ and S”
are sets of positive and negative integers respectively. Then by Theorem 9(Corollary 10),
there exist connected signed k-partite graphs G'(V{, V3, -+, V}))and G" (V{", V', -+, V')
with signed degree sets S’ and S” respectively. Construct a new signed k-partite graph
G(Vi,Va, -+, Vi) as follows.
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Let
Vi =V/uW u{z},
Vo =V3U Vs U{y},
Va= V5 Uy,

Vi =ViuVy,
with V/ N V" = ¢, Vin{z} = ¢, V' Nn{z} = ¢, Vi n{y} = ¢,V N {y} = ¢. Let
vivy vy, zvs be positive edges, viy, vy vs, xvs be negative edges, where v; € V{,v{ €
Vi’ vy € V3,v5 € V3, and let there be all the edges of G'(V{,V3,--- ,V}) and
G"' V', Vy' -+, V!"). Therefore G(Vi,Va,- -, Vi) has signed degree set S. We note that
addition of the positive edges viv5, vy, zvs and negative edges v}y, vy vh,zvs do not
effect the signed degrees of the vertices of G'(V{,V5,--- ,V{) and G"(V{", V', --- , V),
and the vertices x and y have signed degrees zero each.
Clearly, by construction, all the signed k-partite graphs are connected. This proves the
result. [
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