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Abstract
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1. Introduction

Leibniz algebras are introduced by Cuvier and Loday [11,17], motivated by the study
of algebraic K-theory. Such algebras are a non-antisymmetric version of Lie algebras.
Active investigations on Leibniz algebras show that many results of Lie algebras can
be extended to Leibniz algebras [1,5-7,18-19]. Leibniz superalgebras, originally were
introduced by Dzhumadil’daev in [12], can be seen as a direct generalization of Leibniz
algebras. Some theories of superdialgebras and (co)homology of Leibniz superalgebras
are investigated [14-16].

During the past decades, there is an increasing interest in exploring some exotic al-
gebraic structures [9-10]. In particular, Casas and Datuashoili considered algebras with
brackets [8]. Such algebras are called noncommutative Leibniz Poisson algebras. On
the other hand the dual algebraic operads of the classical operads provide some kinds of
algebraic structures: Dialgebras, Dendriform algebras and Trialgebras [20].

Recently, Leibniz algebras are generalized to Hom-Leibniz algebras by Makhlouf and
Silvestrov in [21]. Some structure theories of Hom-Leibniz algebras are developed [22].
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Moreover, the dialgebras are also generalized to Hom-dialgebras by Yau in [26], which give
rise to Hom-Leibniz algebras. Hom-Lie algebras, Hom-Lie superalgebras and Hom-Lie
color algebras have been widely investigated [13,25,3,4,2,27,23-24]. The purpose of this
paper is to introduce and study Hom-Leibniz superalgebras and Hom-Leibniz Poisson
superalgebras.

The paper is organized as follows. In section 2, we give the definition and some
important constructions of Hom-Leibniz superalgebras. In section 3, the notion of Hom-
superdialgebras is proposed, the construction of Hom-Leibniz superalgebras is provided.
Moreover, we give the definition of representation of Hom-superdialgebras and show that
the representation of Hom-superdialgebras gives rise to the representation of Hom-Leibniz
superalgebras via a special bracket. In section 4, we introduce the notions of Hom-Leibniz
Poisson superalgebras, Hom-associative supertrialgebras and Hom-dendriform superalge-
bras, furthermore, construct several classes of Hom-Leibniz Poisson superalgebras. Sec-
tion 5 and Section 6 are devoted to dealing with the derivations and representations of
Hom-Leibniz Poisson superalgebras.

Throughout this paper, K denotes a field of characteristic zero. All vector spaces and
algebras are Zz-graded over K.

2. Hom-Leibniz Superalgebras

In this section, we introduce the notion of Hom-Leibniz superalgebras, and then give
the construction of Hom-Leibniz superalgebras.

2.1. Definition. ([3]) A Hom-associative superalgebra is a triple (V,o,a) consist-
ing of a superspace V', an even bilinear map o : V. x V. — V and an even superspace
homomorphism o : V. — V' satisfying

0.1)  a(zoy) =a(z)oaly),
0.2)  a(@)o(yoz)=(zxoy)oa(z),

for all homogeneous elements z,y,z € V.

2.2. Definition. ([3]) A Hom-Lie superalgebra is a triple (V,[.,],«) consisting of a
superspace V , an even bilinear map [.,.] : VXV — V and an even superspace homomor-
phism o'V — V satisfying

03) o[z, y]) = [(2), a(y)],

04)  [z,y] = —(=1)!"¥ [y, ],

05)  (=D)=a(@), [y, 2] + () a(z), [z, y] + () a(y), [z, 2] = 0,
for all homogeneous elements z,y,z € V.

2.3. Definition. A Hom-Leibniz superalgebra is a triple (V,[.,], @) consisting of a
superspace V', an even bilinear map [.,.] : V XV — V and an even superspace homomor-
phism « : 'V — V satisfying

0.6)  aflz,y]) = [a(z), a(y)],
0.7)  [lz,9), a(2)] = [a(=), [y, 2]] + (=) [[z, 2], a(y)],
for all homogeneous elements x,y,z € V.

Let (V,[.,.], @) and (V',[.,.],&’) be two Hom-Leibniz superalgebras. An even homo-
morphism f : V — V' is said to be a morphism of Hom-Leibniz superalgebras if

(08)  foa=d'of, [f(@),fW)] = f(lzy]), Yo,y V.
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2.4. Remark. We recover the classical Leibniz superalgebra when « is an identity map
and reduces to a Hom-Leibniz algebra when the part of parity one is trivial. Obviously, a
Hom-Lie superalgebra is a Hom-Leibniz superalgebra. While a Hom-Leibniz superalgebra
is a Hom-Lie superalgebra if and only if [x,z] = 0, for all homogeneous element = € V.

Suppose that (V,[.,.], @) is a Hom-Leibniz superalgebra. For any x € V, define Ad, €
End(V) by

(0.9)  Ady(x) = (1)1, y].

