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Multivariate generalization of the Gauss
hypergeometric distribution

Daya K. Nagar∗ , Danilo Bedoya-Valencia† and Saralees Nadarajah‡

Abstract
The Gauss hypergeometric distribution with the density proportional
to xα−1 (1− x)β−1 (1 + ξx)−γ , 0 < x < 1 arises in connection with the
prior distribution of the parameter ρ (0 < ρ < 1) representing traffic
intensity in aM/M/1 queue system. In this article, we define and study
a multivariate generalization of this distribution and derive some of its
properties like marginal densities, joint moments, and factorizations. A
data application is given.
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1. Introduction
A random variable X is said to have a Gauss hypergeometric distribution with

parameters α > 0, β > 0, −∞ < γ < ∞ and ξ > −1, denoted by X ∼ GH(α, β, γ, ξ), if
its probability density function (p.d.f.) is given by

(1.1) fGH(x;α, β, γ, ξ) = C(α, β, γ, ξ)
xα−1(1− x)β−1

(1 + ξx)γ
, 0 < x < 1,

where the normalizing constant C(α, β, γ, ξ) is given by

(1.2) C(α, β, γ, ξ) = [B(α, β) 2F1(γ, α;α+ β;−ξ)]−1,
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with B(α, β) being the beta function is defined by

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
,

and 2F1 is the Gauss hypergeometric function (Luke [13]). Note that the Gauss hyperge-
ometric function 2F1 in (1.2) can be expanded in series form if −1 < ξ < 1. If ξ > 1, then
the function can be suitably transformed such that the absolute value of its argument is
less than one, see (2.5).

The above distribution was suggested by Armero and Bayarri [1] in connection with
the prior distribution of the parameter ρ, 0 < ρ < 1 representing the traffic intensity
in a M/M/1 queueing system. A brief introduction of this distribution is given in the
encyclopedic work of Johnson, Kotz and Balakrishnan [10, p. 253]. In the context of
Bayesian analysis of unreported Poisson count data, while deriving the marginal posterior
distribution of the reporting probability p, Fader and Hardie [5] have shown that q = 1−p
has a Gauss hypergeometric distribution. The Gauss hypergeometric distribution has also
been used by Dauxois [4] to introduce conjugate priors in the Bayesian inference for linear
growth birth and death processes. Sarabia and Castillo [21] have pointed out that this
distribution is conjugate prior for the binomial distribution.

When either γ or ξ equals to zero, the Gauss hypergeometric p.d.f. reduces to a beta
type 1 p.d.f. given by (Johnson, Kotz and Balakrishnan [10]),

(1.3) fB1(x;α, β) =
xα−1(1− x)β−1

B(α, β)
, 0 < x < 1.

Further, for γ = α + β and ξ = 1 the Gauss hypergeometric distribution simplifies to a
beta type 3 distribution given by the p.d.f. (Cardeño, Nagar and Sánchez [3], Sánchez
and Nagar [20]),

(1.4) fB3(x;α, β) =
2αxα−1(1− x)β−1

B(α, β)(1 + x)α+β
, 0 < x < 1.

The matrix variate generalizations of beta type 1 and beta type 3 distributions have been
defined and studied extensively. For example, see Gupta and Nagar [6, 7]. For γ = α+β
and ξ = −(1− λ) the GH distribution slides to a three parameter generalized beta type
1 distribution (Libby and Novic [12], Pham-Gia and Duong [19], Nadarajah [15], Nagar
and Rada-Mora [17]) defined by the p.d.f.

(1.5) fGB1(x;α, β;λ) =
λαxα−1(1− x)β−1

B(α, β)[1− (1− λ)x]α+β
, 0 < x < 1,

where α > 0 and β > 0.
In this article, we propose a multivariate generalization of the Gauss hypergeometric

distribution which is a new members of the Liouville family of distributions. We define
the multivariate generalization of (1.1) and study some of its properties such as marginal
p.d.f.s, joint moments, variance and covariances. We also derive the distribution of
partial sums of random variables jointly distributed as multivariate Gauss hypergeometric
and several results on factorizations in terms of known distributions. Finally, a data
application of the multivariate Gauss hypergeometric p.d.f. is illustrated.

Multivariate Liouville family of distributions was proposed by Marshall and Olkin [14].
Sivazlian [22] introduced Liouville distributions as generalizations of gamma and Dirichlet
distributions. The Dirichlet and Liouville distributions arise in a variety of context
including Bayesian analysis, modeling of multivariate data, order statistics, limit laws,
multivariate analysis, reliability theory and stochastic processes. These distributions have
been widely used in geology, biology, chemistry, forensic science, and statistical genetics.
A comprehensive account of some applications and other aspects of these distributions
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can be found in Gupta and Song [9], Gupta and Richards [8], Marshall and Olkin [14],
Nagar, Bran-Cardona and Gupta [16], Nagar and Sepúlveda-Murillo [18], and Song and
Gupta [23].

