Hacettepe Journal of Mathematics and Statistics
Volume 45 (5) (2016), 1449 -1460

Some subclasses of meromorphic functions
involving the Hurwitz-Lerch Zeta function
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Abstract
The main purpose of this paper is to investigate some subclasses of
meromorphic functions involving the meromorphic modified version
of the familiar Srivastava-Attiya operator. Such results as inclusion
relationships, convolution properties, coefficient inequalities, integral-
preserving properties, subordination and superordination properties are
proved.
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1. Introduction

Let X denote the class of functions of the form
1 = K
1.1 == E
( ) f(Z) p + L akz ,

which are analytic in the punctured open unit disk
U":={z: 2€C and 0< |2| <1} =: U\{0}.
Let f, g € X, where f is given by (1.1) and g is defined by

1 oo
g(z) = —|—Zbkzk.
k=1

¥4
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Then the Hadamard product (or convolution) f * g of the functions f and g is defined by
(f*0)() = -+ bz = (9 /)(2).
k=1
Let P denote the class of functions of the form
pz) =1+ ipkzk,
k=1

which are analytic and convex in U, and satisfy the condition
R(p(2)) >0 (z€).

For two functions f and g, analytic in U, the function f is said to be subordinate to
g in U, or the function g is said to be superordinate to f in U, and write

f(z) <g(z) (2€0),

if there exists a Schwarz function w, which is analytic in U with
w(0) =0 and |w(2)] <1 (z € U)

such that
fz)=g(w(2)) (z€U).

Indeed, it is known that
f(z) <9(2) (z € U) = [f(0) = 9(0) and f(U) C g(U).

Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(z) <9(2) (z € U) <= [(0) = ¢(0) and f(U) C g(U).

The following we recall a general Hurwitz-Lerch Zeta function ®(z,s,a) defined by

(cf., e.g., [20, p. 121 et sep.])

& k

(1.2)  ®(z,s,a) ::Zﬁ

k=0
(a € C\Zg; s € Cwhen |z] <1; R(s) > 1 when |z]| =1),
where, as usual,
Zy =7Z\N (Z:={0,£1,42,...}; N:={1,2,3,...}).

Several interesting properties and characteristics of the Hurwitz-Lerch Zeta function
®(z,s,a) can be found in the recent investigations by (for example) Choi and Srivas-
tava [1]|, Ferreira and Lopez [4], Garg et al. [5], Lin et al. [7], Luo and Srivastava [10],
Srivastava et al. [21], Ghanim [6] and others.

By making use of the Hurwitz-Lerch Zeta function ®(z, s,a), Srivastava and Attiya
[19] (see also [8, 9, 14, 17, 22, 23, 24, 27, 28, 29, 30]) recently introduced and investigated
the integral operator

35,1’“2):2—'—2(]171_2) crz” (beC\Z; seC; z€ ).
k=2

Motivated essentially by the above-mentioned Srivastava-Attiya operator Js, 1, we now
introduce the linear operator

qub N — 2
defined, in terms of the Hadamard product (or convolution), by

(1.3)  Wauf(2):=0s0(2) % f(2) (beC\{Zy U{l}}; s€C; fEX; 2€U"),
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where, for convenience,

(14)  O.4(2) = (b—1)° [cp(z,s,b) —b L (z € UY).

G- 1)
It can easily be seen from (1.1) to (1.4) that

1 = (b=1\"
(15) Ws,bf(z) = ; + Z (m) akz .

Indeed, the operator Ws, , can be defined for b € C\ {Z~ U {1}}, where
Wi, 0f(2) := lim {Ws,»f(2)}.
b—0

‘We observe that

(1.6)  Wo,uf(2) = f(2),

and

(1.7) Wl,vf(z):’YT—wl/Oztvflf(t)dt (R(y) > 1).

Furthermore, from the definition (1.5), we find that

(1.8) Ws“,bf(z):b_l/ztb_IWS,bf(t)dt (R(B) > 1).

LI
Differentiating both sides of (1.8) with respect to z, we get the following useful relation-
ship:

(1.9)  2(Warr,f) (2) = (b= ) Wa b f(2) = bWar1, 1 f(2).