Then the Hom-Leibniz superalgebra identity (0.7) is written into
(0.10)  Adags([2,9]) = (=1)""a(2), Ad:(y)] + [Ad:(2), a(y)];
or into pure operation form

(0.11)  Ada(syAdy = Adaa, () © @ + (=1)1" Ad, ) 0 Ad..

The following proposition provides a method to construct a Hom-Leibniz superalgebra
by a Leibniz superalgebra and an even endomorphism.

2.5. Proposition.  Let (V,[.,.]) be a Leibniz superalgebra and o : V. — V be an even

Leibniz superalgebra endomorphism. Then (V,[.,.]Ja,«) is a Hom-Leibniz superalgebra,
where [QZ, y](! = CY([:I},’yD
Moreover, suppose that (V',[.,.]') is another Leibniz superalgebra and o’ : V' — V' is

a Leibniz superalgebra endomorphism. If f : V — V' is a Leibniz superalgebra morphism
that satisfies foa = o' o f, then

0.12)  f:(V, [, Jas @) = (V' [, Jar, @)

is a morphism of Hom-Leibniz superalgebras.

Proof. We show that (V,[., ]a, @] satisfies the Hom-Leibniz superalgebra identity (0.7).
In fact,

[e(@), [y, zJaJo + (=1)""I[[z, 2o, a(y)]a
[

= a(fa(z), a(ly, 2)]) + (-1 a((a((z, 2)), a(y)])
= ?([e, [y, 2] + (=) [[z, =], y])
= o’ ([[z,y], 2))

= [ T, y]CH a(z)]a

The second assertion follows from

[z, yla) = fl(@), a(y)

= [foa(z),fo
= [dof(z),a o f(y)
[f (@), f(y)]ar
O
2.6. Example. (3-dimensional Hom-Leibniz superalgebras) Let A = A & A
be a 3-dimensional superspace, where Ag is generated by e; and Aj is generated by ez, es
and the nonzero product is given by [e2,e1] = e2. For any a,b € K, we consider the

homomorphism « : A — A defined by a(e1) = ae1, a(e3) = bea. By Proposition 2.5, for
any a € K, there is the corresponding Hom-Leibniz superalgebra A, = (4, [., .]a, @) with



1166

the nonzero product [e2, e1]o = aez. It is not a Leibniz superalgebra when a # 0, 1.

2.7. Lemma. LetV be a Hom-Lie superalgebra, then the bracket
2@ y,a® b = [[o,y), a(@)] @ b+ (1)1 0 @ 13, 4], a(t)]

definies a Hom-Leibniz superalgebra structure on the vector superspace V & V.
2.8. Definition. A representation (module) of the Hom-Leibniz superalgebra (V, ., .], )
is a Hom-supermodule (U, ar) equipped with two even V -actions (left and right)

[,]:UxV =>U (u,z) = [u,z]) and [,.]: VXU —=>U ((z,u) — [z,u])
satisfying the following axioms,
(0.13)  [Ua, V3] C Uatp,Va, B € Zo,
( ) [Va,Ug) C Uagtp,Va, B € Za,
(0.15)  av([u,z]) = [av (u), a(z)],
(0.16)  av([z,u]) = [(z), aw (u)],
017)  [[u, 2], a(y)] = [aw (w), [z, ] + (=) [[u, y], a(@)],
(0.18)  [[z,u], a(y)] = [a(@), [u, y]] + (—1)"¥/[[2, ], v (w)],
(0.19) [z, ), av ()] = [a(@), [y u]] + (=1)"¥/[[z, u], a(y)],

for all homogeneous elements z,y € V and u € U.

Note that the last two relations imply the following identity

(@) [, y]] + (1) (@), [y, u]] = 0.

3. Hom-Superdialgebras

In this section, we extend in one hand superdialgebras and the Hom-dialgebras in-
troduced in [14] and [26] to Hom-superdialgebras. In the other hand we describe some
constructions of Hom-Leibniz superalgebras.

3.1. Definition. ([14]) A superdialgebra is a triple (V,-,F) consisting of a superspace
V', two even bilinear maps 4,V x V. — V satisfying

(0.20) zk(ydz)=(zty) dz,

(021) zd(ydz)=(z-dy)dz=z4(yF 2),

(022) zk(ykFz)=(@rybkz=(xdy)t 2

for all homogeneous elements x,y,z € V.

3.2. Definition. A Hom-superdialgebra is a tuple (V,-,F,«) consisting of a super-

space V', two even bilinear maps -,F: VXV — V and an even superspace homomorphism
a:V — V satisfying

(0.23) a(zdy) =alz) Haly), al@ty)=al@)k aly),

(024) a@)4(yHz)=(zdy) Ha(z) =a(z) 1 (y+ 2),

(025) a(@)F(ykz)=(@ky) Falz)=(=Ay)Falz),

(026) a(z) b (yHz)=(zky) fa(z),

for all homogeneous elements z,y,z € V.