2. Preliminaries
In this section we give definitions and results that will be used in subsequent sections.

Throughout this work we will use the Pochhammer symbol (a)n defined by (a)n =
a(a+ 1) · · · (a+ n− 1) = (a)n−1(a+ n− 1) for n = 1, 2, . . . , and (a)0 = 1.

The generalized hypergeometric function of scalar argument is defined by

(2.1) pFq (a1, . . . , ap; b1, . . . , bq;x) =

∞∑
k=0

(a1)k · · · (ap)k
(b1)k · · · (bq)k

xk

k!
,

where ai, i = 1, . . . , p; bj , j = 1, . . . , q are complex numbers with suitable restrictions
and x is a complex variable.

Conditions for the convergence of the series in (2.1) are available in the literature, see
Luke [13]. From (2.1) it is easy to see that

(2.2) 2F1(a, b; c;x) =

∞∑
k=0

(a)k(b)k
(c)k

xk

k!
, |x| < 1.

The integral representation of the Gauss hypergeometric function is

(2.3) 2F1(a, b; c;x) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

ta−1(1− t)c−a−1(1− xt)−b dt,

where Re(c) > Re(a) > 0 and | arg(1 − x)| < π. Note that, the series expansion for 2F1

given in (2.2) can be obtained by expanding (1−xt)−b, |xt| < 1, in (2.3) and integrating
t. Substituting x = 1 in (2.3) and integrating, we obtain

(2.4) 2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , Re(c− a− b) > 0,

c 6= 0,−1,−2, . . . . The Gauss’ hypergeometric function 2F1 satisfies the following rela-
tions

2F1(a, b; c;x) = (1− x)−b 2F1(c− a, b; c;−x(1− x)−1)(2.5)

= (1− x)c−a−b 2F1(c− a, c− b; c;x).

Let f be a continuous function and Re(αi) > 0, i = 1, . . . , n, the integral

Dn(α1, . . . , αn; f) =

∫
· · ·
∫

x1>0,...,xn>0∑n
i=1 xi<1

n∏
i=1

xαi−1
i f

(
n∑
i=1

xi

)
n∏
i=1

dxi,

is known as the Liouville-Dirichlet integral. Making the substitution yi = xi/x, i =
1, . . . , n− 1 and x =

∑n
i=1 xi with the Jacobian J(x1, . . . , xn → y1, . . . , yn−1, x) = xn−1

and integrating, we obtain

(2.6) Dn(α1, . . . , αn; f) =

∏n
i=1 Γ(αi)

Γ
(∑n

i=1 αi
) ∫ 1

0

x
∑n

i=1 αi−1f(x) dx.

In particular, for f(x) = (1− x)β−1/(1 + ξx)γ , we obtain

(2.7) Dn (α1, . . . , αn; f) =

∏n
i=1 Γ(αi)Γ(β)

Γ
(∑n

i=1 αi + β
) 2F1

(
γ,

n∑
i=1

αi;

n∑
i=1

αi + β;−ξ

)
.



936

3. The Density Function
We propose a multivariate generalization of the Gauss hypergeometric distribution as

follows.

3.1. Definition. The random variablesX1, . . . , Xn are said to have a multivariate Gauss
hypergeometric distribution with parameters αi > 0, i = 1, . . . , n, β > 0, −∞ < γ < ∞
and ξ > −1, denoted as (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ), if their joint p.d.f. is

C(α1, . . . , αn, β, γ, ξ)

∏n
i=1 x

αi−1
i

(
1−

∑n
i=1 xi

)β−1(
1 + ξ

∑n
i=1 xi

)γ ,(3.1)

xi > 0, i = 1, . . . , n,

n∑
i=1

xi < 1,

where C(α1, . . . , αn, β, γ, ξ) is the normalizing constant.

Since, the integration of the p.d.f. (3.1) over its support set is one, we have

C(α1, . . . , αn, β, γ, ξ)

∫
· · ·
∫

x1>0,...,xn>0∑n
i=1 xi<1

∏n
i=1 x

αi−1
i

(
1−

∑n
i=1 xi

)β−1(
1 + ξ

∑n
i=1 xi

)γ dx1 · · ·dxn = 1,

and, using (2.7), we obtain the expression for C(α1, . . . , αn, β, γ, ξ) as

(3.2) [C(α1, . . . , αn, β, γ, ξ)]
−1 =

∏n
i=1 Γ(αi)Γ(β)

Γ
(∑n

i=1 αi + β
) 2F1

(
n∑
i=1

αi, γ;

n∑
i=1

αi + β;−ξ

)
.

For specific values of the parameters, we obtain several known multivariate distribu-
tions. For ξ = 0 or γ = 0, the p.d.f. (3.1), takes the form of a Dirichlet type 1 p.d.f.,
(X1, . . . , Xn) ∼ D1(α1, . . . , αn;β), given by

Γ
(∑n

i=1 αi + β
)∏n

i=1 Γ(αi)Γ(β)

n∏
i=1

xαi−1
i

(
1−

n∑
i=1

xi

)β−1

, xi > 0, i = 1, . . . , n,

n∑
i=1

xi < 1.

