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Annihilator conditions related to the quasi-Baer
condition
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Abstract

We call a ring R an EGFE-ring if for each I < R, which is generated by
a subset of right semicentral idempotents there exists an idempotent e
such that r(I) = eR. The class EGFE includes quasi-Baer, semiperfect
rings (hence all local rings) and rings with a complete set of orthogonal
primitive idempotents (hence all Noetherian rings) and is closed under
direct product, full and upper triangular matrix rings, polynomial ex-
tensions (including formal power series, Laurent polynomials, and Lau-
rent series) and is Morita invariant. Also we call R an AFE-ring if for
each I < R, there exists a subset S C S,.(R) such that r(I) = r(RSR).
The class AE includes the principally quasi-Baer ring and is closed
under direct products, full and upper triangular matrix rings and is
Morita invariant. For a semiprime ring R, it is shown that R is an
EGE (resp., AE)-ring if and only if the closure of any union of clopen
subsets of Spec(R) is open (resp., Spec(R) is an EZ-space).
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1. Introduction

Throughout this paper, R denotes an associative ring with identity. In this paper,
we introduce and investigate the concept of EGE (resp., AE)-ring. We call R an EGE
(resp., AE)-ring, if for any ideal I of R which I = RSR, S C S.(R) (resp., any ideal I
of R) there exists an idempotent e € R (resp., a subset S C S,(R)) such that r(I) = eR
(resp., r(I) = r(RSR)), where r(I) (resp., I(J)) denotes the right annihilator (resp., left
annihilator) of I.

In Section 2, we show that any quasi-Baer ring and any ring with a complete set of
right (left) triangulating idempotents are EGE-ring. Hence semiperfect rings (hence all
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local rings) and rings with a complete set of orthogonal primitive idempotents (hence
all Noetherian rings) are EGE-ring. We also show that any principally quasi-Baer-ring
(hence, biregular rings) is an AE-ring. We provide examples of EGE (resp., AE)-rings
which are not quasi-Baer (resp., principally quasi-Baer )-ring.

In Section 3, we consider the closure of the class of EGE (resp., AE)-ring with respect
to various ring extensions including matrix, and polynomial extension (including formal
power series, Laurent polynomials, and Laurent series). In Theorem 3.3, we obtain a
characterization of semicentral idempotents in M (R) (resp., Tn(R)). The EGE (resp.,
AEF) property is shown to be Morita invariant in Theorem 3.6.

Topological equivalency of semiprime EGE (resp., AF)-ring is the focus of Section 4.
In Theorem 4.2, we show that a semiprime ring R is an EGE (resp., AE)-ring if and
only if the closure of any union of clopen subsets of Spec(R) (i.e., the space of prime
ideals of R), is open (resp., Spec(R) is an EZ-space).

Let ® # X C R. Then X < R and X < R denote that X is a right ideal and X is
an ideal respectively. For any subset S of R, I(S) and 7(S) denote the left annihilator
and the right annihilator of S in R. The ring of n-by-n (upper triangular) matrices over
R is denoted by Mn(R) (Tn(R)). We use R[z], R[[z]], R[z,z~ ] and R[[z,z~!]] for the
ring of polynomials over R, the ring of formal power series over R, the skew Laurent
polynomial ring over R, and the skew Laurent series ring over R, respectively. A ring
R is called (quasi-)Baer if the left annihilator of every (ideal) nonempty subset of R is
generated , as a left ideal, by an idempotent. The (quasi-)Baer conditions are left -right
symmetric. It is well known that R is a quasi-Baer if and only if My (R) is quasi-Baer if
and only if Ty(R) is a quasi-Baer ring (see [2], [7], [8], [13] and [18]). An idempotent e of
aring R is called left (resp., right) semicentral if ae = eae (resp., ea = eae) for all a € R.
It can be easily checked that an idempotent e of R is left (resp., right) semicentral if
and only if eR (resp., Re) is an ideal. Also note that an idempotent e is left semicentral
if and only if 1 — e is right semicentral. See [3] and [5], for more detailed account of
semicentral idempotents. Thus for a left (resp., right) ideal I of a ring R, if I(I) = Re
(resp., r(I) = eR) with an idempotent e, then e is right (resp., left) semicentral, since
Re (resp., eR) is an ideal. Thus for a left (resp., right) ideal I of a quasi-Baer ring R
with {(I) = Re (resp. 7(I) = eR) for some idempotent e € R, it follows that e is a
right (resp., left) semicentral idempotent. We use Si(R) (Sr(R)) to denote the set of left
(right) semicentrel idempotents of R. For an idempotent e of R if S.(R) = {0, e}, then
e is called semicentral reduced. If 1 is semicentral reduced, then we say R is semicentral
reduced.

