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A classification of biharmonic hypersurfaces in the
Minkowski spaces of arbitrary dimension

Nurettin Cenk Turgay *

Abstract

In this paper we study hypersurfaces with the mean curvature function
H satisfying (VH,VH) = 0 in a Minkowski space of arbitrary dimen-
sion. First, we obtain some conditions satisfied by connection forms of
biconservative hypersurfaces with the mean curvature function whose
gradient is light-like. Then, we use these results to get a classification of
biharmonic hypersurfaces. In particular, we prove that if a hypersurface
is biharmonic, then it must have at least 6 distinct principal curvatures
under the hypothesis of having mean curvature function satisfying the
condition above.
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1. Introduction

After Bang-Yen Chen conjectured that every biharmonic submanifold of a Euclidean
space is minimal, biharmonic and biconservative submanifolds in semi-Euclidean spaces
have been studied by many geometers (cf. [4, 5, 7, 8]). In particular, many results on
biharmonic submanifolds in the Minkowski 4-space E} and the semi-Euclidean space E4
have appeared since the middle of 1990s, [1, 2, 6, 9, 18].

On the other hand, several geometrical properties of biconservative submanifolds in
Euclidean spaces have been obtained and some classification results of biconservative
hypersurfaces have been given so far, [3, 12, 15, 17]. For example in [12], Hasanis and
Vlachos obtained the complete classification of biconservative hypersurfaces in E® and
E*. Furthermore, Yu Fu have recently proved that the only biconservative surfaces in E}
are surfaces of revolution and null scrolls, [10]. Most recently, the complete classification
of biconservative surfaces in 4-dimensional Lorentzian space forms is obtained in [11]
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Let M be a hypersurface in E?™* s = 0,1 with the shape operator S, mean curvature
H and x : M — E™ an isometric immersion. M is said to be biharmonic if the equation
A%z = 0 is satisfied or, equivalently, the system of differential equations

(BC)  S(VH)+ E%VH —0,

(BH1) AH+ HtrS*>=0

is satisfied, where N is the unit normal vector field (see [6, 13]) and € = (N, N).

On the other hand, a hypersurface satisfying (BC) is said to be a biconservative
hypersurface. From (BC), one can see that if a hypersurface M with non-constant mean
curvature is biconservative, then VH is an eigenvector of its shape operator. Note that
along with the increase of index, the difference between Euclidean space and Minkowski
space is the appearance of light-like vectors. Thus, the hypersurfaces with light-like VH
has no counterparts in Euclidean spaces and they are worth to be studied separately in
terms of being biconservative or biharmonic.

1.1. Remark. For ease of elaboration, we want to abbreviate a hypersurface with mean
curvature whose gradient is light-like to a MCGL-hypersurface.

In this work we study MCGL-hypersurfaces in the Minkowski space of arbitrary dimen-
sion. In Sect. 2, after we describe our notations, we give a summary of the basic facts and
formulas that we will use. In Sect. 3, we focus on biconservative MCGL-hypersurfaces
and obtain some necessary conditions. In Sect. 4, we prove the non-existence of bihar-
monic MCGL-hypersurfaces under some conditions.

2. Prelimineries

Let EY* denote the pseudo-Euclidean m-space with the canonical pseudo-Euclidean
metric tensor g of index s given by

S m
g= —Zdw? + Z dx?,

=1 J=s+1
where (z1,22,...,Tm) is a rectangular coordinate system in EJ'. A non-zero vector
v € ET* is called space-like, time-like or light-like if (v,v) > 0, (v,v) < 0 or (v,v) = 0,
respectively.

Consider an oriented hypersurface M of the Minkowski space Ef™'. We denote the

Levi-Civita connections of E?™' and M by V and V, respectively. Then, the Gauss and
Weingarten formulas are given, respectively, by

(2.1) VxY = VxY +h(X,Y)N,
(2.2) VxN = —5(X)

for all tangent vectors fields X, Y, where h, V* and S are the second fundamental form,
the normal connection and the shape operator of M, respectively, and N is the unit
normal vector field associated with the orientation of M.