3.3. Remark. We recover the classical superdialgebra [14] when « is an identity
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map and reduces to a Hom-dialgebra [26] when the part of parity one is trivial. Any
Hom-associative superalgebra is a Hom-superdialgebra if a - b = a - b = ab.

3.4. Proposition. If (Vi,01,01) and (Va,02,a2) are two Hom-superdialgebras, then
the tensor product Vi ® Va is a Hom-superdialgebra with
a=oa1 ® as,
and
(1)1 ® 'UQ) * (U1 ® UQ) = (—1)'”2Hu1‘(1}1 * ul) ® (Uz *UQ)
for all homogeneous elements vi,ve € Vi,ui,uz € Vo and x =-, F.
3.5. Definition.  Let (V,-,F,a) and (V',4',F,a') be two Hom-superdialgebras. An

even homomorphism f : V. — V' is said to be a morphism of Hom-superdialgebras if
foa=a'of, and f(z) 4 f(y) = f(z A y), and f(z) ' f(y) = f(z Fy) for any z,y € V.

3.6. Proposition. Let (V,,F) be a superdialgebra and o : V. — V be an even super-
dialgebra endomorphism. Then (V,4a,lFo, @) is a Hom-superdialgebra, where x o y =
a(zy) and zbo y = alz - y).

Moreover, suppose that (V',+' F') is another superdialgebra and o’ : V' — V' is a
superdialgebra endomorphism. If f : V — V' is a superdialgebra morphism that satisfies
foa=2a of, then

0.27) 1 (V,HasFaya) = (VA b))
is a morphism of Hom-superdialgebras.

Proof. We only need to show that (V| da,Fa, ) satisfies the Hom-superdialgebra iden-
tity (0.24)-(0.26). Direct calculations show that

a(z) da (yFha 2) = ala(z) daly 12))
042(30 4 (yH2))

I

Q
[V
8
L
&
L
X

and

a(@) o (Y 2) = 2(

= a(a(z) 4 (y Fa 2))
= az) 4o (yFa 2),

thus (0.24) holds. Similarly, we can prove (0.25) and (0.26).
Setting xo =-o and %o =k« . The second assertion follows from

foxa=foaox=adofox=a ox of=x%uo0f

O

3.7. Proposition.  Let (V,4,F,a) be a Hom-superdialgebra. Define an even bilinear
map [.,.] : VxV =V by

0.28) [z,y]l=zdy— (-D)"I¥y g ve yew

Then (V,[.,.], @) is a Hom-Leibniz superalgebra.
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Proof. We only need to show that (V,[.,.],«) satisfies the Hom-Leibniz superalgebra
identity (0.7). Direct calculations show that

(@) [y 1] + (=), 2). a(y)]
= a() 4 (y 4 2) = (<D 4 2) Fag)
— (=)l (@) A (2 F ) + (=)l oy ()
(D@ 12) Fa(y) = (=) M) F (@ 42)
— () ) A ay) + (— D) ) E (2 - )
(@ 19) F o) = (<)) - (@ 1y)
— (1) (y F @) 4 a(z) + (=Dl G ) b (g - )
(D@ +42) Haly) - ala) 4 (= 9))
(DI ay) F (- @) = (y 42) - a(e)}
Sl (M*O*)MMF%MM

ic

1
1

+

1

+ + I

O

3.8. Proposition. Let (V,[.,.],a1) be a Hom-Leibniz superalgebra , (U, a2) be
a super commutative Hom-superdialgebra and let g = V @ U. Define the operations
a:g—gandl,.]: g% =g by

(0.29) a=oa1®a,
(030) [r®@a,yb = (-1)"[z,y] @ (akb).
Then (g,[.,.], &) is a Hom-Leibniz superalgebra.

Proof. We only need to show that (g,[.,.],«) satisfies the Hom-Leibniz superalgebra
identity (0.7). Direct calculations show that

[a(z®a),[y®b,z® ] + (—1 )Iyl\ z|+lyllel+bllz|+[bllc ‘[[m@a 2@, aly ®b)]
= [ (z) @ as(a), (1) [y, 2] @ (b F ¢)]

1)tz +lyllel+[bllz]+bllel+all2 \[
1)lellyl+lallz|+[bll= I[ (), |

1

+

[z,

]
Jallyl-+lal =1+ =16l el +yl =] [,

]

1ylellvlHallzl 161121 g (29 |

—+

allyl+lallz[+b][z[+]yl|=] I

1)le Hy|+\a|‘z\+\b”z|{[al(x)7 [y, 2]]
D, 2], 00()]} @ (@z(a) F (b )
1) o g, ) 00 (2] © (a(a) F (b1 ).