2. Preliminary results and examples

2.1. Definition. We call R an EGE-ring, if for each ideal I = RSR, S C S,(R), there
exists an idempotent e such that r(I) = eR. Since for each S C S.(R), r(RSR) =
r(RS) = r(SR) = r(S), R is an EGE-ring if and only if for each S C S,(R), there exists
an idempotent e such that r(S) = eR.

2.2. Definition. We call R an AF-ring, if for any ideal I of R there exists a subset
S C Sr(R) such that r(I) = r(RSR) = r(S). We know that I is equivalent to J if and
only if r(I) = r(J). Then R is an AE-ring if an only if every ideal of R is equivalent to
one which is generated by a subset of right semicentral idempotents.

2.3. Lemma. Let e; and ez be two right semicentral idempotents.

(i) eiez is a right semicentral idempotent.
(i1) (e1 + ez — erez) is a right semicentral idempotent.
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(iif) If S C S.(R) is finite, then there is a right semicentral idempotent e such that
RSR = ReR =< e >.

Proof. (i) By hypothesis, for any » € R we have, e1ear = ei1eares = erearerez. On the
other hand, (6162)2 = elegeies = e1e2 = erey. Hence ejes € Sr(R).

(ii) The routine calculation shows that (e1 + e2 — 6162)2 = (e1 + e2 — e1e2), and by
hypothesis, for any r € R we have, (e1+e2 —e1e2)r = e1r+ear —erear = eire; +eares —
ereares = (e1 + ez — e1ea)r(e1 + ea — ere2). Hence (e1 + ex — ere2) € Sp(R).

(iii) We use induction. If S = {e1, ez}, then we have < e1,e2 >=< e1 + e2 — e1e2 >.
By (ii), e1 + e2 — e1ez € Sr(R). Now let the statement is true for |S| = n and let S =
{e1,...,en,ent1}. Then we have < S >=< {e1,...,en} > + < enq1 >. By hypothesis,
there is a right semicentral idempotent f such that < {ei1,...,en} >=< f >. Hence
<S8 >=< f+ent1 — feny1 >, where by (ii), we have e = f + ent1 — fent1 € Sr(R).O

Recall that an ordered set {b1, ..., b, } of nonzero distinct idempotents in R is called a
set of right triangulating idempotents of R if all the following hold:

(1) 1=b1+ ...+ bn;
(i1) b1 € Sr(R); and

(iii) bg+1 € Sr(cxRekt1), where 1 =1 — (b + ... + bg), for 1 < k < n.

Similarly is defined a set of left triangulating idempotents of R using (i), b1 € S;(R) and
bit1 € Si(ckRer). From part (iii) of the above definition, a set of right (left) triangulating
idempotents is a set of pairwise orthogonal idempotents.

A set {b1,...,bn} of right (left) triangulating idempotents of R is said to be complete
if each b; is also semicentral reduced (see [11]).

2.4. Proposition. The following statements hold.
(i) Any ring R with finite triangulating dimension (equivalently, R has a complete

set of right (left)triangulating idempotents) is an EGE-ring.
(ii) A ring R is quasi-Baer if and only if R is EGFE and AFE.

Proof. (i) By [5, Theorem 2.9], R has a complete set of right traingulating idempotents
if and only if {Rb : b € S.(R)} is finite. Now let I = RSR be an ideal of R and
S C S-(R). Then we have r(I) = r(RS) = r({Rb: b € S}). But {Rb:b € S} is finite
say {Rbi,...,Rb,}. Hence r(I) = r({Rb1,...,Rby}) = r({b1,...,bn}). By Lemma 2.3,
there exists a right semicentral idempotent e such that r(I) = r({b1,...,bn}) = r(eR) =
r(Re) = (1 —e)R. Thus R is an EGE-ring.

