Hacettepe Journal of Mathematics and Statistics
Volume 48 (1) (2019), 213 - 229

Variable selection for high dimensional partially
linear varying coefficient errors-in-variables models
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Abstract

In this paper, we consider variable selection procedure for the high
dimensional partially linear varying coefficient models where the para-
metric part covariates are measured with additive errors. The penalized
bias-corrected profile least squares estimators are conducted, and their
asymptotic properties are also studied under some regularity condi-
tions. The rate of convergence and the asymptotic normality of the
resulting estimates are established. We further demonstrate that, with
proper choices of the penalty functions and the regularization parame-
ter, the resulting estimates perform asymptotically as well as an oracle
property. Choice of smoothing parameters is also discussed. Finite
sample performance of the proposed variable selection procedures is
assessed by Monte Carlo simulation studies.
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1. Introduction

With the development of applied sciences, semiparametric regression models have been
well researched and popularly used for their flexibility and interpretability. [16] present
diverse semiparametric regression models along with their inference procedures and appli-
cations. Of particular interests to us in this paper is the partially linear varying coefficient
(PLVC) model. Let {(Y;i, X;, Z;,T3),i=1,...,n} be an iid copies of (Y, X, Z,T), where
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Y is a scalar response variable and (X, Z,T) € R? x R? x R is its associated regressors.
The PLVC models take the form

(1.1)  Yi=X,B8+2Z oTy) +es,

where 8 = (B1,...,8p)" is a p-dimensional vector of unknown parameters, a(-) =
(a1(+),...,aq(:))" is an g-dimensional vector of unknown coefficient functions, and &;’s
are iid model error with E(e;|X;, Z;, T;) = 0. In this model, the dependence of a(-) on
T implies a special kind of interaction between the covariate Z and 7. Due to the curse
of dimensionality, we assume, for simplicity, that 7" is univariate. This model presents a
novel and general structure, which indeed covers many well-studied, important semipara-
metric regression models, e.g. linear model, partially linear model and varying coefficient
model.

Model (1.1) has been studied by many authors recently. Examples include but are
not limited to [1, 26, 13, 12, 10, 3, 23]. An essential assumption in their papers is
that all data can be observed directly. However, measurement error data are often
encountered in many fields, including engineering, economics, biomedical sciences and
epidemiology. Simply ignoring measurement errors, known as the naive method, will
result in biased estimators. There is a long standing literature on statistical modeling
subject to measurement errors. Comprehensive reviews can be found in [2, 7]. PLVC
models have been used to study measurements with errors, see, for instance, [21, 8, 20,
19, 6].

Concerns about model bias often prompt us to build models that contain many vari-
ables, especially when the sample size becomes large. A reasonable way to capture such
a tendency is to consider the situation where the dimension of the parameter increases
along with the sample size. On the other hand, to enhance predictability and to select
significant variables is practically interesting, but is always a tricky task for data analysis.
When the number of covariates is large, traditional variable selection methods such as
stepwise regression and best subset selection is computationally infeasible and statistical
properties of the estimators are difficult to analyze, as argued in [14], this is part of
the reason why penalization based method (e.g., Lasso [17], Elastic net [28], Adaptive
Lasso [27], SCAD [4], MCP [22], among others) has gained popularity in recent years.
There has been much work on variable selection for semiparametric regression models.
In particular, examples for fixed dimensional PLVC models include [25, 24, 11, 18] and
references therein.

In these studies, however, high dimensional vector X, variable selection in X and
measurement error problem were not considered at the same time. The goal of this
paper intends to develop an unified estimation and variable selection method for high
dimensional PLVC errors-in-variables models. To be precise, we allow p — oo as the
sample size n — oo and denote it by p, whenever necessary, but ¢ is a fixed and finite
integer in (1.1). In addition, the covariate X is measured with additive errors, while Z
and T are errors free. More specific, we cannot observe X; but we can observe W, with