For γ =
∑n
i=1 αi + β and ξ = 1, the p.d.f. (3.1) reduces to a Dirichlet type 3 p.d.f.,

(X1, . . . , Xn) ∼ D3(α1, . . . , αn;β), stated as

2
∑n

i=1 αiΓ
(∑n

i=1 αi + β
)∏n

i=1 Γ(αi)Γ(β)

∏n
i=1 x

αi−1
i

(
1−

∑n
i=1 xi

)β−1(
1 +

∑n
i=1 xi

)∑n
i=1 αi+β

,

xi > 0, i = 1, . . . , n,

n∑
i=1

xi < 1.

The Dirichlet type 1 and Dirichlet type 3 distributions have been studied extensively in
the literature. For example, see, Kotz, Balakrishnana and Johnson [11] and Cardeño,
Nagar and Sánchez [3].

In Bayesian probability theory, if the posterior distribution belongs to the same family
as the prior distribution, then the prior and posterior are called conjugate distributions,
and the prior is called a conjugate prior. In case of multinomial distribution, the usual
conjugate prior is the Dirichlet distribution. In the present case, if

p(s1, . . . , sn, f |x1, . . . , xn) =

(
s1 + · · ·+ sn + f

s1, . . . , sn, f

)
xs11 · · ·x

sn
n (1− x1 − · · · − xn)f

and

p(x1, . . . , xn) = C(α1, . . . , αn, β, γ, ξ)
xα1−1
1 · · ·xαn−1

n (1− x1 − · · · − xn)β−1

[1 + ξ(x1 + · · ·+ xn)]γ
,
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where x1 > 0, . . . , xn > 0, and x1 + · · ·+ xn < 1, then

p(x1, . . . , xn|s1, . . . , sn, f) = C(α1 + s1, . . . , αn + sn, β + f, γ, ξ)

× xα1+s1−1
1 · · ·xαn+sn−1

n (1− x1 − · · · − xn)β+f−1

[1 + ξ(x1 + · · ·+ xn)]γ
.

Thus, the multivariate family of distributions considered in this article is conjugate prior
for the multinomial distribution.

Figure 1 gives some graphs of the p.d.f. define by (3.1) for different values of the
parameters. A wide range of shapes arise out of the multivariate Gauss hypergeometric
p.d.f.

In the next theorem, by applying a linear transformation to the multivariate Gauss
hypergeometric variables, we define a generalization of the Dirichlet type 2 distribution.

3.2. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Y1, . . . , Yn as Yi =
Xi/(1−

∑n
i=1Xi), i = 1, . . . , n. Then, the p.d.f. of (Y1, . . . , Yn) is

C(α1, . . . , αn, β, γ, ξ)

∏n
i=1 y

αi−1
i

(
1 +

∑n
i=1 yi

)γ−∑n
i=1 αi−β[

1 + (1 + ξ)
∑n
i=1 yi

]γ ,

where yi > 0, i = 1, . . . , n and C(α1, . . . , αn, β, γ, ξ) is the normalizing constant given in
(3.2).

Proof. TransformingXi = Yi/(1+
∑n
i=1 Yi) with the Jacobian J(x1, . . . , xn → y1, . . . , yn)

= (1 +
∑n
i=1 yi)

−(n+1) in the p.d.f. (3.1), we obtain the desired result. �

Note that, if ξ = 0 or γ = 0, then the p.d.f. given in the above theorem slides to a
Dirichlet type 2 p.d.f. given by

Γ
(∑n

i=1 αi + β
)∏n

i=1 Γ(αi)Γ(β)

∏n
i=1 y

αi−1
i(

1 +
∑n
i=1 yi

)∑n
i=1 αi+β

, yi > 0, i = 1, . . . , n,

and in this case we write (Y1, . . . , Yn) ∼ D2(α1, . . . , αn;β).

4. Marginal Distribution
It is well known that if (X1, . . . , Xn) ∼ D1(α1, . . . , αn;β), then for 1 ≤ s ≤ n,

(X1, . . . , Xs) ∼ D1(α1, . . . , αs;β +
∑n
i=s+1 αi). In this section, we derive similar re-

sult for multivariate generalization of the Gauss hypergeometric distribution defined by
the p.d.f. (3.1).

4.1. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Then, for 1 ≤ s ≤ n, the
joint p.d.f. of X1, . . . , Xs is

K1(α1, . . . , αn, β, γ, ξ)

∏s
i=1 x

αi−1
i

(
1−

∑s
i=1 xi

)β+∑n
i=s+1 αi−1(

1 + ξ
∑s
i=1 xi

)γ(4.1)