(ii) By definition, any quasi-Baer ring is an EGFE-ring. If I is an ideal of a quasi-Baer
ring R, then there is e € S;(R) such that r(I) = eR = r(R(1 — ¢)). On the other hand
for each S C S,(R) we have r(RS) = r(SR) = r(RSR), hence r(I) = r(RSR), where
S ={1-e}, and S C S, (R). Hence R is an AE-ring. Conversely, let I < R. Then
by hypothesis, there exists a subset S C S,(R) such that r(I) = r(RSR). Again by
hypothesis, there is an idempotent e such that r(RSR) = eR. Thus r(I) = eR. O

2.5. Example. By Proposition 2.4, all of the rings mentioned in Proposition 2.14 of [5],
are EGE-rings. Note that this list includes semiperfect rings (hence all local rings, left or
right artinian rings) and rings with a complete set of orthogonal primitive idempotents
(hence all Noetherian rings) and many more rings.

Recall that, a ring R is right (resp., left) principally quasi- Baer (or simply right (resp.,
left) pg-Baer) if the right (resp., left) annihilator of a principally right (resp/ left) ideal
is generated (as a right (resp., left) ideal) by an idempotent (see [9]).

2.6. Proposition. The following statements hold.

(i) Ris an EGE ring if and only if for each I < R, which is generated by a subset
S C Si(R), we have [(I) = Re, for some idempotent e € R.
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(ii) R is an AE-ring if and only if for each a € R there exists a subset S, C S-(R)
such that r(RaR) = r(aR) = r(Sa).
(iii) Every right principally quasi-Baer ring is an AFE-ring.

Proof. (i) Let I = RSR, where S C S;(R). Take J = RKR, K = {1 —s:s € S}. Then
K C S.(R). By hypothesis and Lemma 2.3, there is e € S;(R) such that r(J) =r(KR) =
r(RK) = eR. Hence for each s € S, (1 — s)e =0, so e = se. Therefore Re = SRe. This
implies that {(RSR) = I(RS) = l(SR) = l(SRe) = l[(Re) = l(eR) = R(1 — e). Similarly
we can get the converse.

(ii) By definition, = is evident.

< Now let I < R. We have r(I) = (,c;7(RaR). By hypothesis, for each a € R
there exists S, C S-(R) such that r(RaR) = r(RS.R). Hence r(I) = (,c; r(RS.R) =
r(R(U,c; Sa)R)-

(iii) Let a € R. Then there is an idempotent e € R such that r(RaR) = r(aR) =
eR=r(R(1—e)) =r((1—e)R) = r(R(1—e)R). We know that 1 —e is a right semicentral
idempotent. By (ii), R is an AFE-ring.

A ring R is called biregular if every principal ideal of R is generated by a central
idempotent of R (see [8]). Note that a biregular ring is pg-Baer. Hence any biregular
ring is an AE-ring.

Recall from [20] that a topological space X is an EZ-space if for every open subset A
of X there exists a collection {A, : a € S} of clopen (i.e., sets that are simultaneously
closed and open) subsets of X such that cixA = clx(J,cg Aa)- We denote by C(X),
the ring of all real-valued continuous functions on a completely regular Hausdorff space
X. For any f € C(X), Z(f) = {z € X : f(x) = 0} is called a zero-set. A topological
space X is called extremally disconnected (resp., basically disconnected), if the interior
of any open set (resp., the interior of any zero-set) is closed. Clearly any extremally
disconnected space is an EZ-space, but there exist FZ-spaces which are not extremally
disconnected (resp., basically disconnected) (see [20]). It is clear that a subset A of X
is clopen if and only if A = Z(f) for some idempotent f € C(X). For terminology and
notations, the reader is referred to [15] and [14]. For any subset A of X we denote by
intA the interior of A (i.e., the largest open subset of X contained in A).

In the following, we provide examples of commutative AE and non-commutative EGE
rings which are not quasi-Baer. We need the following lemma which is Corollary 2.2 in

[1].
2.7. Lemma. For f,g € C(X), r(f) =r(g) if and only if intZ(f) = intZ(g).