(1.2) W; :Xi—FUi,

and U;’s are iid measurement error, which is independent of (X;, Z;,T;,¢;), and has
mean zero and the known covariance Cov(U;) = Ty (for simplicity). If Xy is unknown,
its estimation usually requires multiple observations of W or instrumental variables, see
[15] for details. We term (1.1) and (1.2) with PLVCE models. To our best knowledge,
variable selection for PLVCE models with high dimension has not been systematically
studied yet.
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‘We propose penalized bias-corrected profile least squares estimator and systematically
study the asymptotic properties of the estimators. It is worth pointing out that theo-
retic results in this paper provide explicit results on the asymptotic properties under the
setting in which both the dimension of the true non-zero components of 8 and the total
length of 8 tend to infinity as n goes to infinity. This resonates with the perspective that
a more complex statistical model can be fit when more data are collected. The issue of
a diverging number of parameters has also been considered in [5] in the context of pe-
nalized likelihood. This advances the results in current literature, where estimation and
inference are studied only for fixed finite dimensional parameters for measurement error
models. We demonstrate how the convergence rate of the resulting estimator depends
on the regularization parameter. Furthermore, with a proper choice of the regularization
parameters and the penalty function, we show that this variable selection procedure is
consistent, and the regularized estimators of the regression coefficients have oracle prop-
erty. This indicates that the penalized estimators work as well as if the subset of true
zero coefficients were already known. In addition, we address issues of practical imple-
mentation of the proposed methodology. Monte-Carlo simulation studies are conducted
to assess finite sample performance.

The rest of this paper is organized as follows. A variable selection procedure for
PLVCE models is proposed in Section 2, assumptions and the asymptotic properties of the
proposed estimators are given in this section. We give the computational algorithms and
discuss the selections of tuning parameters in Section 3. In Section 4, some simulations
are conducted to illustrate the performance of our methodology. Given in Section 5 are
conclusions. All technical proofs are relegated to Section 6.

Notation: The gradient and hessian matrix of a function f(z) are denoted by V f(z)
and V?f(z) respectively. We write ||f||2 and || f||co for the Lz and sup norm of a function
f, respectively. The L, norm of a p-vector v is defined as |[v]lq = (327, [v;]9)9 for
q 2 1 with [Jv]|ec = maxi<j<p |vj], and |[v]lo = |supp(v)| where supp(v) = {j : v; # 0}
and |S| is the cardinality of a set S. Let M;., M.; and M;; be the ith row, jth column and
(4,7) entry of the matrix M, respectively. Let || M|q = sup,,—1 [|Mvl|q be the matrix
L, operator norm. We use || - || as a shorthand for || - ||2. We use ¢ and C to denote
generic positive constants that may vary from place to place. Moreover, the operator

P . - D e e
— denotes convergence in probability, and — denotes convergence in distribution.

2. Methods and results

2.1. Penalized bias-corrected profile least squares estimator. As in [3], if X; is
observable we can apply the profile least squares estimation to estimate the parametric
component and apply the local polynomial estimation to estimate the nonparametric
component. Profile least squares is a useful approach and will be showed to be semi-
parametrically efficient for model (1.1). When ¢; ~ N(0,0?), the approach becomes
profile likelihood estimation. For the paper to be self-contained, we summarize the main
ingredients as follows. If § is known, (1.1) can be written as

(2.1)  Yi—X,B=2Z"aT}) +¢i,

which can be treated as a varying coefficient model. Thus, we may apply a local linear
regression technique to estimate the varying coefficient functions {a;(:), 7 = 1,...,¢}.
For T in a small neighbourhood of ¢, approximate each oy (¢) by a;(T') ~ «;(t)+od;(¢)(T—
t), 7 =1,...,q. This leads to the following weighted local least-squares problem: find



a;(t), o (t) to minimize

(2.2) znj [m - X B - Z Zij {a;(t) + a5 ()(T; — t)}] Kn(Ti = t),

where Kp(-) = K(-/h)/h, K(-) is a kernel function and A is a bandwidth.

For the sake of descriptive convenience, we denote Y = (Y7,. .., Yn)T, write X, Z, €
in a similar fashion. Let w; = diag{K,(T1 — t),..., Kn(Tn — t)} and
D Z . Z T
t= %Zl . %Zn :

It is easy to show that the minimizers of (2.2) are given by

@) ", ha'(1)")" = {D{ wD} ' D] wi(Y — XB).
This solutions depend on (3 implicitly. Then we can estimate a(t), when 3 is given, by
(2.3)  a(t; B) = (Igxq: 0gxa){ D1 weDe} ' D wi(Y — X ),

where I;xq denote the g by ¢ identity matrix, and O4x4 denote a ¢ by ¢ matrix of zeros.
Substituting &(¢; 8) into model (2.1), we can obtain the profile least square estimator of
B by the following regression problem

(24) pB=arg min % ;(Yi - X' 8-z a(T; B)°

Moreover, plug 3 into (2.3), the estimators of «(t) can be obtained, see [3] for details.