—+

+(=1)
= (="
(=1
=(=1
(=1 z, 2], a1 (y)] ®
=(=1
(=1
=(=1

and
[z @a,y®b,a(z®c)] = [(—1)""[z,y] & (a+b),a1(2) @ az(c)]
= (—1)lell el 2 y) aq (2)] @ ((a - b) F as(c)
= (_1)|a\\y|+\a|\z\+\b\|z|[[x7y]7al(z)] ® (az(a) F (b c)).
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This shows that (g, [.,.], @) is a Hom-Leibniz superalgebra. O

3.9. Definition. Let (V,4,,a) be a Hom-superdialgebra and (U,av) be a Hom-
superspace. The pair (U, av) is said to be a V -supermodule if (U, ar) is a Hom-supermodule
equipped with four actions (left and right) of V/

VeoU—-U (zQu—x-du or zFu),

UV —-U w®z—u-dx or utx)
satisfying the following axioms

av(zdu) = az)dav(u),
av(ztFu) = az)bF av(u),
av(udz) = av(u) a(z),
av(utFz) = av(u) bk alz),
a@) dAyHdu) = @Ay davlw) = o) 4y,

)

)

)

)

(zFy) 4 av(u) )

(z4y) Fav(u) ) = (@ky)kFau(v),
af@)d(udy) = (@4u)daly) = of@)d(ubty),
(zFu) Haly) )

(z 4u) - aly) )

oy (u) 4 (z Hy) )

(utz) 4 aly)

(udz) - ay)

forallz,y € V and u € U.

= (zku)kaly),
= au(u) 4 (zFy),

3.10. Proposition. Let (V,4,F,a) be a Hom-superdialgebra, (V,[.,.],«) be a Hom-
Leibniz superalgebra, where [z,y] =z "y — (,1)\I\Iy|y Fa for any z,y € V, and (U, av)
be a representation of (V,,b, ). Then (U,au) is also a representation of (V,[.,.], a).

Proof. We just check
[z, 9], av ()] = [a(@), [y, u]] + (=1)"*1"! [[z, u], a(y)].

Using the axioms of the supermodule of Hom-superdialgebra, we have
(ata), gl + (~1)"1* [z, a(y)]
~ a(e) = (g 40) = (<D (g 4w - ala)
(1) () A () (—) e oy o)
()" @ 4 w) 4 o)~ (<D a@) F (@ u)
— (- 1)\m\lu|+\y\|ul(u z) 4 aly) + (_1)\w\\yl+\x\lma(y) F(ub z)
= (@) 4 avu) - (~)FI oy () (2 y)
— (=1 )\w\lyl (y+ )k av(u) + (- 1)|xl\y\+\y\Iu\+\w\IU\aU(u) F(yF )
= [[z, y], av (u)].

+

4. Hom-Leibniz Poisson Superalgebras
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In this section, we introduce the notions of Hom-Leibniz Poisson superalgebras, Hom-
associative supertrialgebras and Hom-dendriform superalgebras. Moreover, we construct
several classes of Hom-Leibniz Poisson superalgebras.

4.1. Definition. A Hom-Poisson superalgebra is a tuple (A,o,].,.],a) consisting of
a superspace V', two even bilinear maps o,[.,.] : V. XV — V and an even superspace
homomorphism o : V. — V' satisfying the following axioms

(1) (A, o,a) is a Hom-associative superalgebra ,

(2) (A,].,.],a) is a Hom-Lie superalgebra,

(8) the Hom-Leibniz superidentity

@0y, a(2)] = a(z) o [y, 2] + (1) [z, 2] 0 a(y)

holds, for all homogeneous elements x,y,z € A.
4.2. Theorem. Let (A,-,],.]) be a Poisson superalgebra and o : A — A be an even

Poisson superalgebra endomorphism. Then (A, a,[., ]a, ) is a Hom-Poisson superalge-
bra, where .o y = a(z - y) and [z,yla = a([z,y]).

Proof. 1t is straightforward. a

This theorem provides a method to construct Hom-Poisson superalgebra by a Poisson
superalgebra and an even Poisson superalgebra endomorphism.

4.3. Example. Let A = Ag® Aj be a 2-dimensional superspace, where Ag is generated
by e1 and Aj is generated by ez and nonzero products are given by
e1-e1=e€1, ex-ex=e1, €1-e3 =€z €1 =€z, |e2,e2]=2€1.
For any a € K, we consider the homomorphism « : A — A defined by
aler) = aer, ale2) = aes.