2.8. Example. By [20, Theorem 3.7], C(X) is an AE-ring if and only if X is an EZ-
space. On the other hand by [1], we have C(X) is a pg-Baer ring if and only if X is a
basically disconnected space. So, if X is an FZ-space which is not basically disconnected
space (e.g., [20, Example 3.4]), then C(X) is an AE-ring but is not a pg-Baer ring. By
Proposition 2.4 (i), C(X) is not an EGE-ring.

2.9. Example. The ring R = (% §2> = {(g Z) :n € Z,a,b € Z} has a finite
2

number of right semicentral idempotents. By Proposition 2.4, R is an EGE-ring. But

R is not a quasi-Baer ring. If [ = (8 §2>, then we have I(I) = (20Z 8), which does
2

not contain any idempotent. By Proposition 2.4 (ii), R is not an AE-ring.

2.10. Theorem. Let R = erx

(i) Ris an FGE-ring if and only if each R, is an EGE ring.
(ii) R is an AE-ring if and only if each R, is an AF ring.

R, be a direct product of rings.
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Proof. (i) Assume that R is an EGE-ring. Choose z € X. Let I, IR, and I, =< K, >,
where K, C S,(Rz) and he : Ry — R be the canonical homomorphism. Then h.(I;) <R,
ha(I) =< ha(Kg) > and hy(Kz) C Sr(R). So there exists an idempotent e € R such
that r(hz(Iz)) = eR. Let mp : R — R, denote the canonical projection homomorphism.
Then 7, (e) is an idempotent in R, and r(I;) = 7 (€)Re.

Conversely, assume that R, is an FGE-ring for all x € X. Let I <R and [ =< K >,
K C S.(R). Then I, = 7, (I) =< m(K) >=< K, >. It is easy to see that K, C S,(R)
for each z € X. Hence there exists an idempotent e, € R, such that r(I;) = e R, for
each z € X. Let e = (ez)zex. Then e is an idempotent in R and r(I) = eR.

(ii) Let R be an AE-ring. For = € X, suppose that a; € R,. Then there is a € R such
that m;(a) = a,. By hypothesis, there exists S C S,(R) such that r(RaR) = r(RSR).
Now we can see that r(RyazRs) = 7(ReSzRe), where S, = m.(S) C Sy(R:). By
Proposition 2.6, R, is an AF-ring. Conversely, suppose that a € R. Then 7;(a) =
az € Ry for each z € X. By hypothesis, for each z € X there exists S, C S-(Rz)
such that r7(RgazRs) = r(ReSeRz). Now let S = Hzex Sz. Then S C S, (R) and
r(RaR) = r(RSR). By Proposition 2.6, R is an AFE-ring. O

3. Extensions of FGFE and AFE-rings

In this section, we investigate the behavior of the EGE (rep., AE)-ring property with
respect to various ring extensions including matrix, polynomial, and formal power series.
Also semicentral idempotents in Myu(R) (resp., Tn(R)) are investigated.

The following Lemma is Lemma 3.1 in [4].

3.1. Lemma. Let R be a ring and S = Ma(R).

(i) Then J <5 if and only if J = My(I), for some I I R.
(it) If I < R, then rg(Mn(I)) = Ma(rr(I)).

3.2. Lemma. The following statements hold.

(i) If R is an EGE-ring and e is an idempotent, then eRe is an EGE-ring.
(ii) If R is an AFE-ring and e is an idempotent, then eRe is an AFE-ring.

Proof. (i) Let I < eRe and I = eReKeRe, where K C S,.(eRe). For each exe € K
and 7 € R, we have (exe)(re) = (exe)(ere) = (exe)(ere)(exe) = (exe)(re)(exe). So
K C S, (Re). Now let J = ReKRe. Then J < Re. By hypothesis and Theorem 2.10,
Re is an EGE-ring, hence there is an idempotent f € Re such that rre(J) = fRe.
Now we claim that rege(I) = (ef)(eRe). For see this, let exe € rere(eReKeRe). Then
we have ere € rere(eKKRe) = rere(ReKRe), so ze € rre(ReKRe). This says that
rere(I) C (ef)(eRe). Therefore ze = fse for some s € R. But f = fe, so exe =
(ef)(ere). On the other hand we have f € rg.(ReK Re). This implies that Ief = 0, thus
(ef)(eRe) C rene(D).

