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Compactness and local compactness of the
proximal hyperspace
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Abstract

Compactness and local compactness of the hyperspace endowed with
both the Vietoris topology and the Hausdorff metric topology, have
been characterized by Costantini, Levi and Pelant. Our aim is to char-
acterize these two properties for the proximal topology, which is related
to both of the previous topologies.
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1. Introduction

The first one to characterize compactness of the Vietoris topology on the hyperspace
CL(X) of non-empty closed subsets of a topological space X, was Michael in [3]. He also
gave a result about local compactness, but it was not correct as remarked in the paper [2].
In that paper, Costantini, Levi and Pelant studied compactness and local compactness
of several hyperspace topologies. In particular they characterized compactness and local
compactness of CL(X) endowed both with the Vietoris topology 7v and the Hausdorff
metric topology 7m,.

Following the same spirit and using a similar technique, we characterize compactness
and local compactness of CL(X) endowed with the proximal topology 75(4). We show
that both properties are equivalent to compactness of X. The choice of 754 is motivated
by the fact that it is deeply connected both to 7 and 7x,, because it can be obtained as
supremum of the lower Vietoris topology and the upper Hausdorff metric topology, i.e.
Tsd) =Ty V T;d.
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2. Preliminaries

Let X be a metrizable space. Given a metric d on X, we denote by Dy the gap
between two non-empty closed sets E, F' € CL(X), defined as:

Dy(E,F) = gcuggyuglfP d(z,y).
Let z € X, we denote by B.(z) the open ball of radius € and center z. Given A € CL(X),
we denote by B.[A] the e-expansion of A, i.e. Be[A] = J,c, B:(a). It is easy to check
that Be[B [A]] C B:[A] and B [B:[A]] C B:[A] for every £ > 0 and every A € CL(X).

Recall that the Vietoris topology is 7v = 7, V 737, where i, and 7;; are generated
respectively by the collection of all V™ = {F € CL(X) | FNV # @} and W = {F ¢
CL(X) | F C W}, when V and W run over all the open subsets of X. The Hausdorff
metric topology 7x, is generated by the Hausdorff distance on CL(X) induced by d (see
for instance [1]). A base for T;I'd is constituted by the collection of all Wtt = {F €
CL(X) | Da(F, X ~W) >0} ={F € CL(X) | 3¢ >0 : B:[F] C W}, when W runs
through the open subsets of X. As recalled before, the proximal topology 754 is the
supremum of the lower Vietoris topology and the upper Hausdorff metric topology, i.e.
Tsd) =Ty V T;;d.

Recall that the a net (Cj;)ier is convergent to C' with respect to the Kuratowski
convergence if, and only if, it converges with respect to 7, and C' O Ls;c;C; where,
denoted by {(x) the collection of open neighbourhoods of z,

LsiciCi ={z € X |V el(x) Viel Jji=i: VnC, #et=JC)
i€l jri

Given a metrizable space X, we denote by 9(X) the set of all compatible metrics on
X.

3. The main result

In the sequel, in the definition of compactness and local compactness we require the
space also to be Hausdorff.
Our main result is the following theorem.

3.1. Theorem. Let X be a metrizable space, let C € CL(X) and d € M(X). Then
CL(X) is T5(a)-locally compact at C if, and only if, there exists € > 0 such that B.[C] is
compact.

As a consequence we can characterize both local compactness and compactness of
X, using conditions on CL(X). Moreover we can also characterize compactness of
(CL(X), 75(4)), showing that it is equivalent to local compactness of (CL(X), 75(q))-

3.2. Corollary. Let X be a metrizable space. X is locally compact if, and only if, CL(X)
is Ts(ay-locally compact at {x}, for every v € X.
3.3. Corollary. Let X be a metrizable space. The following are equivalent:

(1) X is compact;
(2) (CL(X),Ts(ay) is locally compact;
(3) (CL(X),Ts(a)) ts locally compact at X.

Proof. The implications (1) = (2) and (3) = (1) follow from Theorem 3.1, while (2) =
(3) is obvious. |

The following result was proved in [2, Theorem 11].



1437

3.4. Theorem. Let X be a regular space and let C € CL(X). Then CL(X) is v -locally
compact at C if, and only if, there exists an open set A C X such that C C A and A is
compact.

Combining the previous result and our Theorem 3.1, we obtain as a consequence the
equivalence of local compactness and compactness of proximal and Vietoris topologies.

3.5. Corollary. Let X be a metrizable space. The following are equivalent:

1) X is compact;

2) (CL(X),Ts(ay) s compact;

3) (CL(X),7v) is compact;

4) (CL(X),Ts(ay) is locally compact;

5) (CL(X),7v) is locally compact;

Proof. The equivalence between (1) < (3) < (5) has been proved in |2, Corollary 13].
If X is compact, then (CL(X),7sq)) is compact since 75qy = Tv and this proves the
implication (1) = (2). The implication (2) = (4) is obvious. Finally the equivalence
(1) & (4) follows from Corollary 3.3. [ ]

3.6. Remark. Note that (4) = (5) can be easily proved in a direct way, in order to
explicitly use the condition that characterize local compactness of 75(qy and 7. Indeed,
if (CL(X), 75(q)) is locally compact at C, then by Theorem 3.1 there exists € > 0 such
that B:[C] is compact. Then V = B.[C] is an open set containing C' and with compact
closure. Hence (CL(X), 7v) is locally compact at C' by Theorem 3.4.