× 2F1

(
n∑

i=s+1

αi, γ;
n∑

i=s+1

αi + β;−
ξ
(
1−

∑s
i=1 xi

)
1 + ξ

∑s
i=1 xi

)
,

for x1 > 0, . . . , xs > 0 and
∑s
i=1 xi < 1, where

[K1(α1, . . . , αn, β, γ, ξ)]
−1

=

∏s
i=1 Γ(αi)Γ

(∑n
i=s+1 αi + β

)
Γ
(∑n

i=1 αi + β
) 2F1

(
n∑
i=1

αi, γ;

n∑
i=1

αi + β;−ξ

)
.
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Graph 1 Graph 2

α1 = 3, α2 = 1.2, β = 1, γ = −2, ξ = 0.5 α1 = 1, α2 = 1.2, β = 1.5, γ = −2, ξ = 0.5

Graph 3 Graph 4

α1 = 3, α2 = 1.2, β = 1.5, γ = −2, ξ = 0.5, α1 = 2, α2 = 1.2, β = 3.5, γ = −2, ξ = 0.5

Graph 5 Graph 6

α1 = 2, α2 = 1.1, β = 1.5, γ = −2, ξ = 0.5, α1 = 2, α2 = 2.1, β = 1.5, γ = −2, ξ = 0.5

Figure 1. p.d.f. of the multivariate Gauss hypergeometric distribution.
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Proof. To calculate the marginal p.d.f. of X1, . . . , Xs, we integrate (3.1) with respect to
xs+1, . . . , xn, to obtain

C(α1, . . . , αn, β, γ, ξ)

s∏
i=1

xαi−1
i

×
∫
· · ·
∫

xs+1>0,...,xn>0∑n
i=s+1 xi<1−

∑s
i=1 xi

∏n
i=s+1 x

αi−1
i (1−

∑s
i=1 xi −

∑n
i=s+1 xi)

β−1

(1 + ξ
∑s
i=1 xi + ξ

∑n
i=s+1 xi)

γ
dxs+1 · · ·dxn,

where 0 < xi, i = 1, . . . , s. Now, substituting zj = xj/(1−
∑s
i=1 xi) for j = s+ 1, . . . , n

with the Jacobian J(xs+1, . . . , xn → zs+1, . . . , zn) =
(
1−

∑s
i=1 xi

)n−s, the marginal
p.d.f. of X1, . . . , Xs is obtained as

C(α1, . . . , αn, β, γ, ξ)

∏s
i=1 x

αi−1
i

(
1−

∑s
i=1 xi

)β+∑n
i=s+1 αi−1(

1 + ξ
∑s
i=1 xi

)γ(4.2)

×
∫
· · ·
∫

zs+1>0,...,zn>0∑n
i=s+1 zi<1

∏n
i=s+1 z

αi−1
i (1−

∑n
i=s+1 zi)

β−1[
1 + ξ(1−

∑s
i=1 xi)

∑n
i=s+1 zi/(1 + ξ

∑s
i=1 xi)

]γ dzs+1 · · ·dzn.

Further, using the Liouville-Dirichlet integral (2.7), we can evaluate the above integral
as ∏n

i=s+1 Γ(αi)

Γ
(∑n

i=s+1 αi
) ∫ 1

0

z
∑n

i=s+1 αi−1(1− z)β−1[
1 + ξ

(
1−

∑s
i=1 xi

)
z/(1 + ξ

∑s
i=1 xi)

]γ dz

=

∏n
i=s+1 Γ(αi)Γ(β)

Γ
(∑n

i=s+1 αi + β
) 2F1

(
n∑

i=s+1

αi, γ;

n∑
i=s+1

αi + β;−
ξ
(
1−

∑s
i=1 xi

)
1 + ξ

∑s
i=1 xi

)
.

Finally, substituting this last expression, as well as the value of C(α1, . . . , αn, β, γ, ξ), in
(4.2) and simplifying, we obtain the desired result. �

Note that the marginal p.d.f. of X1, . . . , Xs, obtained in the previous theorem, differs
from the multivariate Gauss hypergeometric p.d.f. by a factor that involves the 2F1

function.

4.2. Corollary. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Then, for k=1, . . . , n, the
p.d.f. of Xk is

K2(α1, . . . , αn, β, γ, ξ)
x
αk−1
k (1− xk)

β+
∑n

i(6=k)=1 αi−1

(1 + ξxk)γ

× 2F1

 n∑
i(6=k)=1

αi, γ;

n∑
i(6=k)=1

αi + β;−ξ (1− xk)

1 + ξxk

 ,

for 0 < xk < 1, where

[K2(α1, . . . , αn, β, γ, ξ)]
−1

=
Γ(αk)Γ(

∑n
i(6=k)=1 αi + β)

Γ
(∑n

i=1 αi + β
) 2F1

(
n∑
i=1

αi, γ;

n∑
i=1

αi + β;−ξ

)
.

4.3. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ) and for s = 1, . . . , n − 1,
define the random variables Yi = Xi/(1−

∑s
i=1Xi), i = s+ 1, . . . , n. Then, the p.d.f. of
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(Ys+1, . . . , Yn) is

K3(α1, . . . , αn, β, γ, ξ)

∏n
i=s+1 y

αi−1
i (1−

∑n
i=s+1 yi)

β−1(
1 + ξ

∑n
i=s+1 yi

)γ
× 2F1

(
s∑
i=1

αi, γ;

n∑
i=1

αi + β;−
ξ(1−

∑n
i=s+1 yi)

1 + ξ
∑n
i=s+1 yi

)
, yi > 0, i = 1, . . . , n,

where

[K3(α1, . . . , αn, β, γ, ξ)]
−1 =

∏n
i=s+1 Γ(αi)Γ(β)

Γ(
∑n
i=s+1 αi + β)

2F1

(
n∑
i=1

αi, γ;

n∑
i=1

αi + β;−ξ

)
.