By using the integral operator (1.5), we now introduce the following subclasses of the
class ¥ of meromorphic functions.

1.1. Definition. A function f € X is said to be in the class M8, ,(n; ¢) if it satisfies
the subordination

(1.10) 1i,7 <‘Z(VV\\;:;()Z)(Z) —n) < ¢(2)
(seC;R()>1;,ne0,1); ¢ €P; ze€ ).

1.2. Definition. A function f € ¥ is said to be in the class MCs, ,(X; ¢) if it satisfies
the condition

(1.11) (1 =XN)2Wair,of(2) + Az Ws o f(2) < ¢(2) (s, A€ C; R(D) > 1; ¢ € P; z € U).

For some recent investigations on meromorphic functions, see (for example) the ear-
lier works [2, 3, 15, 16, 25, 26, 31] and the references cited therein. In this paper, we
aim at deriving the inclusion relationships, convolution properties, coefficient inequali-
ties, integral-preserving properties, subordination and superordination properties for the
function classes MS8;,1(n; ¢) and MCs, »(\; @).
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2. Preliminary results
The following lemmas will be required in the proof of our main results.
2.1. Lemma. ([11]) Let ¥, v € C. Suppose that ¢ is conver and univalent in U with
P(0) =1 and R(WIP(z) +7) >0 (2 € U).
If p is analytic in U with p(0) = 1, then the following subordination

2'(2) P
lo(z)er(z)Jrv <9P(z) (z€0)
implies that
p(z) <¥(2) (2€0).

2.2. Lemma. Let 0 < a < 1, s € C and R(b) > 1. Suppose also that the sequence
{Ar}72, 1s defined by

(2.1)
B b+1|° C2l—a) |b+k+1]|°
Ar=(1 a)ﬁ , Akt k12 b1 Am | (k€N).
Then
B b+1 Fi—2a+3[b+j+1|
(2.2)  Av=(1- ’bq H j+2 'b+j ‘
Proof. From (2.1), we find that
b— : :
and
b—1l* k— s
2.4 H|——| A 2(1 - .
e E+n]po] A= a( mZ >
Combining (2.3) and (2.4), we get
2.5) Ap1n k=243 |b+k+1]°
' Av  k+2 b+k
Thus, for k > 2, we deduce from (2.5) that
sk—1 . . s
A As A b+1 j—2a+3|b+j+1
A, = CA =
T A &A= a- ‘b—l H j+2 ’b+j
The proof of Lemma 2.2 is completed. O

2.3. Lemma. ([12]) Let the function Q be analytic and conver (univalent) in U with
Q(0) = 1. Suppose also that the function © given by

O(2) =1+dn2" + dn+1zn+1 4.
is analytic in U. If
20(2)

¢

(2.6)  O(2) + <Q(z) (R(C)>0; ¢#£0; z€ ),
then

O(z) < w(z) = %z75 /z tgflﬁ(t)dt < Q(z) (€D,

0
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and w is the best dominant of (2.6).
2.4. Lemma. ([18]) Let g be a conver univalent function in U and let o, n € C with
1
R (1 + 4 (Z)) > max {0, —R (9) } :
q'(2) U
If p is analytic in U and

op (2) +n2p'(2) < 0q(2) + 124’ (2),
then p < q and q is the best dominant.

Denote by @ the set of all functions f that are analytic and injective on U — E(f),
where

E(f):{se@U: ignlf(z)zm},

and such that f'(¢) # 0 for ¢ € OU — E(f). Let H(U) denote the class of analytic
functions in U and let H[a, p] denote the subclass of the functions f € H(U) of the form:

f(z)=a+apz’ +ap 12" +--- (a€C; peN).