By Theorem 4.2, for any a € K, there is the corresponding Hom-Poisson superalgebra
Ao = (4,4, ]Ja, @) with the nonzero products

€1-q €l =aei1, €2:4€2=ae1, €1l-ata=aez, [e2,6e2]a =2ae;.
It is not a Poisson superalgebra when a # 0, 1.
4.4. Example. Let A = Aj®A;j be a 3-dimensional superspace, where Aj is generated
by e1,e2 and Aj is generated by es and the nonzero products are given by
e1-ex =e1, e€2-ex=e2, e€3-e2=e3, |e1,e2]=ae.
For any a € K, we consider the homomorphism « : A — A defined by
aler) = aer, alez) =e1 + ea.

By Theorem 4.2, for any a € K, there is the corresponding Hom-Poisson superalgebra
Ao = (4, a,[. ]a, @) with the nonzero products

€1 ‘o €2 = G€1, €2 €2 = €1 + €3, [el,eg}a = aej.

It is not a Poisson superalgebra when a # 0, 1.

4.5. Definition. A Hom-Leibniz Poisson superalgebra is a tuple (V,o,[.,.], a) consist-
ing of a superspace V , two even bilinear maps o, [.,.] : VXV — V and an even superspace
homomorphism o« : V — V satisfying the following axioms

(1) (V,o0,a) is a Hom-associative superalgebra,

(2) (V,[.,.],@) is a Hom-Leibniz superalgebra,
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(3) the Hom-Leibniz superidentity

@ oy, a(2)] = a(x) o [y, 2] + (—1)"I [z, 2] 0 a(y)
holds, for all homogeneous elements x,y,z € V.
4.6. Definition. Let (V,o,[.,.],a) and (V',o',[.,.],a’) be two Hom-Leibniz Poisson

superalgebras. An even homomorphism f : V. — V' is said to be a morphism of Hom-
Leibniz Poisson superalgebras if

(0.31) foa=a'of
(0.32)  f(z)o' fy) = f(zoy), [fa),fW)] =f(zy), Ya,yeV.

4.7. Remark. Any Hom-Poisson superalgebra is a Hom-Leibniz Poisson superalge-
bra. Any Hom-Leibniz Poisson superalgebra (V, o, [.,.], &) is a Hom-Poisson superalgebra
if and only if [z,y] + (fl)lz‘ly‘[y, z] = 0 holds, for all homogeneous elements z,y € V.
If o = Id, then a Hom-Leibniz Poisson superalgebra becomes a Leibniz-Poisson superal-
gebra. On the other hand, any Hom-associative superalgebra is a Hom-Leibniz Poisson
superalgebra with usual bracket [z,y] = z oy — (—1)/*IWly o 2.

4.8. Proposition.  Let (V,-,F,«) be a Hom-superdialgebra and o,[.,.] : V xV =V
be two binary operations on V' defined by

Then (V,o,][.,.],) is a Hom-Leibniz Poisson superalgebra.

Proof. It is obvious that (V,o0,a) is a Hom-associative superalgebra. Moreover, from
Proposition 3.7, it follows that (V,[.,.], @) is a Hom-Leibniz superalgebra. Next we show
the remaining Hom-Leibniz superidentity. In fact

a(@) o ,2]+ (~1)" [z, 2] 0 a(y)
= a(@) F (y42) = ()" Fa(@) - (- y)
+ _l)wnz\(x H42) F aly) — (_1)\w\\ZI+\yHZ\(Z Fz) Faly)
= @k 9 Ha) = () o) - @ k)
— [woy,a(2)]
O
Taking o = Id in Proposition 4.8, we obtain the following result about Leibniz-Poisson

superalgebras.

4.9. Corollary. Let (V,4,F) be a superdialgebra and o,[.,.] : V. xV — V be two
binary operations on V' defined by

zoy=zty, [r,y]=x-y— (fl)lz”y‘yl—x,Vx,ye V.

Then (V,o,][.,.]) is a Leibniz-Poisson superalgebra.

4.10. Proposition.  Let (V,o0,][.,.]) be a Leibniz-Poisson superalgebra and o : V — V

be an even Leibniz-Poisson superalgebras endomorphism. Then (V,oq,[., Ja, ) is a Hom-
Leibniz Poisson superalgebra, where x oo y = a(xz oy) and [z,y]e = a([z,y]).
Moreover, suppose that (V',0',[.,.]") is another Leibniz superalgebra and o' : V' —

V' is a Leibniz superalgebras endomorphism. If f : V. — V' is a Leibniz superalgebra
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morphism that satisfies f oa = o’ o f, then
f : (Vvv Oa; ['7 ']Oév a) - (V/a Oaly ['a ']a’a a,)

is a morphism of Hom-Leibniz superalgebras.