Proof. Applying the transformation Yi = Xi/(1 −
∑s
i=1Xi), i = s + 1, . . . , n with the

Jacobian J(xs+1, . . . , xn → ys+1, . . . , yn) = (1 −
∑s
i=1 xi)

n−s in (3.1) and integrating
with respect to x1, . . . , xs, we obtain the p.d.f. of (Ys+1, . . . , Yn) as

C(α1, . . . , αn, β, γ, ξ)

∏n
i=s+1 y

αi−1
i (1−

∑n
i=s+1 yi)

β−1

(1 + ξ
∑n
i=s+1 yi)

γ

×
∫
· · ·
∫

x1>0,...,xs>0,∑s
i=1 xi<1

∏s
i=1 x

αi−1
i (1−

∑s
i=1 xi)

∑n
i=s+1 αi+β−1 dx1 · · ·dxs[

1 + ξ(1−
∑n
i=s+1 yi)

∑s
i=1 xi/(1 + ξ

∑n
i=s+1 yi)

]γ ,
where 0 < yi, i = s + 1, . . . , n and

∑n
i=s+1 yi < 1. Now, evaluating the above integral

using the Liouville-Dirichlet integral (2.7), we get

C(α1, . . . , αn, β, γ, ξ)

∏n
i=s+1 y

αi−1
i (1−

∑n
i=s+1 yi)

β−1

(1 + ξ
∑n
i=s+1 yi)

γ

×
∏s
i=1 Γ(αi)

Γ(
∑s
i=1 αi)

Γ(
∑s
i=1 αi)Γ(

∑n
i=s+1 αi + β)

Γ(
∑n
i=1 αi + β)

× 2F1

(
s∑
i=1

αi, γ;

n∑
i=1

αi + β;−
ξ(1−

∑n
i=s+1 yi)

1 + ξ
∑n
i=s+1 yi

)
.

Finally, substituting for C(α1, . . . , αn, β, γ, ξ) in the above expression and simplifying,
we obtain the desired result. �

The following theorem gives the distribution of partial sums of random variables whose
joint distribution is multivariate Gauss hypergeometric.

4.4. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ) and n1, . . . , n` be non-negative
integers such as

∑`
i=1 ni = n. Define, α(i) =

∑n∗i
j=n∗i−1+1 αi, n

∗
0 = 0, n∗i =

∑i
j=1 nj,

i = 1, . . . , `, Zj = Xj/X(i), j = n∗i−1 + 1, . . . , n∗i − 1 and X(i) =
∑n∗i
j=n∗i−1+1Xj,

i = 1, . . . , `. Then
(i) (X(1), . . . , X(`)) and (Zn∗i−1+1, . . . , Zn∗i−1), i = 1, . . . , `, are independently distributed,
(ii) (X(1), . . . , X(`)) ∼ GH(α(1), . . . , α(`), β, γ, ξ) and
(iii) (Zn∗i−1+1, . . . , Zn∗i−1) ∼ D1(αn∗i−1+1, . . . , αn∗i−1;αn∗i ), i = 1, . . . , `.

Proof. Transforming Zj = Xj/X(i) and X(i) =
∑n∗i
j=n∗i−1+1Xj , j = n∗i−1 + 1, . . . , n∗i − 1,

i = 1, . . . , `, with the Jacobian

J(x1, . . . , xn → z1, . . . , zn1−1, x(1), . . . , zn∗`−1
+1, . . . , zn∗

`
−1, x(`)) =

∏̀
i=1

xni−1
(i) ,
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in the p.d.f. (3.1), we obtain the joint p.d.f. of Zn∗i−1+1, . . . , Zn∗i−1, X(i), i = 1, . . . , `, as
being proportional to

(4.3)

∏`
i=1 x

α(i)−1

(i) (1−
∑`
i=1 x(i))

β−1

(1 + ξ
∑`
i=1 x(i))

γ

∏̀
i=1

 n∗i−1∏
j=n∗i−1+1

z
αj−1

j

1−
n∗i−1∑

j=n∗i−1+1

zj

αn∗
i
−1 ,

where x(i) > 0, i = 1, . . . , `,
∑`
i=1 x(i) < 1, zj > 0, j = n∗i−1 + 1, . . . , n∗i − 1,∑n∗i−1

j=n∗i−1+1zj<1, i = 1, . . . , `. From the factorization (4.3), it is clear that (X(1), . . . , X(`))

and (Zn∗i−1+1, . . . , Zn∗i−1), i = 1, . . . , `, are independently distributed. (X(1), . . . , X(`)) ∼
GH(α(1), . . . , α(`), β, γ, ξ) and (Zn∗i−1+1, . . . , Zn∗i−1) ∼ D1(αn∗i−1+1, . . . , αn∗i−1;αn∗i ),
i = 1, . . . , `. �

4.5. Corollary. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ) and define Zi = Xi/Z for
i = 1, . . . , n − 1 and Z =

∑n
j=1Xj. Then, (Z1, . . . , Zn−1) and Z are independent,

(Z1, . . . , Zn−1) ∼ D1 (α1, . . . , αn−1;αn) and Z ∼ GH(
∑n
i=1 αi, β, γ, ξ).