However, in our case, X; cannot be exactly observed. If one ignores the measurement
error and replaces X; by W; in (2.4), one can show that the resulting estimator is incon-
sistent. By the correction for attenuation technique as in [21], the bias-corrected profile
least squares estimator of 8 can be defined by minimizing

@5) Tnl0)= 5 306 = W3- 26l - 50w,

where &(T7, B) is obtained by replace X with W in the right hand side of (2.3). The sec-
ond term is included to correct the bias in the squared loss function due to measurement
error.

In high dimensional data analysis, to perform variable selection and estimation simul-
taneously, based on (2.5) we propose the penalized bias-corrected profile least squares
function defined as

(2:6)  @u(®=La(®) +n (I3

where py(-) is a prespecified penalty function with a tuning parameter A\, which may
be chosen by a data-driven method. It is worth noting that the penalty functions and
the tuning parameters are not necessarily the same for all coefficients. For instance, we
want to keep important variables in the final model, and therefore we should not penalize
their coefficients. For ease of presentation, we assume that the penalty functions and the
regularization parameters are the same for all coefficients in this paper.

The choice of the penalty functions has been studied in [4] in depth. A property of
(2.6) is that with a proper choice of penalty functions, such as the SCAD and Lasso
penalty, the resulting estimate contains some exact zero coefficients. This is equivalent
to excluding the corresponding variables from the final selected model, thus variable
selection is achieved at the same time as parameter estimation. Solving for 3 from (2.6)
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gives the estimate of 3. Moreover, the fact that E(Y; — X,  8|T3) = E(Y; — W, B|T)
suggests us to estimate «(-) by

(2.7)  &(t) = (Igxg, Ogxq){D{ wiDe} "D wi(Y — W§).

2.2. Asymptotic properties. In this subsection we consider the large sampling prop-
erties of the proposed estimator. For convenience of notation, we assume the true value
B8* = (8;",B;])7, where B; consists of all nonzero components of 3* and 8;; = 0. Let
sn denote the dimension of 3;. Furthermore, denote

B = (A, (181 sign(B), .., pA, (182, )sign(B2,)) " and
Bx, = diag{pX, (157]), .-, X, (165, 1)},

where we write A as A, to emphasize its dependence on the sample size n. To give the
asymptotic results, here are regularity conditions required.

(C1) The random variable T has a bounded support T. Its density function fr(¢) is
Lipschitz continuous and bounded away from 0 on 7.

(C2) The ¢ x ¢ matrix E(ZZ"|T) is nonsingular for each T € T. E(XX'|T),
E(ZZ"|T) and E(XZ " |T) are all Lipschitz continuous.

(C3) There is an & > 2 such that E|| X||** < oo, E||Z]|** < oo, E|j¢]|** < oo and
E||U||** < oc, and for some § < 2 — k™ * there is n?*~'h — oo as n — co.

(C4) All of the coefficient functions {c;(-), j = 1,..., ¢} are Lipschitz continuous and
have continuous second order derivatives on 7.

(C5) The function K(-) is a symmetric density function with compact support and
the bandwidth h satisfies nh® — 0 and nh?/(logn)? — oo as n — oo.

(C6) min{|B7], j=1,...,8.}/An — 00 as n — oo.

(CT) There exist constant ¢ and C such that 0 < ¢ < Amin(21) < Amax(X1) < C < 00
for all n, where Amin(M) and Amax(M) denote respectively the smallest and largest
eigenvalues of symmetric matrix M.

(P1) Let a = maxi<;<p, {ph, (18]}, 8] # 0} and b, = maxi<;<p, {p%, (18]), ] #
0}. Assume that a, = O(n"'/2) and b, — 0 as n — co. In addition, there exist constants
c and C such that, when 01,02 > cAn, [P, (01) — DX, (62)] < C|01 — 02|

(P2) liminf, o liminfy_ o+ py, (8)/An > 0.

These conditions, while a little bit lengthy at first look, are actually quite mild and
may be further relaxed. Conditions (C1)-(Cb) are also used by [3]. Conditions (C6)-
(C7) and (P1)—(P2) are adopted from [5], see [5] for details. Condition (C6) gives the
rate at which the penalized estimator can distinguish nonvanishing parameters from 0,
which is necessary for obtaining the oracle property. In the finite-parameter situation
this condition is implicitly assumed, and is in fact stronger than that imposed here.
Condition (C7) assumes that the X, is positive definite and its eigenvalues are uniformly
bounded. Conditions (P1)-(P2) are regularity conditions on penalty function.