2.5. Lemma. ([13]) Let q be convex univalent in U and k € C. Further assume that

R(k) > 0. If
p € H[q(0),1]NQ,

and p + kzp' is univalent in U, then
q(2) + Kzq (2) < p(2) + Kzp(2)

implies ¢ < p and q is the best subordinant.
3. Main results

Firstly, we derive the following inclusion relationship for the function class M8, »(n; ¢).
3.1. Theorem. Let 0 <n <1 and ¢ € P with
(31) R((QA-nmd(z)+n—0b)<0 (ze€l).
Then
(32)  MSs5(n;¢) C MSsy1,6(n; ).
Proof. Let f € MSs,5(n; ¢) and suppose that

(3.3)  o(z) = — (_Z(W”“’f)l(z)—n) (z € U).

1y Wai1,6f(2)
Then ¢ is analytic in U with ¢(0) = 1. By virtue of (1.9) and (3.3), we get
Ws bf(Z)
3.4 b—1)—7———~=—(1— z)—n-+b.
64) -l - - e -

Differentiating both sides of (3.4) with respect to z logarithmically and using (3.3), we
have
1 z(Wanf) (2) ) 29 (2)
3.5 — : — = p(z)+ < ¢(2).
@9 L (R o) = o <o
By means of (3.1), an application of Lemma 2.1 to (3.5) yields
1 z(Wei1,f) (2) )

= — : — < @(2),

7 ( Werof(z) ") 390
that is f € MSs4t1,5(n; ¢), which implies that the assertion (3.2) of Theorem 3.1 holds. O

©(2)
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Next, we derive some convolution properties of the class MS;, 4(n; ).
3.2. Theorem. Let f € M8 v(n; ¢). Then

(3.6) f(z2)= [z—l - exp ((n —-1) /O %dg)} * <i + ki (Zf—f) zk> ,

1

where w is analytic in U with

w(0) =0and |w(z)] <1 (2 €U).
Proof. Suppose that f € M8 »(n; ¢). We find from (1.10) that

an 2 - 16 ) -

where w is analytic in U with w(0) =0 and |w(z)| < 1 (z € U). From (3.7), we get

Wsnf)'(2) | 1 _ ¢ (w(z) —1
(3.8) W—’_;_(n_l)f?
which, upon integration, yields
(3.9) log(zWsauf(2)) =(n—1) / o) =1 f

It follows from (3.9) that
(3.10) Wauf(z) =2 exp ((n - [ %df) |
0
The assertion (3.6) of Theorem 3.2 can directly be derived from (1.5) and (3.10). O

3.3. Theorem. Let f € X and ¢ € P. Then f € MS8s,5(n; @) if and only if
(3.11)

o et 2l -l (S () ) oo
(€U 0<0<2m).

Proof. Suppose that f € MSs, »(n; $). We know that (1.6) is equivalent to

(3.12) T iﬁ (—Z (\\//\\77::;();)(2) - 77) +¢ (ew) (z€U; 0<6 < 2m).

It is easy to see that the condition (3.12) can be written as follows:

(3.13) % Lz Wauf) (2) = [ =10 () =] Wanf(2)} 20 (€U 0< 0 <2m)
On the other hand, we find from (1.5) that

(3.14) 2 (Wauf) =—*+Z (Hk)

Combining (1.5), (3.13) and (3.14), we get the assertion (3.11) of Theorem 3.3. O
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3.4. Theorem. If f € M8, +(0;[1+ (1 — 2a)z]/(1 — 2)), then

S

b+1
al < (1 -a) [
and
sk—1 . . s
b+11° 57 j—2a+3|b+j+1
<(1- 1}).
ol < - T P wemay

Proof. Suppose that

2(We o))
W, 07 () o
11—«

(3.15)  h(2) := =l+czt+e’+--.

It follows from f € M8, ,(0;[1 + (1 — 2a)z]/(1 — 2)) that h € P, and subsequently one
has |cgx| < 2 for k € N.
By virtue of (3.15), we know that

(3.16)  z(Waf) (2) = [(a@ = Dh(2) — a]Ws, 1 f(2).
It now follows from (1.5), (3.15) and (3.16) that
(3.17)

1 X (b—1)°
;+kz::1k (m) arz" = [—1 +(a—1) (clz +epz? - )}

By evaluating the coefficients of z* in both sides of (3.17), we get

s s k—1 s
(3.18) k (Z-_l—ili) ap = — (%) ar + (a — 1) Ck+1 + l_Zlcl (%) akz:| .
By observing the fact that |cx| < 2 for £ € N, we find from (3.18) that
s k—1 s
(1 + Z |am> .
m=1
Now, we define the sequence {Ax}7=; as follows:

(3.20)

b—1

1-a) |b+k
b+

2
1 <
(19) lanl = =257 |57

b+1
b—1

b—1

Al = (1-
1= (1-a) b m

; Ak+1 -

s S 2(1—a) b+ k+1
k+2 | b—1

(s

m=1

’ Am> (k € N).