In [2] it has been proved that local compactness of the Vietoris hyperspace is in general
a strictly stronger condition than local compactness of the Hausdorff hyperspace. As a
consequence of Corollary 3.5, local compactness of the proximal hyperspace has the same
behaviour. Finally it has been proved in [1, Theorem 3.2.4] that compactness of the
Hausdorff hyperspace is equivalent to compactness of X, and by Corollary 3.5, this is
equivalent to compactness of the proximal hyperspace.

4. Proof our main result

To prove our main theorem we need several preliminary results. The following remarks
are of easy verification.

4.1. Remark. Let X be a metrizable space and let d € M(X). If C is closed, then C*
is 75(a)-closed. If K is compact, then (X \ K)™" = (X \ K)" and therefore (X \ K)*
is T5(qy-open and K~ is 7s5(q)-closed.

Proof. Since X \ C'is open, CL(X) \ C* = (X \ C)~ is 75q)-open.

If K is compact and F is closed, then FF N K = & implies D4(F, K) > 0. Therefore
(XNK)T ={F | FCX~NK}={F| Dy(F,K) > 0} = (X ~ K)*". Moreover
CL(X)N K~ = (X~ K)* = (X \ K)™" which is 75(4)-open. |

4.2. Remark. Let X be a metrizable space and let d € M(X). Then (CL(X), 75q)) is
Ts.

Proof. Let A,C € CL(X) such that A # C. We may suppose there exists a € A\ C.
Since a ¢ (.50 Be[C] = C, there exists € > 0 such that a € X \ B:[C]. Take § > 0 such
that Bs(a) C X \ B:[C]. We claim that B:[C] C X \ B% (a). Indeed let on the contrary

x € Be [C’]OB% (a). There exists y € Bg (x)ﬁB% (a), hence d(z,a) < d(z,y)+d(y,a) < 9.

Then z € Bs(a) C X ~\ B:[C], impossible.
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Hence B:[C] € X \ B; (a), that is C' € (X \ B (a))™ which is 75(4)-open. Moreover

A€ B%(a)_ which is 75(4)-open and B%(a)_ N(X ~ B%(a))'*"*' - B%(a)_ N(X

Bg(a))"’ng(a)_ﬁ(X\B%(a))"':@. |

The following result gives a sufficient condition for compactness of a collection X C

CL(X).

4.3. Proposition. Let X be a metrizable space. Let X C CL(X) and d € M(X). If K
is Ts(ay-closed, and for every F' € CL(X), for every € > 0 and for every open cover U of

B.[F), there ezists a finite open subcover F such that
XnB[F] c U,
ves
then X is 75(q)-compact.

Proof. Let (Cj)jes be a net in X. By Remark 4.2, we have to prove that it has a
convergent subnet. By [1, Theorem 5.2.11], there exists a subnet (Cj;)ier which is K-
convergent to a set C € CL(X) U {@}. Note that since {o} = o1, & is isolated with
respect to 754 and therefore C' € CL(X). Moreover (Cj, )icr is T, -convergent to C. We
want to prove that C;, — C with respect to ng, and this would also imply that C € K
since X is 75(4)-closed.

On the contrary, suppose there exists W open such that C € W but C;, ¢ W+
frequently. Since D4(C, X ~ W) > 0, there exists € > 0 such that B.[X ~ W] C X \ C.
Since C' D Ls;erCy;, for every x € B[ X N\ W] C X N\ C C X \ Ls;c;Cj;, there exist a
neighbourhood V; of z, and a index i, € I such that V, NC;, = & for every ¢ > i,. Since
Be[X ~ W] C U, Ves by hypothesis there exist @1,...,2n € Be[X \ W] such
that .

KNBAX W] C | Vap-
k=1
Let ip € I such that ig > i, for kK =1,...,n. Then for every i > io, Cj, NV, = & for
every k =1,...,n, that is Cj, ¢ U,_, Va,. Since Cj, € K, then Cj, ¢ B[X ~ W] for
every ¢ > ig, that is Cj, N B:[X \ W] = @.

On the other hand, C;, ¢ W' frequently, so that there exists k > i, such that
for every 6 > 0, Bs[Cj,] N (X ~ W) # @. In particular for § = ¢, there exist y € Cj, ,
z € X\ W such that d(z,y) < €. But then y € Cj, NB:[X\ W] # &, a contradiction. W

4.4. Lemma. Let X be a metrizable space. Let K € CL(X) and d € M(X). If K is
(K]

compact and there exists § > 0 such that Bs(x) is compact for every x € K, then B%
is compact.