The Gauss and Codazzi equations are given, respectively, by

(2.4) (Vxh)(Y.Z) = (Vyh)(X,2),
where R is the curvature tensor associated with the connection V and Vh is defined by

(Vxh)(Y,Z) = Vxh(Y,Z) — h(VxY,Z) — h(Y,VxZ).
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M is said to be Lorentzian if its tangent space T, M at every point m € M has two

linearly independent null vectors. In this case, there exists a pseudo-orthonormal frame
field {ei1,ea,...,e,} of the tangent bundle of M satisfying

(ea,eB) =1—0ap, (ea,eq) =0, (ea,es)=0bap

for all A,B=1,2, a,b=3,4,...,n. Then, the Levi-Civita connection V of M becomes

(2.5a) Ve,e1 = ¢ier + Z wis(eq)es,
b=3
(2.5b) Vee2 = —¢iea+ ZUJQb(ei)eba
b=3
(2.5¢) Veea = waa(ei)er +wia(ei)ez + Zwab(ei)eb,

b=3

where ¢; = ¢(e;) = (Ve,e2,e1) and wjr(ei) = (Ve, €5, ex), i.e., ¢ = —wia.

On the other hand, the shape operator S of an oriented Lorentzian hypersurface
in B! can be non-diagonalizable. If S is non-diagonalizable, then its characteristic
polynomial may also have complex roots. However, in this case all eigenvectors of S are
space-like.

Now, assume that M has non-diagonalizable shape operator S and consider the case
that all of the eigenvalues of S are real at any point of M. In this case, locally, we
may assume that the multiplicities of eigenvalues are constant at every point of M.
Therefore, [14, Lemma 2.3 and Lemma 2.5] imply that there exists an appropriate pseudo-
orthonormal frame field {e1,e2,...,en} of smooth vector fields such that the matric
representation of S is in one of the following two forms.

kk 1 0 O 0
0 k 0 O 0
0 0 ks O 0
Casel. S = 0 0 0 ks 0 ,
o 0 0 o0 kn
(2.6)
kk 0 1 0 0
0 k 0 O 0
0 -1 k O 0
Case II. S = 0 0 0 Kk 0
o 0 0 0 ... k,
for some smooth functions ki, ks, k4, . .., kn, where the eigenvector e; of S is light-like,
(see also [13, 16]). With the abuse of terminology, we call these vector fields ey, ez, ..., en
as principal directions and the functions k1, ks, k4, . . ., kn as principal curvatures. More-

over, we put
s1=2ki+ks+- -+ kn=nH,

where H is the mean curvature of M.
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3. Biconservative MCGL-hypersurfaces

In this section we focus on biconservative MCGL-hypersurfaces in the Minkowski
space E’f“. As we described in the previous section, the shape operator S of a MCGL-
hypersurfaces in the Minkowski space E7t! is one of two forms given in (2.6). We study
these two cases separately.

3.1. Case I. Consider a hypersurface M in the Minkowski space IE{’Jr1 with the shape
operator S given by case I of (2.6). Then, we have

h(ei,e2) = —ki, h(ez,e2) = —1,
(3.1)  h(ea,ep) = dapka,

h(ei,e1) = h(ei,ea) = h(e2,ea) =0, A, B=3,4,...,n.

Now, assume that M is a biconservative MCGL-hypersurface, i.e., Vs; is light-like
and (BC) is satisfied. Then, e; is proportional to Vs; and we have

(3.2a) k1=—%7 ks +ka+ -+ kn = 2s1,

(32]:)) el(kl) 263(k}1)=€4(l€1) = - Zen(k1) IO7 62(]{?1)750.

Let the distinct principal curvatures of M be K, Ka,..., K, with the multiplicities
v1,Va, ..., Vp, respectively, i.e., the characteristic polynomial of S is

(3.3)  ps(t) = (t— K1) (t — K2)™ ... (t — K,)"?

with K1 = k1 and v1 > 2. We also suppose that the functions K, — K does not vanish
on M, for all @ # 8 € {1,2,...,p}. Then, (3.2a) becomes

(34) K1:7571 V2K2+I/3K3+'--+VPKP=(727V1)K1.

2 b
On the other hand, from the Codazzi equation (2.4) for X =e1, Y = Z = e4 we get
e1(Ka) .
. a = = - f :KC“ :27 yeeey Pe
(3.5) P wia(ea) K — Kai if ka o 3 p
By rearranging the indices if necessary, we may assume that t2,s,...,%, # 0 and
Yrp1 = Prp2 = -+ = p = 0 for some r < p. Thus, from (3.5) we have

(3.6) el(KA):O ifka =Ko, a>r.

From Codazzi equation (2.4) for X = e1, Y = ea, Z = ep and X = ea, Y = ep,
Z = e; we obtain

(3.7) wia(eB)(k1—ka) =wip(ea)(k1 —kp) =wap(ei)(ka—ks), A,B=23,...,n.
Moreover, from the equation [ea, er](k1) = 0 we have
wia(er) = wip(ea).
By combining the above equation with (3.7) one may obtain
(3.8)  winlea) =0 if ka,kp # K.