The following theorem demonstrates that the convergence rate for the penalized bias-
corrected estimator depends on the penalty function and the regularization parameter
A through a,.

2.1. Theorem. (Ezistence) Suppose the penalty function satisfies condition (P1). Under
regularity conditions (C1)-(C5), if A, = 0 and pi /n — 0 as n — oo, then with probability
tending to 1, there is a local minimizer § of (2.6) such that ||3— || = Op{\/pn(n™ /> +
an)}-

The proof of this theorem is given in Section 6. As it can be seen from the statement

of Theorem 2.1, it requires that A, and the penalty function must be chosen such that
an = O(n"Y?) to achieve \/n/p, convergence rate (or /n convergence rate for finite and
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fixed p). For the L, penalty, a, = A,. Thus, the \/n/p, convergence rate requires that
An = O(n~Y/?). This requirement will make it difficult to choose A, in practice. However,
if condition (C6) is satisfied, it is clear that a, = 0 as when n is large enough for the SCAD
penalty. Thus, the resulting estimator is /n/p, consistent, and no requirements are
imposed on the convergence rate of \,. Note that the optimal bandwidth h = O(n~'/?)
is included in Theorem 2.1. Hence \/n/pn-consistency is achieved without the need of
undersmoothing of the nonparametric component.

2.2. Theorem. (Oracle property). Suppose the penalty function satisfies conditions
(P1)-(P2). Under regularity conditions (C1)—(C7), if \n — 0, p5 /n — 0 and /n/pnAn —
00 as n — 0o, then with probability tending to 1, the \/n/pn-consistent local minimizer
B = (B7,B1;)7 in Theorem 2.1 must satisfy: (i) (Sparsity) Brr = 0; (ii)(Asymptotic
normality) Let A, be a determinstic | X sn, matriz with | fized and AnAI — G, a positive
definite matriz. Then

VA (S + S0 Br — B + {1 + 5a, 3 B] 2 N(01,G),
where Y11 and a5 are the top left-hand s, X s, submatriz of X1 and X2, respectively.

Theorem 2.2 is proved in Section 6. It is easy to see that sparsity and asymptotic
normality are still valid when the number of parameter diverges in PLVCE models. For
some penalty functions, including the SCAD penalty, B and X, are zero when n is
large enough. Hence the results in Theorem 2.2 imply that the proposed procedure has
the celebrated oracle property, i.e., 811 = 0 and \/ﬁAnE;II/QZH(BI —B7) L, N(0,G).
On the other hand, the L, penalty, ¢ > 1, cannot simultaneously satisfy the conditions
A = Op(n™?) and \/n/pnAn — 00 as n — oo. These penalty functions cannot
produce estimators with the oracle property. The L, penalty, ¢ < 1, may satisfy these
two conditions at same time, but the bias term in Theorem 2.2(ii) cannot be ignored.

To make statistical inference on 87, we need to estimate the standard error of the
estimator of /3’1. The standard errors for estimated parameters can be obtained directly
because we are estimating parameters and selecting variables at the same time. From
Theorem 2.2, we can further approximate the estimation variance of the resulting esti-
mator by the sandwich formula. Namely

(28) - {S1r+ S, (B} Sar(Sar + S, (B}

where Y17, a consistent estimate of X171, is defined as

n . ®2

. 1 or 4 1 9&(T3; Br)

Y11= =V Lni(Br) = = Z <W1i + ——7 - Xur,
n JBr1

and Yoy = COV(VEnI(BI)) is given by

i d6(Ty; Br

n ®2
:L;{(Yi_W;EBI—Z?d(Ti?BI))(WIi 0B )Zz')-l-EUIBI} ;

furthermore, Xy, (Br) is obtained by replacing 8} by fAr in Xy, .

The consistency of the proposed sandwich formula can be shown by using similar
techniques as in [5]. The accuracy of this sandwich formula will be tested in our simulation
studies.
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3. Issues in practical implementation

In this section, we present a computational algorithm for obtaining the estimator and
selection methods for the tuning parameters.