Proof. It is obvious that (V, 04, «) is a Hom-associative superalgebra. Moreover, from
Proposition 2.5, we have (V,[.,.]a, @) is a Hom-Leibniz superalgebra. Next we will show
that the Hom-Leibniz superidentity holds. In fact

a\x

(@) oa [y, 2la + (=1)" [z, 2] 0a a(y)
(a(2) 0 alfy, 2])) + (=1)"*a(a([z, 2]) 0 aly))
=a’(woly, 2]+ (—1)""[z, 2] 0 y)

2
=a’[zouy,Z]

Il
Q

= a([z oa y,a(2)])

= [z 0a ¥, a(2)]a-
By Proposition 2.5, the second assertion is straightforward. O
4.11. Definition. An Hom-associative supertrialgebra is a quintuple (V,-,+, L, a)

consisting of a superspace V, three even bilinear maps 4, L: V xV — V and an even
superspace homomorphism o : V. — V satisfying the following axioms

a(@dy) = a@) Haly), alzby) = o)k aly),

a(z Ly) a(z) L a(y), (z4y)dalz) = afz)A(yH2),
(zdy)dalz) = al@)Aytz), (@Fy)dalz) = al@)F(y-2),
Ay Falz) = a@k(ytz), (@hytak) = a@)tF@k2),
(zdy)dalz) = alz)A(yLz), (@ly) dalz) = alz)L(y2),
(z4y) La(z) = ale) LyFz2), (ky Lakz) = a@)F(yLz2),
(zlykak) = a@kEkz), (@lylakz) = oz Lyl

4.12. Remark. We recover the classical associative trialgebra when o« = Id and the
part of parity one is trivial in [14,20]. The associative supertrialgebra is obtained when
«a = Id. Any Hom-associative supertrialgebra gives rise to a Hom-associative superdial-
gebra by forgetting the operation L .

4.13. Proposition. Let (V,4,F, L,a) be a Hom-associative supertrialgebra and
o,[,.]: VXV =V be two binary operations on V defined by

zoy=ux Ly, [x,y]:x%yf(fl)lz”y‘yl—x,Vx,yEV.

Then (V,o,][.,.],a) is a Hom-Leibniz Poisson superalgebra.

Proof. It is obvious that (V,o0,«) is a Hom-associative superalgebra. Moreover, from
Proposition 3.7, we have (V,[.,.], @) is a Hom-Leibniz superalgebra. Next we will show
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that the remaining Hom-Leibniz superidentity holds. In fact,
[a(z),yo 2]+ ()" zozaly)] = al@) Ly
(-D)"Fla(@) L (zFy)
+ ()" 4 2) La(y)
(71)\IHZ\+IyHZI(Z Fa) L aly)
(0 Ly)Ha() — (DI a) - o Ly)

O

4.14. Definition. [24] A Hom-dendriform superalgebra is a tuple (V, <, =, a) consist-
ing of a superspace V, two even bilinear maps <,>: V XV — V and an even superspace
homomorphism o« : V — V satisfying the following axioms

alz<y) = a@)<ay),
az>y) = alz)>a(y),
(z=<y)<az) = o) <(y<2)+a@) <(y-=2),
(z=y)<alz) = afz)>(y=<=2),
(z=<y)=alz)+@=y) -az) = af) = (y>2),

for all homogeneous elements x,y,z € V.
4.15. Lemma. Let (V,<, >, a) be a Hom-dendriform superalgebra, define the product
on homogeneous elements by
TxYy=r<Yy+T>y.

Then (V,*,a) is a Hom-associative superalgebra.
4.16. Proposition. Let (V,<,>,a) be a Hom-dendriform superalgebra. Define the
products on homogeneous elements by

TxYy=x <Y+ =1, [x,y]:m*y—(—l)‘zuyly*x.

Then (V,*,][.,.], ) is a Hom-Leibniz Poisson superalgebra.

Proof. It is straightforward. m|

5. Derivation of Hom-Leibniz Poisson Superalgebras

In this section, we extend the a-derivations of Hom-Lie algebras introduced in [25] to
Hom-Leibniz Poisson superalgebras.

Let (V,o,].,.], &) be a Hom-Leibniz Poisson superalgebra, denote by o the k-times

composition of a, ie., a* =aoa------ oa (k-times). In particular, o ' = 0,a° = Id,

and ol = a.

5.1. Definition. For any k > —1, we call D € (EndV);, where i € Zs, an o”-
derivation of the Hom-Leibniz Poisson superalgebra (V,o,[.,.], o) if

(0.33) aoD=Doa,

(0.34)  D(l,y]) = [D(x),a"(y)] + (=1)*"P[a"(2), D(y)],
(0.35)  D(zoy) = D(x)oa"(y) + (~1)!"Pla* () o D(y),



1174

for all homogeneous elements z,y € V.

We denote by Der (V) = Derx(V)s @ Der,x (V)1 the set of a*-derivations of the
Hom-Leibniz Poisson superalgebra (V, o, [.,.], @), and Der(V) = @®,>_1Der (V).

For any homogeneous elements a € V, satisfying «(a) = a, define ady(a) € End(V') by

ady(a)(z) = —(=1) """ (z), a],Vz € V.