In order to prove that
lak| < Ar  (k €N),
we make use of the principle of mathematical induction. By noting that

b+1
b—1

s

lai] < A1 = (1 - a)

Therefore, assuming that

lam| < Ame (m=1,2,3,--- Jk; kK €N).
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Combining (3.19) and (3.20), we get

s

k s
21—a) |b+k+1 b—1]
< 1 —_— m
] < == ‘ b—1 <+mZ_1 bim| 1 |>
s k s
21—a) |b+k+1 b—1
1 — | An
=T
= Ag11.

Hence, by the principle of mathematical induction, we have

(3.21) lax| < Ax (k€ N)

as desired.
By virtue of Lemma 2.2 and (3.20), we know that (2.2) holds. Combining (3.21) and
(2.2), we readily get the coefficient estimates asserted by Theorem 3.4. ]

In what follows, we derive some integral-preserving properties for the class M8, »(n; ¢).
3.5. Theorem. Let f € MSs,»(n; ) with
R(A=me(z) +n—p) <0 (2 €U; R(p) >1).
Then the integral operator F' defined by

(3.22) F(z):= “Z_#l /Zt‘“lf(t)dt (z €U*; R(p) > 1)

belongs to the class M8, u(n; P).
Proof. Let f € MS8s,5(n; ¢). We then find from (3.22) that
(3.23) 2 (W, uF) (2) + uWs,pF(2) = (1 — 1)Ws, . f(2).

By setting
1 2z (Ws, v F) (2)
.24 = — : —
21 )= (-2 ),
we observe that ¢ is analytic in U with ¢(0) = 1. It follows from (3.23) and (3.24) that

(3.25) —(1—=m)g(z) —n+p=(un— 1)%'

Differentiating both sides of (3.25) with respect to z logarithmically and using (3.24), we
get

W) (0% L
O3) )+ e s~ T (W ) <

Since

R(-(1=n)p(z) —n+n) >0 (2€0),
by virtue of Lemma 2.1 and (3.26), we obtain

1 2 (W, v F) (2)
— (— et —n) < é(2),

which implies that the assertion of Theorem 3.5 holds. O
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3.6. Theorem. Let f € MSs, »(n; @) with
R((L—m)86(z) +16—p) <0 (2 €T; 6 £0; peC).
Then the function K € 3 defined by
_ 2 1/6
(3.27) W, pK(2) := </L7L5 (W, b f(1))° dt) (€U §#£0)
0
belongs to the class MSs, »(1; @).
Proof. Let f € MSs, »(n; ¢) and suppose that
z

(3.28) o(z) := 7 1 7 (— (x:’ :[I§2Z§Z) — 7]) (z €.

In view of (3.27) and (3.28), we have

s
3:29) n=ns- (=50 = (u-0) ()
Now, by means of (3.27), (3.28) and (3.29), we obtain
20/ (2) L (D@ Y
@30 o0+ = (e ) <o

Since

Rp—nd—(1-n)d¢(z)) >0 (2€0),
it follows from (3.30) and Lemma 2.1 that o(z) < ¢(z), that is K € M8, »(n; ¢). We
thus complete the proof of Theorem 3.6. |

Now, we derive the following subordination property for the class MCs, »(\; @).
3.7. Theorem. Let f € MCs, (A; ¢) with R(A/(b—1)) > 0. Then

b—1 _b=1 [% b-1_,
(3.31) 2 Way1, bf(2) < T t 2 T g(t)dt < B(z).
0

Proof. Let f € MCs, (XA; @) and suppose that
(3.32) b(2) :=2Wsy1, of(2) (z€U).
Then b is analytic in U. By virtue of (1.5), (1.11) and (3.32), we find that