4.6. Corollary. If (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ), then∑s
i=1Xi∑n
j=1Xj

∼ B1

(
s∑
i=1

αi,

n∑
i=s+1

αi

)
, s < n.

4.7. Corollary. If (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ), then (X1, . . . , Xi+Xj , . . . , Xn)
∼ GH(α1, . . . , αi + αj , . . . , αn, β, γ, ξ).

4.8. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ) and n1, . . . , n` be non-negative
integers such as

∑`
i=1 ni = n. Define, α(i) =

∑n∗i
j=n∗i−1+1 αi, n

∗
0 = 0, n∗i =

∑i
j=1 nj,

i = 1, . . . , `, Wj = Xj/Xn∗i , j = n∗i−1 + 1, . . . , n∗i − 1 and X(i) =
∑n∗i
j=n∗i−1+1Xj,

i = 1, . . . , `. Then

(i) (X(1), . . . , X(`)) and (Wn∗i−1+1, . . . ,Wn∗i−1), i = 1, . . . , `, are independently dis-
tributed,

(ii) (X(1), . . . , X(`)) ∼ GH(α(1), . . . , α(`), β, γ, ξ) and
(iii) (Wn∗i−1+1, . . . ,Wn∗i−1) ∼ D2(αn∗i−1+1, . . . , αn∗i−1;αn∗i ), i = 1, . . . , `.

4.9. Corollary. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ) and define Wi = Xi/Xn for
i = 1, . . . , n − 1 and Z =

∑n
j=1Xj. Then, (W1, . . . , Wn−1) and Z are independent,

(Z1, . . . , Zn−1) ∼ D2 (α1, . . . , αn−1;αn) and Z ∼ GH(
∑n
i=1 αi, β, γ, ξ).

4.10. Corollary. If (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ), then∑s
i=1Xi∑n

j=s+1Xj
∼ B2

(
s∑
i=1

αi,

n∑
i=s+1

αi

)
, s < n.

5. Joint Moments
We derive the joint moments of random variables jointly distributed as multivariate

Gauss hypergeometric. These moments will facilitate us to compute several expected
values such as mean and variance.
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Using (3.1) and (3.2), the the joint moments of X1, . . . , Xn are obtained as

E(Xr1
1 · · ·X

rn
n ) =

C(α1, . . . , αn, β, γ, ξ)

C(α1 + r1, . . . , αn + rn, β, γ, ξ)

=
Γ
(∑n

i=1 αi + β
)∏n

i=1 Γ(αi + ri)

Γ
[∑n

i=1(αi + ri) + β
]∏n

i=1 Γ(αi)

× 2F1(
∑n
i=1(αi + ri), γ;

∑n
i=1(αi + ri) + β;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ) .

By substituting appropriately in the above expression, the following expected values can
easily be obtained:

E(Xi) =
αi∑n

i=1 αi + β

2F1(
∑n
i=1 αi + 1, γ;

∑n
i=1 αi + β + 1;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ) ,

E(X2
i ) =

αi(αi + 1)

(
∑n
i=1 αi + β)(

∑n
i=1 αi + β + 1)

× 2F1(
∑n
i=1 αi + 2, γ;

∑n
i=1 αi + β + 2;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ) ,

Var(Xi) =
αi∑n

i=1 αi + β

[
(αi + 1) 2F1(

∑n
i=1 αi + 2, γ;

∑n
i=1 αi + β + 2;−ξ)

(
∑n
i=1 αi + β + 1) 2F1(

∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ)

− αi∑n
i=1 αi + β

{
2F1(

∑n
i=1 αi + 1, γ;

∑n
i=1 αi + β + 1;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ)

}2]
,

E(XiXj) =
αiαj

(
∑n
i=1 αi + β)(

∑n
i=1 αi + β + 1)

× 2F1(
∑n
i=1 αi + 2, γ;

∑n
i=1 αi + β + 2;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ) , i 6= j,

and finally for i 6= j,

Cov(Xi, Xj) =
αiαj∑n
i=1αi+β

[
2F1(

∑n
i=1 αi + 2, γ;

∑n
i=1 αi + β + 2;−ξ)

(
∑n
i=1αi + β + 1)2F1(

∑n
i=1αi, γ;

∑n
i=1αi + β;−ξ)

− 1∑n
i=1 αi + β

{
2F1(

∑n
i=1 αi + 1, γ;

∑n
i=1 αi + β + 1;−ξ)

2F1(
∑n
i=1 αi, γ;

∑n
i=1 αi + β;−ξ)

}2]
.