3.1. Computational algorithm. Since some penalty functions such as the SCAD
penalty and L,,0 < g < 1 penalty are singular at the origin, it is challenging to minimize
the penalized bias-corrected least squares function of (2.6). Following the idea of [4],
we apply iterative algorithm based on the local quadratic approximation (LQA) of the
penalty function. More specifically, suppose that at the kth step of the iteration, we
obtain the value B(’“) that is close to the true value g*. If B](k) is very close to 0, then
B§k+1

set ) = 0, and exclude the corresponding covariate from the model. Otherwise, an

approximation of the penalty function at value B;k) can be given by

i
Ak 125 (18571 2 Ak)2
(18 = pa(BP ) + 5= (8] = A7),
1557
Consequently, with a slight abuse of notation, removing irrelevant terms we undate the
estimate of /3 repeatedly until convergence with

3.1)  BHY = arg mﬁin {En(ﬂ) i gﬁTEfA(B““))B} 7

where DY (B%)) = diag{ph,, (181)/18”], .., px, (1852 1)/1B5%)}. Hence, the foregoing
discussion leads to the following iterating algorithm:

Step 1. Given an initial estimate ,5’(0).

Step 2. Update 3V by (3.1).

Step 3. Set B = 3D Iterate Step 1 and 2 until convergence, and denote the final
estimator B

In the initialization step, the initial estimators do not affect the degree of sparsity
of the solution and the accuracy of the final estimator, but they will affect the speed
of convergence of our iterative algorithm. In the following simulations, we obtain an
initial estimator using a bias-corrected ordinary least-squares method based on (2.5).
The simulation results show that such a choice is workable. During the iterations, to
avoid numerical instability we need to keep track of zero coefficients and modify the
penalty terms accordingly once |BJ(-O)| drops below a certain threshold ¢ (e = 10™* in our
implementation). Specifically, in Step 2, if |B](-O)\ < €, then set B](_l) = 0, delete the jth
component of the covariates from the iteration.

3.2. Tuning parameters selection. To implement the proposed method, the band-
width h and the tuning parameters A, in the penalty functions should be chosen. It is
desirable to have automatic, data-driven methods to select h and \,,.

Bandwidth selection. Condition (C5) reveal the rate of h. Any bandwidths with this
rate lead to the same limiting distribution for j3. Therefore, the bandwidth selection can
be done in a standard routine. For simple calculation, the bandwidth h is taken to be
h = 0.5n~/% in this paper, which we find to work satisfactorily in a variety of setting.
We also conduct a sensitivity analysis by shifting bandwidths around the selected values,
and found that the results are stable. Thus, the simulation results are not sensitive to
the choice of h within certain range.

Regularization parameters selection. Here, given h, we use the "leave one sample out"
method to select the tuning parameter A,. This method has been widely applied in
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practice. The cross-validation score for A, is defined as

n n

(32) OV = (Yi-W/'B7" =z a™(T)* =Y (™) Sup™

i=1 =1

where 37 is the solution based on (2.6) after deleting the ith observation, and & *(T})
is the estimator defined in (2.7) with /3 replaced by 3~%. The CV tuning parameter \SV
is selected to minimize (3.2), that is, ASY = argminy, CV(\,).

We also can use any other appropriate selection method to select the tuning parameters
such as GCV, AIC and BIC. However, the definition of the degrees of freedom for the
effective parameters in our variable selection procedure poses great challenges. Then,
it is inconvenient to use such selection criteria for our variable selection procedure. In
addition, from our simulation experience, we found that the CV method used in this
paper works well. Further study of the asymptotic property of the proposed tuning
parameter selection is needed, but it is outside the scope of this paper.

4. Simulation studies

In this section we corroborate our theoretical results with numerical experiments on
synthetic data examples. That is, we conduct simulations to evaluate the finite sample
performance of the proposed methods. We focus on only the SCAD penalty and referred
to the proposed procedure as Cscap. The Cscap is compared with four alternative pro-
cedures as follows. The first is the naive penalized procedures with a direct replacement
of X by W ignoring measurement error (Nscap). The second is the estimators with con-
sidering measurement errors, but not penalized for complexity (Full). As a benchmark,
two oracle methods in which the nonzero subset of slope 3 were known are implemented.
In particular, the first (Oracle;) serves as the gold standard, in which X can be observed.
The second (Oracley) is another type, in which using W based on bias-corrected due to
measurement errors.