A
(333)  b(2) + 7=72b"(2) = (1 = Nz Warr, of(2) + A2 Wy, 1 f(2) < (2).
Thus, an application of Lemma 2.3 to (3.33) yields the desired assertion (3.31) of Theorem
3.7. (]

3.8. Theorem. Let A2 > A1 > 0. Then MCs, v(A2;0) C MCs, 5(A1; 9).

Proof. Suppose that f € MCs, »(A2; ¢). It follows that
(3.34) (1 —=X2)2Wepq, uf(2) + X2z W5, v f(2) < d(2) (2 € U).

Since
A1
0< —<1
S5 <

and the function ¢ is convex and univalent in U, we deduce from (3.31) and (3.34) that
(1= A1)z Wst1, bf(2) + Mz Ws, uf(2)

= 2= Al W, o)+ das W @]+ (1= 3 ) 2 Wain, 42) < ),
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which implies that f € MCs, ,(A1;¢). The proof of Theorem 3.8 is thus completed. O

3.9. Theorem. Let f € MCs, v(\; @). If the function F € X is defined by (3.22), then
(3.35)  zWay1, sF(2) < 0(2) (z€0).

Proof. Let f € MCs, »(A; ) and suppose that

(3.36) x(2):=2Wsi1, o F(2) (z€0).

From (3.22), we find that

(3.37) 2 (Warr, oFY (2) + uWepr, oF(2) = (= 1) Wiy, o ().

By virtue of (3.31), (3.36) and (3.37), we have

(3.38) x(2)+ 2x'(2) = 2 Wsi1, of(2) < @(2).

pn—1
Thus, an application of Lemma 2.3 to (3.38), we get the assertion of Theorem 3.9. O
3.10. Theorem. Let g1 be univalent in U. Suppose also that q1 satisfies the condition
11
i) o = (50)]
3.39) R(1+ >max4q0, —R | —— .
@ = (1425 5

If f € ¥ satisfies the following subordination

(3.40) (1 —=XN)2zWapr, of(2) + Az Ws, o f(2) < q1(2) + b%\lzqi(Z),

then
2 W1, o f(2) < q1(2),
and q1 s the best dominant.

Proof. Let the function b be defined by (3.32). We know that (3.33) holds. Combining
(3.33) and (3.40), we find that

(341) b(E) + 527 () < w(e) + o ().

By Lemma 2.4 and (3.41), we obtain the assertion of Theorem 3.10. O

We now derive the following superordination result for the class MCs, 3(X; ¢).

3.11. Theorem. Let g2 be convex univalent in U, A € C with R(N\) > 0. Also let
2Wat1, b f(2) € H[g2(0),1] N Q and (1 — N)zWep1, v f(2) + AzW,, »f(2) be univalent
inU. If

q2(2) + %zqé(z) < (1= XNzWst1, b f(2) + Az W5, 1 f(2),
then

q2(2) < 2Wap1, 0 f(2),
and g2 s the best subordinant.

Proof. Let the function h be defined by (3.32). Then
A A
a2(2) + mzqé(z) < (X =N)zWapr, o f(2) + Az Wy v f(2) = b(z) + b 12’[7/(2)-

Thus, an application of Lemma, 2.5, yields the assertion of Theorem 3.11. O

Finally, combining the above-mentioned subordination and superordination results,
we obtain the following sandwich type result.
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3.12. Corollary. Let q3 be convex univalent and let qu be univalent in U, A € C with
R(N) > 0. Suppose also that q4 satisfies the condition

(oo )l 5 ()}

If 0 # 2 Waqin, o f(2) € Hgs(0),1]NQ and (1=X)zWei1, o f(2)+ A2 Ws, o f(2) is univalent
in U, also

05(2) + 27 204(2) < (L= N2 Wi, 17(2) + A2 W, 0 () < 0a(2) + 521 264 (2),

then
43(2) = 2 W1, o f(2) < qa(2),

and gz and qa are, respectively, the best subordinant and the best dominant.
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