(i1) Assume that I < eRe. Then I < Re. By hypothesis and Theorem 2.10, Re
is an AFE-ring. Hence there exists S C S,(Re) such that rre(I) = rre(ReSRe). We
have eSe(eRe)eSe = eS(Re) = eSReS = eS(eRe)eS and for each s € S, (es)? =
eses = es® = es. This shows that eS = eSe C Sr(eRe). Now we claim that rere(I) =
rere(eRe(eSe)eRe) = rege(eReSRe). Let exe € rere(I). Then Iexe = [ze = 0. So we €
TRe(I) = rre(ReSRe). Therefore ReSRexe = 0. This implies that exe € rere(ReSRe) C
rere(eReSRe). Now suppose that exe € regre(eReSRe). Then exe € rere(eSRe) =
rere(ReSRe). Hence xe € rre(ReSRe) = rre(I). Thus Iexe = Ize = 0. This shows
that exe € rere(1). O

In the following Theorem, we characterize semicentral idempotents in Mu(R) and
Tu(R).
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3.3. Theorem. The following statements hold.
(i) A =lai;] € Sr(Ma(R)) if and only if we have;
(a) a11 € Sr(R).
(b) as; = asjarr for all 1 <i4,5 < n.
¢) For each 1 <14 <n, a11ai; = a11 and an1a;; =0 forall 1 < j #4<n.
(ii) A = [ai;] € Sr(Ta(R)) if and only if we have;
(d) For each 1 <i <m, ai;; € Sr(R).
(e) For each 1 <1i <, ar; = arias for all 1 < k < i and asia:; = 0 for all
1< j<n.

Proof. ()= First we show that (a) holds. Suppose that r € R. Consider B = [b;;],
where b1 = 7, and b;; = 0 for all ¢ # 1, j # 1. Then by hypothesis, ABA = AB. This
implies that ai11ra11 = a11r, so a11 € Sr(R).

(b) Let B = [bi;], where bj; =1 and b;; = 0 for each ¢ # j and k # 1. By hypothesis,
ABA = AB, so we have a;;a11 = a;i; for all 1 <i,5 < n.

(c) For fixed ¢, consider B = [b;;], where bi; = 1 and other entries are zero. Then
ABA = AB implies that ai1a:; = a11 and ai1a,; =0 forall 1 < j#i<n.

(i)<= a1 € S-(R) implies that D = [d;] € Sr(Mn(R)), where di; = a11 and other
entries are zero. On the other hand, by (b) and (c), we can see that A = AD and DA = D.
Hence, for B € M(R) we have ABA = ADBA = ADBDA = ADBD = ADB = AB.
Therefore A € S;.(Ma(R).

(ii)= (d) The proof of this part is analogous to that of part (a).

(e) For B = [b;;], where b;; = 1 and other entries are zero. We have ABA = AB.
Therefore ar; = agias; for all 1 < k <4 and aga;; =0 forall i < j < n.

(ii)< If ai; € Sr(R), then D = [d;;] € Sr(Ta(R)), where di; = as; and other entries
are zero. On the other hand, by (e), we can see that A = AD and DA = D. Hence for
B € Ta(R), we have ABA = ADBA = ADBDA = ADBD = ADB = AB. Therefore
A€ S (Ta(R). O

3.4. Lemma. If J <M, (R) and J =< S >, where S C S,(Mn(R)), then thereis I <R
generated by a subset of right semicentral idempotents of R such that J = M, (I).

Proof. By argument of [16, Theorem 3.1], J = M, (I), where I is the set of all (1,1)-
entries of matrices in J. Now let S11 be the set of all (1, 1)-entries of matrices in S. By
Theorem 3.3, S11 C S-(R), and we can see that I = RS11R. d

3.5. Proposition. The following statements hold.
(i) Ris an EGE-ring if and only if Ma(R) is an EGE-ring.
(ii) R is an AFE-ring if and only if My(R) is an AE-ring.