We simulate data from model (1.1) and (1.2) with ¢ = 2 and p, = |1.8n'/3| where
| k| denote the largest integer not greater than k, in which a1 (¢) = 2sin(27t) and az(t) =
16t(1 —t) — 2, and 8 = (2,—1.5,4,0,...,0)". Thus the first s, = 3 regression variables
were significant, but the remaining were not. The rate p, = |1.8n'/3| is not the same as
presented in the theorems in Section 2, but we use this to show the capability of handling
a higher rate of parameters growth for proposed method. The index variable T is sampled
uniformly on [0, 1]. The covariates (X, Z) are taken from multivariate normal distribution
Ny, +4(0,%). We consider Toeplitz convariance matrices ¥;; = /"7, in which both
independent (¢ = 0) and correlated cases (¢ = 0.5) are taken into account. Y is generated
according to the model, where noise term € ~ N(0, 02), and two different value o = 0.5
and 1, which represent strong and weak signal-to-noise ratios, were considered. Moreover,
we assume that measurement error U ~ N(0,0%1,, ), where we take oy = 0.2 and 0.4
to represent different level of measurement errors. We perform 1000 simulations for all
configurations with sample size n = 100 and n = 400 respectively. In all simulations, as
a commonly adopted strategy we use the Epanechnikov kernel function K (¢) = 0.75(1 —
%) 1.

To assess the performance of different methods, we adopt the following criteria. For
model error, the performance of estimator 3 will be assessed by using the generalized
mean square error (GMSE), defined as

GMSE = (8 — ) (EWW T —S0)(3 — 7).
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Table 1. Simulation results with different methods for o2 = 1 over
1000 repetitions
oy = 0.2 oy = 0.5
o Method True C I1C GMSE RASE True C IC GMSE RASE
(n,pn) = (100,8)

0 Cscap 99.9 5.000 0.001 0.072 0.556 91.0 4.970 0.063 0.546 1.030
Nscap 99.6 5.000 0.004 0.100 0.550 80.0 5.000 0.205 1.377 0.897
Full 0.00 0.020 0.000 0.188 0.571 0.00 0.016 0.000 1.060 1.107
Oracle; 100 5 0 0.033 0.551 100 5 0 0.033  0.950
Oracles 100 5 0 0.071 0.556 100 5 0 0.399 1.018

0.5 Cscap 99.6 5.000 0.004 0.076 0.621 69.3 4.447 0.078 2.051  1.448
Nscap 88.7 5.000 0.114 0.244 0.622 1.70 4.999 1.112 2.071 0.985
Full 0.00 0.008 0.000 0.202 0.647 0.00 0.006 0.000 2.801 1.638
Oracle; 100 5 0 0.033 0.614 100 5 0 0.035 1.075
Oracle; 100 5 0 0.071 0.620 100 5 0 0.607  1.220

(n,pn) = (400, 13)

0 Cscap 100 10.00 0.000 0.015 0.274 99.9 10.00 0.001 0.072 0.469
Nscap 100 10.00 0.000 0.046 0.271 97.7 10.00 0.023 0.982 0.430
Full 0.0 0.12 0.000 0.067 0.277 0.0 0.055 0.000 0.300 0.481
Oracle; 100 10 0 0.008 0.273 100 10 0 0.007 0.463
Oraclez 100 10 0 0.015 0.274 100 10 0 0.071  0.469

0.5 Cscap 99.9 9.999 0.000 0.016 0.314 99.2 10.00 0.009 0.099 0.548
Nscap 98.7 10.00 0.013 0.085 0.310 0.0 10.00 1.008 1.873 0.475
Full 0.0 0.090 0.000 0.073 0.321 0.0 0.032 0.000 0.384 0.589
Oracle; 100 10 0 0.007 0.313 100 10 0 0.007 0.534
Oraclez 100 10 0 0.016 0.314 100 10 0 0.087  0.548

The performance of estimator &(-) will be assessed by using the square root of average
errors (RASE)

1/2
Ngrid /

RASE = § Nyia Y lla(te) —a(ty)|? ;
k=1

over Ngria = 200 grid points {¢x}. Table 1 presents the mean of GMSE and RASE over
the 1000 simulations. For the selected model, the model complexity is summarized in
terms of the number of zero coefficients for the parametric components, as also reported
in Table 1. In Table 1, the column labeled “C" is the average numbers of zero coefficients
correctly estimated to be zero, and the column labeled “IC" depicts the average numbers
of nonzero coefficients erroneously set to zero. Furthermore, the column labeled “True"
is the proportion of times the true model is exactly identified.