On the other hand, from the Codazzi equation X = e1, Y = e1, Z = ¢; and X = e,
Y =e1, Z = e; we have

(39) wlj(el) :0, j:3,4,...,?’L.

In addition, by combining the Codazzi equation (2.4) for X = ea, Y = e1, Z = e, and
[ea,ea] (k1) = 0, we obtain

(3.10)  waaler) =wialeq) = wia(ea) =0
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for all a, A = 3,4,...,n such that k, = K1 # ka. By summing up (3.8)-(3.10) we obtain

Ve, e1 = ¢re1, Ve, e1 =¢aer +wialea)ea,
wialez) =0, z#2,x#A

for all A =3,4,...,n such that K1 # ka.
Hence, by combaining (3.11) and the Gauss equation R(ea,e1,e1,e4) = 0 we obtain

(3.11)

e1(wia(ea)) =wialea)(pr —wialea)) if ka # K
from which we get
(3.12)  e1(va) =vYa(d1 = Ya), Ya=2,3,...,7.
Next, we obtain the following lemma which we will use later.

3.1. Lemma. Let M be a biconservative MCGL-hypersurface in the Minkowski space
E?*! with the shape operator given by (3.1). Then the functions 3,4, ..., 1, defined
above satisty

v (K1 — K3)
v3(K1 — K3)

(3133) W(w27 1/)37 RN 'lp'r) : = O,
Vr(Kl'_ Kr)

where W (2,43, ...,%,) is an r X r matrix given by

Yo s ... Yy

(AR S 1
(3.13b) W(¢2, s, o) = [ . .

L 4

Proof. By applying e; to the second equation in (3.4) and using (3.2b), we obtain
(3.14) I/2€1(K2) +I/3€1(K3) +H'+l/p61(Kp) =0.

Now, by induction we would like to show

T

(3.15) Y (Va)'va(Ki—Ka) =0, t=12,....

a=2

Note that by combining (3.5) and (3.14) one can obtain (3.15) for ¢ = 1. Suppose that
(3.15) is satisfied for t =1 — 1, i.e.,

r

(3.16) > (¥a) 'wa(Ki—Ka) =0, n=1,2,....

a=2
By applying e; to this equation and using (3.2b), (3.5) and (3.12) we obtain

T T

D= 1D)Wa) va(dr = ¢a) (K1 — Ka) = Y (%a) va (K1 — Ka).

a=2 a=2

By combining this equation and (3.16) we obtain (3.15) for ¢ = [. Thus, we have (3.15)
for all ¢ which implies (3.13). O
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3.2. Case II. In this subsection, we consider the hypersurfaces with the shape opera-
tor given by case IT of (2.6) in the Minkowski space E"*'. Now, assume that M is a
biconservative MCGL-hypersurface. In this case, we have

h(ei,e2) = —ki, h(er,e1) = h(e1,e3) = h(ez,e2) =0,
(3.17) h(es,e3) =ki, h(ea,er)=0aBka,
h(ei,e1) = h(ei,ea) = h(e2,ea) = h(es,ea) =0, A,B=4,5,...,n.

Assume that the characteristic polynomial of S is as given by (3.3) with K1 = k1 = —s1/2
and v1 > 3. Then, we have (3.4) and

(318) 61(K1) :eg(Kl) 264(K1) ::en(Kl) :0, 62(K1)7é0.

We again suppose that the functions K, — Kg does not vanish on M.

Note that the Codazzi equation (2.4) for X = e1, Y = ea, Z = ea gives e1(ka) =
wia(ea)(kr — ka) if k1 # ka. Let 12, s,...,1, be the functions defined by (3.5) such
that 2, ¢3,...,%r # 0 and Yr41 = Yrqp2 = -+ = 1P = 0 for some r < p.