Proof. (i) Let J be an ideal of My (R) and J =< S >, where S C S, (Mxn(R)). By Lemma
3.4, there exists I < R, where I =< S; > for some S1 C S-(R) and J = Mu(I). By
Lemma 3.1 and hypothesis, we have r(J) = Ma(r(I)) = Mn(eR) for some idempotent
e in R. Hence r(J) = EMu(R), where in matrix E for each 1 < i < n, E; = e and
E;; =0 for all i # j. Conversely, we have EMy(R)E ~ R, where in matrix E, E11 =1
and for each ¢ # 1 and j # 1, E;; = 0. Now by Lemma 3.2, R is an EGE-ring.

(ii) Let J be an ideal of My (R). By Lemma 3.1, there is an ideal I of R such that J =
My, (I), and r(J) = r(Mn(I)) = Mn(r(I)). By hypothesis, there exists S C S,(R) such
that r(I) = r(RSR). Hence r(J) = Ma(r(RSR)) = r(Ma(RSR)). On the other hand,
we can see that My (RSR) = M, (R)Dn(S)Ma(R), where Dy (S) is the set of diagonal
matrices over S, and Dx(S) C S;(Ma(R)). Thus r(J) = r(Ma(R)Da(S)Mn(R)).
Conversely, by Lemma 3.2, it is obvious. O

3.6. Theorem. The following statements hold.
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(i) The EGE property is a Morita invariant.

(ii) The AE property is a Morita invariant.
Proof. These results are consequences of Lemma 3.2, Proposition 3.5 and [17, Corollary
18.35]. |

3.7. Theorem. The following statements hold.

(i) Ris an EGE-ring if and only if Ta(R) is an EGE-ring.
(ii) R is an AFE-ring if and only if Tx(R) is an AFE-ring.

Proof. ()<= Assume that Tn(R) is an EGE-ring. Then we have ET»(R)E ~ R, where
in matrix F, F11 = 1 and other entries are zero. Now by Lemma 3.2, R is an EGE-ring.

()= Let I be an ideal of T, (R) which is generated by S = {As : a € K} C
Sr(Tn(R)). By Theorem 3.3, for each @ € K and 1 < ¢ < n, we have (aii)a € Sr(R),
where (a;)a is the (i,7)-th, entries in Ay. Now for each 1 < ¢ < n, let J; be the
ideal generated by {(aii)a : @« € K} in R. By hypothesis, for each 1 < i < n there
is an idempotent e; € R such that r(J;) = e;R. We claim that r(I) = ET,(R) where
for each 1 < i < n, E; = e; and E;; = 0, for all ¢ # j. By Theorem 3.3, we can
see that; for each a € K there exists a diagonal matrix D, such that Ay, = AsDa,
where (Dq)ii = (Aa)is- So, for each o € K we have AoF = AoDoE = 0. Now let
A € I. Then we have A = Z?:l B;A;C;, where A; € S and B;,C; € Tu(R). Therefore
AFE = (Z?:l B,AZCZ)E = Z?:l B;A;C; A; E = 0. Hence FE € T(I)

Now suppose that B € r(I) and z € J; =< (ai)a : @« € S >. Then A € I where
a;; = x and other entries are zero. So we have

0 0 e 0
AB = xbil icbig . . . wbin = 0.
0 0 e 0

nxn

This equality implies that b;; € rr < (@ii)a : @ € S > for each 1 < j < n. Hence for
fixed i and each 1 < j < n there is r;; € R such that b;; = e;r;;. Therefore we have

eiri1  eiriz . . . €e1Tin T1I1 Ti2 . . . Tin
0 exra2 . . . €2T2g 0 722 . . . Ton
B = =FE X
0 0 S enTan/) 0 0O . . . Tan nxn

Thus B € ET,(R).
(ii) Let I < T, (R). Then

L Ly . . . Iin
0 Il . . . I
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where each I;; < R, I;; = {0} for all ¢ > j, I;; C I for all k > j, and Ij; C I;; for all
h > i. Therefore

’I“R(Ill) TR(IU) . . . TR(I11)
0 ’I"R(Ilg) . . . T‘R(Ilz)
1, (r) (1) =

By hypothesis, for each 1 < 4, j < n, there exists Si; C S,.(R) such that rr(l;;) = rr(Si;).
This implies that

Si1 0 0 . . 0
0 Si2 0 . . 0
=m0
0 O Sln
Si1 0 0 0
0 Si2 0 0
On the other hand, it is easy to see that ' ’ o ' C S, (Tw(R)). So
0 0 .. . Sin

we are done.
We need the following lemma which is Lemma 1.7 in [10].