From Table 1, we can make the following observations: (i) The performances of both
Cscap and Ngcap procedures become better in terms of model error and model complex-
ity as the level of measurement error decreases. (ii) Both variable selection procedures
perform very similarly when the level of measurement error is small. However, when
the level of measurement error is large, the performance of Cscap is significantly better
than that of Nscap. The latter cannot eliminate some unimportant variables and gives
larger model errors. This implies that the estimators based on the Nscap procedure are
biased. (iii) In addition, as expected, the performance of the Oracle; procedure is best
in all cases in terms of model error. Furthermore, the performance of Cscap becomes
increasingly closer to that based on the Oracle; procedure as the level of measurement
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error decreases or ¢ decreases. (iv) As the sample size increases, the performance of all
methods becomes better. To save space the simulation results, for others settings with
02 = 0.5, are not showed here. The above conclusions can also be drawn similarly except
now all approaches perform better than they done when o® = 1 as presented in Table
1. These findings imply that the model selection result based on the Cscap approach is
satisfactory and the selected model is very close to the true model in terms of nonzero
coefficients.

Table 2. Bias and standard deviations of estimators for 62 =1, oy =
0.5 and p =0.5
B B2 Bs
Method Bias SD SDE(sd(SDE)) Bias SD SDE(sd(SDE)) Bias SD SDE(sd(SDE))
(n, pn) = (100,8)
Cscap 0.7693.689 0.687(2.701) 1.3789.414 0.973(4.749) 1.53213.419 0.823(3.894)
Nscap 0.8750.492 0.251(0.063) 1.4710.178 0.263(0.049) 1.215 0.252 0.228(0.033)
Oracle; 0.1010.127 0.119(0.049) 1.1110.139 0.139(0.146) 0.100 0.126 0.121(0.084)
(6.753) ) (8.114)
(7.934) ) (9.255)

Oraclez 0.4300.532 0.785(6.753) 0.5970.678 1.364(4.364) 0.521 0.585 0.837(8.114
Full 0.8473.695 1.091(7.934) 1.5349.477 1.784(8.565) 1.80613.476 1.211(9.255

(
(
(
(
(
(n, pn) = (400, 13)
(
(
(
(
(

Cscap 0.1620.200 0.193(0.023) 0.2120.282 0.241(0.039) 0.180 0.217 0.206(0.026)
Nscap 0.7580.145 0.117(0.021) 1.5000.000 0.125(0.010) 1.253 0.101 0.111(0.008)
Oracle; 0.0460.058 0.058(0.004) 0.0550.068 0.064(0.004) 0.050 0.063 0.058(0.004)
Oracle; 0.1590.193 0.194(0.023) 0.2040.249 0.243(0.045) 0.177 0.211 0.207(0.026)

(0.025) ) (0.030)

Full 0.1810.208 0.200(0.025) 0.2490.277 0.249(0.044) 0.263 0.280 0.215(0.030

We now verify the consistency of the estimators and test the accuracy the standard
error formula. Table 2 displays the bias (columns labeled Bias) and sample standard
deviation (columns labeled SD) of the estimates for three nonzero coefficients, over 1000
simulations. These can be regard as the true standard errors and compared with 1000
estimated standard errors. The 1000 estimated standard errors by using the sandwich
formula are summarized by their mean (columns labeled SDE) and the sample standard
deviations (sd(SDE)). The accuracy gets better when n increases. We omit here the
results for other configurations, only for case 02 = 1, oy = 0.5 and ¢ = 0.5. Overall, the
estimators are consistent and the sandwich formula works well.

5. Discussion

In this paper, we have proposed a variable selection procedure for the high dimensional
PLVCE models. Our method extends the variable selection procedure to the setting, in
which high dimension, measurement error, semiparametric models are considered at the
same time. We have shown that the proposed method is consistent in variable selections,
and the estimators of the regression coefficients have oracle property. Simulation studies
indicate that the proposed method seems rather encouraging. To conclude this article,
we would like to discuss some interesting topics for future study. Firstly, in this paper,
we assume that the covariance matrix of measurement errors is known. However, it is
usually unknown in many applications. If the covariance matrix is unknown, the vari-
able selection procedure proposed by this paper will not work any more unless repeated
measurements of the data are available. As a future research topic, it is interest to con-
sider the variable selection for the high dimensional PLVCE models when the covariance
matrix of measurement errors is unknown. Secondly, it is interesting to perform variable
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selection for p, > n. Variable selection for large p,, small n setting is a very active
research topic. However, it is challenging to extend the existing procedures for large p,,
small n problems to measurement error data. The details will also be further investigated
in the future.