(3.18) implies [e1, ea](k1) = 0. By computing the left-hand side of this equation we get
wia(e1) =0,A =3,4,...,n. In addition, the Codazzi equation (2.4) for X =e1, Y = ea,
Z = e3 gives ¢1 = 0. Thus, we have V., e; = 0. Next, similar to previous subsection,
we apply the Codazzi equation (2.4) for X = e;,,Y = e;,Z = ei for each triplet (i,
j, k) in the set {(1,2,a), (1,3, 4), (3,A,1), (1,A,B), (A,B,1), (1,a,A)} and combine
equations obtained with [ea, ep](k1) = [ea,ea](k1) = 0 to get V., (e1) € spanfei,ea}
and wia(es) = 0, z # 2, A, where A,B,a = 4,5,...,n with A # B, ka,kp # Ki,
ko = Ki. By combaining these equations with the Gauss equation R(es,e1,e1,e3) =0
we obtain

61(%)2—%, a=1,2,...,r.
Therefore, similar to Lemma 3.1 we have

3.2. Lemma. Let M be a biconservative MCGL-hypersurface in the Minkowski space
E™*! with the shape operator given by (3.17). Then the functions 13,4, . . ., %, defined
above satisfy (3.13).

3.3. Biconservative hypersurfaces. In this subsection, we would like to obtain condi-
tions satisfied by connection forms of biconservative MCGL-hypersurfaces (See [17, 10, 11]
for implicit examples of biconservative hypersurfaces that have recently obtained).

Now we would like to obtain some necessary conditions for being biconservative of an
MCGL-hypersurface by using Lemma 3.1 and Lemma 3.2.

3.3. Proposition. Let M be an MCGL-hypersurface in the Minkowski space E7™' and
e1, €2, ..., ey its principal directions with corresponding principal curvatures
ki,k1,ks, ka4, ..., ky such that e is proportional to gradient of its mean curvature. If M
is biconservative, then
(i) For any 3 <4 < n such that k; # k1,w1:(e;) # 0, there exists a j # ¢ such that
wij(ej) = wiile:), kj # ki
(ii) Let I; = {3 < j < n|wij(e;) = wii(ei)}. Then,

(3.19) > (k1 —k;)=0.
Jjel;
(iii) There exists a j € {3,4,...,n} such that ei(k;) = wii(e;) =0, k1 # k.

Proof. Let Ki1,...,K, and v¥2,...,1%, be the functions defined on the beginning of this
section.
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Assume that 12 # 0 and 12 # 95, 2 < j < r. Then, we have det W (¢2, ¥3,...,1%,) =0
from (3.13) since the functions Ky — K> is non-vanishing by the assumptions. Therefore,
Y3, ..., are not distinct and we may assume 1,_1 = 10,. Thus (3.13) gives

VQ(Kl - K2)
v3(K1 — K3)
W(¢25w37"'7w7‘—1) : =0.
v (K1 — Kp) +vr—1 (K1 — K1)
Since (K1 — K3) is non-vanishing, the above equation implies that ¢s,...,%,_1 are not

distinct and we may assume either ¢, = ¥,_1 or ¢3 = 1)4. By repeating this procedure,
one can get Y3 = --- = 1,1 and

Ya(K1 — K2) + 3 (Z Vo (K1 — Ka)) =0,

a=3

V3K — Ko) + 43 (Z Va (K1 — Ka)> =0
a=3
which gives ¢ = 13 or K1 — K2 = 0 which yields a contradiction. Hence we have (i) of
the proposition.
Let I — 1 of 92,43, ...%, be distinct and by rearranging indices if necessary, assume
that they are 12, s,...1;. Note that we have I — 1 < (r — 1)/2 because of (i) of the
proposition. Moreover, we have det W (2,93, ...,1;) # 0. Thus, (3.13) implies

> vi(Ky = Kj)

JEI2

2 vi(Ky = Kj)
W(¢271/’37--~77/)l) Il i = 0

> vk = K;)

JEIL;

which gives (ii) of the proposition.
Now, assume that all of the functions wi;(e;) are non-zero, i.e., 7 = p and 2,3, ... Yy

l
are distinct. Note that we have |J I; = {2,3,...,p} and (ii) of the proposition implies
j=2

> vi(K1 — Kj) = 0 or, equivalently,
J€la

Zquj_<Zyj>K1’ a:2,3,...,l.

J€la j€lqa

By summing these equations over a we get
Ko+ 3K+ -+ 1Ky = (e +vs+ -+ 1) Ka.

However, this equation and (3.4) give K1 = 0 on M which implies Vs; = 0. This is a
contradiction because we have assummed that Vs; is light-like. Hence, we have (iii) of
the proposition. O

4. Biharmonic MCGL-Hypersurfaces

In this section we study biharmonic MCGL-hypersurfaces with the shape operator
given by (3.1) in the Minkowski space E7™" and obtain some classification results.
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Let M be a biharmonic MCGL- hypersurface with the shape operator given by (3.1).
Then, we have (3.2a)-(3.13) obtained in the Sect. 3.1. In addition, from the Codazzi
equation X =eq2, Y =e1, Z=ezx and X =e4, Y =e2, Z = e4 we have
(41) 62(k1)22¢1 :wlA(eA), if kA:Kl, A>2
Moreover, since eiea (k1) = [e1, e2](k1), by using (3.2b) we get
(4.2) 6162(k1) = —(15162(](11).