Proof. Of course K C |J,cx Bs(x). Since K is compact there exist x1,...,2, € K
2 _

such that K C JI_, B%(:cz) Then B%[K] C UL, Bs(z:) and therefore B%[K] -

U, Bs(z:) = U;_, Bs(x:) which is compact. Hence Bs [K] is compact. ]

4.5. Lemma. Let X be a metrizable space. Let K € CL(X) and d € M(X). If K is
+
(K]

compact and there exists § > 0 such that Bs(x) is compact for every x € K, then B

s
2
18 T5(d)-compact.

Proof. The set B% [K]+ is 75(a)-closed by Remark 4.1. Let C' € CL(X), ¢ > 0 and let U

be an open cover of B.[C]. By Proposition 4.3, we have to find a finite open subcover F
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such that Bs [K]+ NBCl CUyes U™ . If B[C]N B; [K] = & then B: [C] n B [K}+

is empty. Suppose B:[C| N Bs[K @. Note that B:[C] N B;s[K] is compact since it
pty. Supp 5 5 p

is closed and it is contained in B%[K] which is compact by Lemma 4.4. There exist

Ui,...,U, € U such that B:[C] N B%[K] C U, Ui. Therefore B:[C] N B%[K]+ C

(Bg[C}ﬂB%[K])_ QU?:1 U;. [ |

4.6. Proposition. Let X be a metrizable space and d € M(X). Let V,Vi,... Vi be any
non-empty set. If V = ﬂle Vonvt s T5(d)-compact and non-empty, then V is compact.

Proof. Since V # @, for every i = 1,...,k we can fix x; € V; V.

We first prove that V is closed. Otherwise there should exist (yn)nen such that y, € V
and yn, >y € X N\ V. Since V # &, for every ¢ = 1,...,k we can find z; € V; N V. For
every n € Nset Cr, = {21,...,Zk,yn} and C = {z1,...,2k,y}. Note that C ¢ V because
y € C V. Moreover C,, € V for every n € N. We prove that C,, —75a) C in order to
have a contradiction, since V is 75(4)-compact and hence closed.

Let U = NP_,U; N U be a 75q)-neighbourhood of C. Let i € {1,...,p}; we
distinguish two cases. If there exists j € {1,...,k} such that z; € U;, then z; € C,, N U,
hence C,, € U; for every n € N. If z; ¢ U, for every j = 1,...,k, since CNU; # 0,
then y € C NU;. Take € > 0 such that B:(y) € U;. Then y, € B:(y) eventually and
therefore C,, € U; eventually. Since C' € UT™T, there exists § > 0 such that Bs[C] C U.
Eventually yn € B; (y) and therefore Bs[Cy] C Bs[C] € U, that is C € UTT. Hence
CneN_,U N U™ eventually, that is Cy, — ) C.

We now prove that V is compact. Otherwise, there should exist (an)nen in V' with no
cluster point. That is for every € X there exists a neighbourhood V, of x and v, € N
such that for every n > vg, an ¢ V,. For every n € N set C,, = {z1,...,2k,an}. We
will prove that (Cy)nen has no cluster point in order to have a contradiction since V is
compact. Let C' € CL(X).

e If C C{z1,...,x}, then (L_Jf:1 Vmi)++ is a 75(q)-neighbourhood of C. On the
other hand if v > max{v,,,..., Vs, }, then for every n > v, a,, ¢ V,, for every
t=1,...,k. Then C, ¢ (Ule Vzi)++ eventually.

e If there exists zo € C \ {z1,...,zk}, let W be a neighbourhood of z¢ such
that W N {z1,...,z2x} = @. Then C, ¢ (W NV,,)~ for every n > vy,, while
Ce(WnVy)™. [ ]

We are now able to finally prove our main result.

Proof of Theorem 3.1.
=) Suppose that (CL(X),7s)) is locally compact at C. There exists a neigh-

bourhood V = N, V," N V+t of C such that V is Ts(a)-compact. For ev-
ery i = 1,...,n, let z; € V; N C and let § > 0 such that Bs[C] C V. Set

U= {z:} N B% [C’]+. Note that U is 75(q)-closed by Remark 4.1. If T € U,
then B% [T] C B% (B%[C]) C Bs[C] C V, and this implies U C V. Hence U is

Ts(a)-compact being 75(4)-closed and contained in the 75(4)-compact set V. By

Proposition 4.6, B; [C] is compact.
3 [

<) Since C is closed and contained in the compact set B:[C], it is compact. More-
over for every z € C, B:(x) is compact since it is contained in B:[C]. By
Lemma 4.5, B%[C]+ is 75(a)-compact. Moreover C € B [C]*+ C B%[C]+. The
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set Bz [C]T is a 75(a)-neighbourhood of C and its closure in CL(X) is compact

since it is contained in Be [C]+, which is 75(q)-compact. Hence (CL(X), 75(q)) is
locally compact at C. |
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