Notice that |adk(a)| = |al.

5.2. Proposition. Let (V,o,].,.],a) be a Hom-Leibniz Poisson superalgebra. Then
ady(a) is an o+ -derivation, which is said to be an inner o' -derivation.

Proof. Direct calculations show that

D' (@), q]

ad(a) o a(z) —(=
= (1" (@), a(a)]
(

D'"la([a"(2), ]

= ad(a)(),
and
adi(a)([e,y]) = —(=D)" Q0 (2, y]), o]
—(=plleall ot (2), o" (y)], a(a)]
= (=l @) [of (), o))  (<1)" [0 (@), a, 0" (y)]
= (-)'""a" (@), adi(a) (y)] + [adi(a)(z), " (y)],
and
adi(@)zoy) = —(-D) I o y)
= () 0 () o 0 ), )]
= ()G ) o [k ), af) — (1) o (@), a] 0 a* 1 )
= (=)™ (@) 0 adi(a)(y) + adr(a)(@) 0 o (y).
Therefore, adk(a) is an o**'-derivation. |

We denote by Inn . (V) the set of inner o*-derivations, i.e.,
Inn,x (V) = {adk(a)|la € V5 U V7, a(a) = a}.
For any D € Der(V) and D’ € Der(V), define their commutator [D, D'] as usual:
[D,D']=DoD —(-1)/P”'ID" o D.

5.3. Lemma. For any D € (Derox(V)); and D' € (Der,x(V));, then [D,D'] €
Deryits(V)p|+ipr|» where k+ s> —1 and (i,5) € Z5.
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Proof. For any z,y € V, we have

[D, D')([z, y]) Do D'([z,y]) — (1)1 D" o D([a, y))
= D(D'(@),0° ()] + (—1)!""[a* (@), D' (9)])
— (=)D ([D(@), a* ()] + (—1)P [ (2), D))

= [DD' (@), 0" ()] + (1) PP P M (D (@), Da’ (y)]

+ (=1)PDa (@), o D' (y)] + (~1) PPl g+ (o) DD ()]
— (-1!PIPD'D(2), ()] ()P0 D (), D' a* ()]

— (—)PIE Pl '[D’a’% ),a*D(y)]

_ (_ )IDHDIHDH z|+|D’||z \[ k+5( ),D'D( )]

Since D and D’ satisfy Doa =ao D and D' oo« = a0 D’, we obtain

[D, D')([z, y])

[DD'(z) — (=1)' """ D' D(x), o*** ()]
(_1)\D\Ix\+\D/HxI[ak+3(m)’ DD/(y) _ (—1)|D‘|D/|D/D(y)]
= [[D,D')(x), " (y)] + (1) PPN [0} (2) (D, D'](y)).

It is not difficult to show that

_l’_

[D,D'|(xoy) = DoD'(zoy)— (-1 )lDHDlD o D(zoy)
= DD (@)oa’(y) + (-1 a*(z) 0 D' (1))
— (=)D (D(x) 0 aF(y) + (-1)!P1*la¥ (2) 0 D(y))
= DD'(z) 0" () + (-1)P Pt D (@) 0 Dot (y)
1)|D = Do® (2 )oosz'(y)—l—(—l)lD/””CMDH 1of+%(2) o DD ()
1P D' D(2) 0 a2 (y) — (-1)P'I"la* D(z) o D'a*(y)
1)IDHD [+IDMlzl iy ( )oa®D(y)
1)|DHD [+|D]||z|+|D’||z| k+8( )ODID(y)
DD = (=1)PIPID' D) () 0 o (y)
+ )I[DD]H ‘(DD (-1 )\DHD 'p’ D)(y)
= [D,D'](w) 0 0™ (y) + (-1)/P PN () o [D, D')(y).

(=
(=
(-
- (=
(
(=1

It is easy to verify that ao[D, D'] = [D, D']|oc, which leads to [D, D'] € Der k+s(V)|p|+|D|-

5.4. Remark. Obviously, we have
Der,-1(V)={D € End(V)|Doa=aoD,D([z,y]) =0,D(zoy) =0,Vz,y € V}.
Thus for any D, D’ € Der,-1(V), we have [D, D’] € Der,-1(V).

5.5. Proposition. With the above notations, Der(V') is a Hom-Leibniz Poisson su-
peralgebra, in which the bracket is given by [D,D'] = DD’ — (-1 )‘DHD 'D’'D and an even
endomorphism o is defined by o/ (D) = a0 D.

6. Representations of Hom-Leibniz Poisson Superalgebras
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Let (V,o,].,.],a) be a Hom-Leibniz Poisson superalgebra, then (V,o,a) is a Hom-
associative superalgebra and (V] [.,.],«) a Hom-Leibniz superalgebra, so we can study
V — V-bimodules, and the representation of Hom-Leibniz superalgebras over V.