Using the definition and the above expressions, one can calculate the correlation between
Xi and Xj .

6. Factorizations
In this section we give several factorizations of the multivariate Gauss hypergeometric

p.d.f..

6.1. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). For i = 1, . . . , n− 1 define
Yi =

∑i
j=1Xj/

∑i+1
j=1Xj and Yn =

∑n
j=1Xj. Then, the random variables Y1, . . . , Yn are

independent, Yi ∼ B1(
∑i
j=1 αj , αi+1), i = 1, . . . , n− 1 and Yn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. From the transformation given in the theorem, we obtain x1 = yn
∏n−1
i=1 yi,

x2 = yn(1 − y1)
∏n−1
i=2 yi, . . . , xn−1 = yn(1 − yn−2)yn−1, and xn = yn(1 − yn−1). with
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the Jacobian J(x1, . . . , xn → y1, . . . , yn) =
∏n
i=2 y

i−1
i . Now, making appropriate substi-

tutions in the joint p.d.f. of X1, . . . , Xn, we obtain

C(α1, . . . , αn, β, γ, ξ)

(
yn

n−1∏
i=1

yi

)α1−1 n∏
j=2

[
yn(1− yj−1)

n−1∏
i=j

yi

]αj−1

× (1− yn)β−1

(1 + ξyn)γ

n∏
i=2

yi−1
i .

Further, writing

C(α1, . . . , αn, β, γ, ξ) =

n−1∏
j=1

[
B

(
j∑
i=1

αi, αj+1

)]−1

×

[
B

(
n∑
i=1

αi, β

)
2F1

(
n∑
i=1

αi, γ;

n∑
i=1

αi + β;−ξ

)]−1

,

the above expression is simplified asn−1∏
j=1

y
∑j

i=1 αi−1

j (1− yj)αj+1−1

B(
∑j
i=1 αi, αj+1)

C( n∑
i=1

αi, β, γ, ξ

)
y
∑n

i=1 αi−1
n (1− yn)β−1

(1 + ξyn)γ
,

where 0 < y1, . . . , yn < 1. Now, from the above factorization, we get the result. �

6.2. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Zn =
∑n
j=1Xj

and Zi = Xi+1/
∑i
j=1Xj, for i = 1, . . . , n − 1. Then, Z1, . . . , Zn are independent,

Zi ∼ B2(αi+1,
∑i
j=1 αj), i = 1, . . . , n− 1 and Zn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. This result is obtain from Theorem 6.1, by observing that Zi = (1 − Yi)/Yi,
for i = 1, . . . , n − 1, Zn = Yn and (1 − Yi)/Yi ∼ B2(αi+1,

∑i
j=1 αj), where Yi ∼

B1(
∑i
j=1 αj , αi+1). �

6.3. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Wn =
∑n
j=1Xj

and Wi =
∑i
j=1Xj/Xi+1, for i = 1, . . . , n − 1. Then, W1, . . . , Wn, are independent,

Wi ∼ B2(
∑i
j=1 αj , αi+1) for i = 1, . . . , n− 1 and Wn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. The result is obtained from Theorem 6.2 by taking into account thatWi = 1/Zi for
i = 1, . . . , n−1,Wn = Zn and 1/Zi ∼ B2(

∑i
j=1 αj , αi+1), where Zi ∼ B2(αi+1,

∑i
j=1 αj).

�

6.4. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Yn =
∑n
j=1Xj

and for i = 1, . . . , n − 1 Yi = Xi/
∑n
j=iXj. Then, Y1, . . . , Yn are independent, Yi ∼

B1(αi,
∑n
j=i+1 αj), for i = 1, . . . , n− 1 and Yn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. Making the substitution x1 = yny1, x2 = yny2(1− y1), . . . , xn−1 = ynyn−1 (1−
y1) · · · (1 − yn−2) and xn = yn(1 − y1) · · · (1 − yn−1) with the Jacobian
J(x1, . . . , xn → y1, . . . , yn) = yn−1

n

∏n−2
i=1 (1− yi)n−i−1 in (3.1), we obtain the joint p.d.f.

of Y1, . . . , Yn as

C(α1, . . . , αn, β, γ, ξ)

n−1∏
i=1

[
ynyi

i−1∏
j=1

(1− yj)

]αi−1 [
yn

n−1∏
j=1

(1− yj)

]αn−1

× (1− yn)β−1

(1 + ξyn)γ
yn−1
n

n−2∏
i=1

(1− yi)n−i−1,
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which can be re-written as[
n−1∏
i=1

yαi−1
i (1− yi)

∑n
j=i+1 αj−1

B(αi,
∑n
j=i+1 αj)

]
C

(
n∑
i=1

αi, β, γ, ξ

)
y
∑n

i=1 αi−1
n (1− yn)β−1

(1 + ξyn)γ
.