3.8. Lemma. For a ring R, let T be R[z,z~'] or R[[z,2 ']]. If e(z) € S.(T) then
eo € Sr(R) where ¢g is the constant term of e(z). Moreover, Te(z) = Teq.

Also we need the following lemma which is Proposition 3 in [12].

3.9. Lemma. Let e(z) = > .°°, e;z’. Then e(z) € Si(R[[z]]) if and only if
(i) eg € SZ(R).;
(ii) eore; = re; and e;reg =0, for allr € R, 1 =1,2,..;
(iii) Z&j;k e;re; =0, for all r € R and k > 2.
i,5>

3.10. Theorem. Let R be a ring and X an arbitrary nonempty set of not necessarily
commuting indeterminates. Then the following conditions are equivalent:
(i) Ris EGFE;
(i) R[X]is EGE;
(iii) R[[X]] is EGE;
(iv) R[z,z™']is EGE;
(v) R[[z,z7']]is EGE.

Proof. We will prove the equivalency of (i) and (iv). The equivalency of other cases
can be shown similarly, by Lemmas 3.8, 3.9 and [6, Proposition 2.4(iv)]. (i)=(iv), let
T = Rlz,x" '] and I = TST, where S C S.(T). Let So be the set of all constant
elements of S. Then by Lemma 3.8, So C S,(R) and RSoR is an ideal of R. By
hypothesis, there exists an idempotent e € R such that rr(RSoR) = eR. Now we claim
that r0(T'ST) = rr(S) = €T'. Assume that e(x) € S. Then ey € Sp, where e is the
constant term of e(z). By Lemma 3.8, we have e(z) = e(x)eo, so e(z)e = e(z)epe = 0.
This implies that eT" C r7(S). Now let g(z) € rr(S). For each fo € So, there exists
f(x) € S such that fj is the constant term of f(z). By Lemma 3.8, we have fo = fof(x).

—_ -
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Therefore fog(xz) = fof(z)g(x) = 0. Thus fogi = 0, where g; is the i-th coefficient in
g(z). Hence g; € rr(So) = eR. This shows that g(z) € eT".

(iv)=(i), let T = R[z,2~ '] and I = RSR, where S C S,(R). Then r¢(TST) = e(z)T
for some idempotent e(z) € T . Since Se(z) = 0, it follows that Sep = 0 and hence
eo € Tr(S) = rr(I), where eg is the constant term of e(x). Conversely, suppose that
b € rr(I). Then b € ro(TST) and hence b = e(x)b. Thus b = egb € egR. Therefore
rr(I) = egR. Since e(z) € S-(T), it follows that eo is an idempotent in R by Lemma
3.8. Therefore R is an EGE-ring.

4. Semiprime EGE (resp., AE)-ring

In this section, we show that for a semiprime ring R, the EGE- condition (resp.,
AE-condition) is equivalent to the closure of any union of clopen subsets of Spec(R) is
clopen (resp., Spec(R) is an EZ-space).

For any a € R, let supp(a) = {P €Spec(R): a ¢ P}. Shin [19, Lemma 3.1| proved
that for any R, {supp(a) : a € R} forms a basis of open sets on Spec(R). This topology
is called hull-kernel topology. We mean of V (I) is the set of P € Spec(R), where I C P.
We use V(I)(V(a)) to denote the set of P € Spec(R), where I C P(a € P). Note that
V(I) = Nae; V(a) (resp., supp(I) = Spec(R) \ V(I)) and V(a) = Spec(R) \ supp(a).