This equation and (4.1) imply

(43)  ei(dr) = —4i.
Now we would like to consider the biharmonic equation (BH1). By a direct calculation
using (3.2b) and (4.2) we get

(6162 + ese; — Zejej — Veleg — V5261) (kl) =0
=3

which gives

Akl = ZUJlj(GJ’)GQ(kl) = Z Z wlA(eA)e2(k1)
j=3

a=1 \kp=Kq,
= (211 + 22 + w33 + - - + vy ea(kr).

By combaining the above equation and (4.1), we see that the biharmonic equation (BH1)
becomes

(BH2)  (dvih1 + 2uatho + 2u3ts + -+ + 2v0ihy )1 = —k1 (11 KT + 12 K3 + -+ + 1, K}).

4.1. Theorem. There exists no biharmonic MCGL-hypersurface with at most 5 distinct
principal curvatures and the shape operator given by (3.1) in the Minkowski space IE?'H.

Proof. Let the distinct principal curvatures of M be K, K2, K3, K4, K5 with the multi-
plicities v1, va, v3, va, Us, respectively, and consider the functions 2, 93, ¥4, 15 defined by
(3.5). Now, toward contradiction we assume that M is a biharmonic MCGL-hypersurface,
i.e., (BC) and (BH1) are satisfied.

Case I. p < 4. If the number of distinct principal curvatures is less then 4, the proof
directly follows from Proposition 3.3.

Case II. p = 4. Next, we consider the case that M has exactly 4 distinct principal
curvatures, i.e., K4 = Ks. Then, because of (iii) of Proposition 3.3, we may assume
12 = 0. Note that if )3 = 0, then (i) of Proposition 3.3 implies ¢4 = 0. In this subcase,
we have r = 1 and (3.6) implies e1(Ko) =0, o =1,2,3,4. Thus (BH2) becomes

(4.4) 4ot = —ki(nK; + 12K + 13K5 + 1 K7).
By applying e; to this equation and using (4.3) one can find v1¢? = 0. However, this
equation and (4.4) implies k1 = 0. Thus, we have Vs; = 0 which contradicts with being
light-like of Vs;. Hence, 13 and 14 are non-zero.
Therefore, (i) and (ii) of Proposition 3.3 imply
(45) 3 = Py, I/3(K1 — K3) + 1/4(K1 — K4) =0.
Thus, (BH2) becomes
(4.6)  (agr +bvs)pr = —k1 (K} + 1uK3 + K3 + 1 K3),

where a = 4v1 and b = 2(v3 + v4) are some non-negative constants. Note that 12 = 0
and (3.5) imply e1(K2) = 0.
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Next, we apply e1 to (4.6) and use (3.2b), (4.3), (3.12) to get
(47)  —(2a¢% + b¥3)¢1 = —kie1(vs K3 + vaK3).
Then we use, (3.5) and (4.5) to compute the right-hand side of (4.7) and get
(48)  —(2a0] + by3)gr = —2k1ps(bKT — w3 K5 — maK7).
By applying e; to (4.8) again and using (3.2b), (4.3), (3.12) we get
(60T — bprth3 + 2605) b1 = — 2k1tbs(é1 — ¥5) (DKT — vs K3 — vak3)
+ 2k1yser (s K3 + vaK3)
By combining (4.7), (4.8) and (4.9) we get
(4.10)  (6agi — bryhs + 2005 + (¢1 — 3us) (20967 + byh3)) 61 = 0.

Thus, we have ¥3 = c¢1 for a constant c. However, in this case, from (4.3) and (3.12) we
get ¢ = 2, i.e., ¥3 = 2¢1. However, this equation and (4.10) give (a + 2b)$¢7 = 0 which
is impossible to be satisfied because a, b are non-negative constants. Thus, the proof for
this case is completed.

Case III. p = 5. Then, because of (iii) of Proposition 3.3, we may assume 12 = 0.
Note that, if ¥»3 = 0, then we have either ¢4 = 15 # 0 or ¥3 = ¥4 = ¥5 = 0. However,
these subcases and the other possible subcase 13 = 14 = 15 are similar to case II. O

(4.9)
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