Now, the desired result follows from the above factorization. �

6.5. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Zn =
∑n
j=1Xj

and Zi = Xi/
∑n
j=i+1Xj, for i = 1, . . . , n − 1. Then, Z1, . . . , Zn, are independent,

Zi ∼ B2(αi,
∑n
j=i+1 αj), for i = 1, . . . , n− 1 and Zn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. The result is obtained from Theorem 6.4, by noting that Zi = Yi/(1− Yi) for i =
1, . . . , n− 1, Zn = Yn and Yi/(1− Yi) ∼ B2(αi,

∑n
j=i+1 αj) for Yi ∼ B1(αi,

∑n
j=i+1 αj).

�

6.6. Theorem. Let (X1, . . . , Xn) ∼ GH(α1, . . . , αn, β, γ, ξ). Define Wn =
∑n
j=1Xj

and Wi =
∑n
j=i+1Xj/Xi, for i = 1, . . . , n − 1. Then, W1, . . . , Wn are independent,

Wi ∼ B2(
∑n
j=i+1 αj , αi) for i = 1, . . . , n− 1 and Wn ∼ GH(

∑n
i=1 αi, β, γ, ξ).

Proof. This result follows from Theorem 6.5, by observing that Wi = 1/Zi for i =
1, . . . , n−1,Wn = Zn and 1/Zi ∼ B2(

∑n
j=i+1 αj , αi), where Zi ∼ B2(αi,

∑n
j=i+1 αj). �

7. Data application
Here, we illustrate the use of the multivariate Gauss hypergeometric p.d.f. We use

the following data taken from Aitchison [2]:
sand silt clay

1 0.775 0.195 0.030
2 0.719 0.249 0.032
3 0.507 0.361 0.132
4 0.522 0.409 0.066
5 0.700 0.265 0.035
6 0.665 0.322 0.013
7 0.431 0.553 0.016
8 0.534 0.368 0.098
9 0.155 0.544 0.301
10 0.317 0.415 0.268
11 0.657 0.278 0.065
12 0.704 0.290 0.006
13 0.174 0.536 0.290
14 0.106 0.698 0.196
15 0.382 0.431 0.187
16 0.108 0.527 0.365
17 0.184 0.507 0.309
18 0.046 0.474 0.480
19 0.156 0.504 0.340
20 0.319 0.451 0.230
21 0.095 0.535 0.370
22 0.171 0.480 0.349
23 0.105 0.554 0.341
24 0.048 0.547 0.410
25 0.026 0.452 0.522
26 0.114 0.527 0.359
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27 0.067 0.469 0.464
28 0.069 0.497 0.434
29 0.040 0.449 0.511
30 0.074 0.516 0.409
31 0.048 0.495 0.457
32 0.045 0.485 0.470
33 0.066 0.521 0.413
34 0.067 0.473 0.459
35 0.074 0.456 0.469
36 0.060 0.489 0.451
37 0.063 0.538 0.399
38 0.025 0.480 0.495
39 0.020 0.478 0.502

The data are on the sediment composition in an Arctic lake. The second column gives
relative frequencies of sand. The third column gives relative frequencies of silt. The
fourth column gives relative frequencies of clay.

We fitted the multivariate Gauss hypergeometric p.d.f. in (3.1) to the pairwise data
on (sand, clay) and (silt, clay). We also fitted the Dirichlet p.d.f., the particular case of
(3.1) for γ = 0 and ξ = 0. The method of maximum likelihood was used for the fitting.

For the first pair, we obtained the estimates:

• α̂1 = 6.574 × 10−1(1.330 × 10−1), α̂2 = 7.957 × 10−1(1.686 × 10−1), β̂ =

10.452(2.339), γ̂ = −11.033(2.818), ξ̂ = 24540.9(1288584) with logL = 60.7
for the bivariate Gauss hypergeometric p.d.f.

• α̂1 = 1.021(1.698 × 10−1), α̂2 = 1.299(2.186 × 10−1), β̂ = 2.319(4.004 × 10−1)
with logL = 39.5 for the Dirichlet p.d.f.

For the second pair, we obtained the estimates:

• α̂1 = 4.182(9.407× 10−1), α̂2 = 2.168(4.617× 10−1), β̂ = 7.802× 10−1(1.638×
10−1), γ̂ = 4.072(1.635), ξ̂ = 302.0(5031.1) with logL = 44.6 for the bivariate
Gauss hypergeometric p.d.f.

• α̂1 = 2.316(3.999× 10−1), α̂2 = 1.297(2.183× 10−1), β̂ = 1.019× 10−1(1.695×
10−1) with logL = 39.5 for the Dirichlet p.d.f.

Here, logL denotes the maximized log-likelihood value and the numbers within brackets
are the standard errors computed by inverting the observation information matrices.

It follows by the standard likelihood ratio test that the bivariate Gauss hypergeometric
distribution provides a significantly better fit for both data sets. Contours of the fitted
bivariate Gauss hypergeometric p.d.f.s are shown in Figures 2 and 3. Also shown in the
figures are the actual observed data. The fitted p.d.f.s do appear to capture the pattern
in the data.
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