For an open subset A of Spec(R), suppose that O4 = {a € R: A C V(a)}. We can see
that Oa = (pc 4 P and V(Oa) = clA, where clA is the cluster points of A in Spec(R).

4.1. Lemma. Let R be a semiprime ring.

(i) For any a € R, and any ideal I of R, supp(a) N supp(I) = supp(Ia).
(ii) If I and J are two ideals of R, then r(I) C r(J) if and only if intV (I) C intV (J).
(iii) A C Spec(R) is a clopen subset if and only if there exists a central idempotent
e € R such that A =V (e) = supp(l — e).
(iv) For open subsets A, B of Spec(R), Oa = Op if and only if clB = clA.
(v) For any ideal I of R, 7(I) = Osupp(r)-

Proof. For the proof of (i), (ii) and (iii) see [4, Lemma 4.2].

(iv) If Oa = Op, then clA = V(Oa) = V(Op) = clB. On the other hand for any
subset A of Spec(R) we have Oga = Oa, so clA = ¢l B implies that O4 = Ogp.

(v) If x € r(I), then ax = 0, for all @ € I, so supp(I) C V(r). This shows that
T € Ogupp(r)- Now = € Ogypp(r), implies that supp(I) C V(x). By (i), supp(Iz) =
supp(I) N supp(z) = 0, so Iz = 0. This shows that = € r(I). O

Note that if A is a subset of a topological space X, then X \ intA = cl(X \ A).

4.2. Theorem. Let R be a semiprime ring.

(i) R is an EGE-ring if and only if the closure of any union of clopen subsets of
X = Spec(R) is clopen.
(ii) R is an AFE-ring if and only if X = Spec(R) is an EZ-space.

Proof. (i) For each a € S, let A, be a clopen subset of X. Then by Lemma 4.1, for each
a € S there exists a central idempoten e, € R (since in a semiprime ring R semicentral
idempotents are central) such that A, = Supp(en). Now let ] =< eq : @ € S >. By
hypothesis, there is an idempotent e € R such that r(I) = eR = r(R(1 —e)). Now by
lemma 4.1, intV (I) = V(1 — e). Therefore we have cl(J,cg Aa) = cl(Uqeg supplea)) =
X\ int(Naes Viea)) = X \intV(I) = X \ V(1 —e) = supp(1l — e). Hence cl(J,cg Aa)
is open.

Conversely, let I =< eq : @ € S >, where for each a € S, e, is a right semicentral
idempotent (hence a central idempotent). Then K = {V(es) : a € S} is a subset of
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clopen subsets of X. By hypothesis, intV (I) is a clopen subset, because we have,

d(|J V(1 —ea) =X \int([) V(ea)) = X \intV(I).
a€eS aesS
Hence by Lemma 4.1, there is an idempotent e € R such that intV(I) = V(e) = V(Re).
Again by Lemma 4.1, r(I) = r(Re) = (1 — e)R. Thus R is an EGE-ring.

(ii) Let A be an open subset of Spec(R). Then there exists a subset K of R such
that A = supp[K]. Now suppose that I be the ideal generated by K in R. Then by
hypothesis and Lemma 4.1, there exists a subset F of central idempotents of R such
that Oa = r(I) = r(RER) = Oguppip)- Therefore, by Lemma 4.1, we have cl(A) =
cl(supp[E]). Conversely, let I be an ideal of R. Then we have supp(I) is an open subset
of Spec(R). By hypothesis, there exists a collection {A. : @ € S} of clopen subsets of
Spec(R) such that cl(supp(I)) = cl(U,cg Aa). By Lemma 4.1, for each o € S there exists
an idempotent e, such that A, = supp(eq). Therefore, cl(supp(I)) = cl(,c s surp(ea)).
Again by Lemma 4.1, we have r(I) = r(RER) = r(F) where E = {e, : « € S}. O

Recall that a ring R is a right SA-ring if for each I, J < R there exists K < R such
that r(I) + r(J) = r(K) (see [4]). By [4, Theorem 4.4], a semiprime ring R is a right
SA-ring if and only if the space of prime ideals of R is an extremally disconnected space
if and only if R is a quasi-Baer ring. Hence by Proposition 2.4, R is a right SA if and
only if R is EGE and AE.
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