6.1. Definition. Let (V,o,[.,.],a) be a Hom-Leibniz Poisson superalgebra. AV —V -
bimodule (M, anr) is two K-module homomorphisms

L] VM —-MI[,] MV - M
such that the following axioms hold:

[VOHM/B} - MCH—ﬁa [MOH Vﬁ} - MOH—ﬂa Vaaﬁ € Z27

m([v,m]) = [a(v), an(m)],
m([m,v]) = [am(m),av)],
[v1, v, anr(m)] = [a(vr), [va,m]] + (=)™ [[wr, m), a(w2)],
[[v1, m], (2 [a(v1), [m, va]] + (= 1)1 [[o1, va], aar (m)],
[

[[m, v1], an(m), [vr, v2]] + (=) [[m, va], av1)],
(—=1)I™121 [y, va] 0 auns (m),
= aum(m)o[vr,va] + (=1)"1112 [ v5] 0 a(v1)

= av1)o[va,m] + (=2 vy m] o avs),

a(v2

1)
)
(m)]
a(v2)] =
(v2)]
[v1 0o m, a(v2)]
a(vz)]
[v1 0 v2, an(m)]

for all homogeneous elements m € M,v1,v2 € V.
A representation over V is defined by a V — V-bimodule (M, anr).

6.2. Proposition. Let (Vi,01,[., ]J1,a1) and (Va,02,].,.]2,a2) be Hom-Leibniz Pois-
son superalgebras and ¢ : Vi — Vo be a morphism of Hom-Leibniz Poisson superalgebras,
then Va is a representation over Vi with respect to the operations

v -m=p(v1)-m, m-vi =m-e(vi),
[v1,m] = [@(Ul)me [m7v1] = [mvso(vl)L Vi € Vvlv m € Va.

Proof. For any vi,v2 € Vi, m € Vo, We just check

[[o1, 2], a2(m)] = [oa (v1), [z, m]] + (=1)"*21™ [[v1, m], a1 (v2)]
and

[0 - v2, 2(m)] = a1 (v1) - [v2,m] + (1)1 [v1,m] - @1 (v2).
By the definition of the operations, we have
@([v1,v2]), az(m)]

[p(v1), p(v2)]; az(m)]

[[v1, v2], a2 (m)] [

[

[a2ip(v1), [p(v2), m]] + (=1 [p(v1), m], aagp(v2)]
[ 1+

[

)Ivzl\ml[ m
pai(v1), [p(va), ml] + (=1)""2™ [[(v1), m], par (v2)]
a1 (v1), [o2, m]] + (=)™ (o1, m), an (v2)].
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and
[v1-v2,02(m)] = [p(v1 - v2), 2 (m)]
= [p(v1) - p(v2), az(m)]
= asp(v1) - [p(va), m] + (=1)*2 ™ o (v1), m] - azp(v2)
= par(v1) - vz, m] + (=)™ w1, m] - pan (v2)
= ai(v) - [vz,m] + (=)™ [w m] - (v2).
O
6.3. Proposition. Let (V,o,][.,.],a) be a Hom-Leibniz Poisson superalgebra, then
(End(V),a’) can be endowed with a representation over V by means of the operations
o(fy=acf (v-fla)=v-fa), (f-v)(a)=(=D""" () v,
[0, f(a) = [, f(@)], [£,v)(a) = (=1)""![f(a), ],
for any a,v €V, f € End(V).
Proof. For any vi,v2 € V, f € End(V), We just check
[v1,v2], & (£)] = [a(v1), [v2, 1] + (=1)""2 V1 [[vn, 1, (v2)]
and
[v1 - v2, 0/ (f)] = a(v1) - [v2, f]+ (=) oy, 1] ava).
By the definition of the operations, we have
([, v2], @/ (£)l(@) = [[v1,02],0'(f)(a)]
= [[v1,v2], a0 f(a)]
= [a(w),[v2, f(@)]] + (=)= 0, £(0)], a(v2)]
= [a(w), [v2, fl(@)] + (1) 21 0 £](a), a(v2)]
= [a(w),[v2, (@) + (1) o1, 11, a(v2))(a).
Then [[v1,v2], &/ (f)] = [a(v1), [v2, fI] + (=1)"*217![[v1, f], a(v2)]. Since
[v1-v2,0/(f)l(@) = [v1-v2,a(f(a))]
= a(v)-[vz, f(@)] + (1), f(a)] - a(vs)
= a(v)- [z, fl(a) + (1), fl(a) - a(vs)
= (a(v1) - [vz, f])(a) + (-1 )‘”2"f‘([vl f1- a(v2))(a).
We obtain [v1 - v2, @' (f)] = a(v1) - [ve, f] + (— 1)|U2Hﬂ[U1 I1- a(va). o
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