6. Proofs

In order to prove the main results, we first introduce several lemmas. Let ur =
[t K@t)dt, v, = [t"K2(t)dt, ¢, = h® + [log(1/h)/nh]Y/?. Set W(T1) = E(X12, |T1),
Y(Ty) = E(Z:1Z, |T1) and Z(T1;8) = E[Z1(Y1 — X{ )|T1]. Furthermore, denote by
a(t; B) the ’least favorable curve’ of the nonparametric function «(t), which is defined as

(6.1)  a(t; B) = argmin B[(Y; — W' B—Zn)*|T: =t] = T (H)E(t: ),

and let Qn(8) = Ln(8)++n 352, pa(|B;]), where 2L, (8) = Yo7, (Yi=W' B—-Z a(T;; 8))?

—nB" Yy B. Apparently, a(t; %) = o (t) and %2’8) = U()Y"'(t) is a p, by ¢ matrix.
The following Lemma 6.1 can be found in [3].

6.1. Lemma. Let (X;,Y;),s = 1,...,n be be i.i.d. random vectors, where the Y; are
scale random variables. Further assume that Ely|" < co and sup, [ |y|" f(z,y)dy < oo,
where f denotes the joint density of (X,Y). Let K be a bounded positive function with
a bounded support, satisfying a Lipschitz condition. Given that n**"'h — oo for some
§<1—k7", then

111;”; {Kh(Xi —2)Y; — E[Kn(X; — m)YZ]}’ —Op ({bgilh/h)}l/2> |

6.2. Lemma. Under regularity conditions (C1)-(C5), the following holds uniformly in

sup
x

teT,

a(t; B) — a(t; B) = Op(cn),

da(t; ) _ Oalt; B)

— = n), f =1,...,pn.
95s I Op(cp), for k D

Proof. From Lemma 6.1, we have that

1 1< Z: 77 Z;z;] Tit

ED;Ftht = E Z: < ZiZiT Tih—t ZiZiT(T,-h}—Lz)z ) Kh(Tz‘ - t)

1 0
= ( 0 2 >®T(t)fT(t){1+OP(Cn)} and

n

1 _+ 1 Zi(Y; — WZT/B) ;
~Df (Y ~ W) 7; ( Zu(Ys — W B) Tt ) Kn(T; —t)

n“

- ( (1) ) QE;B) fr(t){1 + Op(cn)}

hold uniformly in ¢ € T. Here the symbol ® represent the Kronecker product between
matrices. Hence, invoking equation (6.1) and &(¢; 3) in Section 2, the first conclusion
follows. The second assertion can get similarly. O

6.3. Lemma. Under regularity conditions (C1)-(C5), if py/n — 0 for k > 5/4, h =
O(n™°) with (4x)™' < ¢ <1—k"", then for any B,

n 2 VLa(B) — VLa(B)| = op(1).
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Proof. Invoking Lemma 6.2, the column vector n~'/?(VL,(8) — VL,(B)) has the kth
component equals
04(Ts; B)

o5, 2

o= {0 W 2 AT ) W -

T T . : do(T3; B) )
= (V=W B = 2 (T ) (- Wi — =22 z)}
= > {(m w5 - 2l am o) 2T 74 2o 5)Wm} Op(c)
=0p(cn).
Hence we have shown
02| VLn(B) — VL (B)l| = Op(y/prcn) = op(1),

and the proof is complete. O

6.4. Lemma. Under the conditions of Theorem 1, we have
[0 2V T L (B4)])(S2) [0~ *VLa(8%)] —p
2pn
where Yo = E[(e; — U’ ") (W(T)YHT)Z; — Xi) — XuB*]%2. In addition, VL, (8*) =
Op(\/npr). Likewise, the results above hold also by L, (B8") replaced with L, (8).

~ 2y N(0,1),

Proof. From (6.1), we get the following formulas E[Z;(Y; — X, 8—Z; o(T;; 8))|T: =] =0
and B[X; 2, + 22058 7, 77|T; = ] = 0. Then E[VLy(8)] = 0 follows. Direct calculation
yields

VELn(B)=> (Yi =W, B = Z a(Ts; ) (¥(T:)Y(T3)Zi — Wi) — nSup.

i=1

Thus,
1 * 1 = T % —1 *
VLB = = > {(ei U B W)Y (T Z: — Wi) — Suf }
vn Vn =
By applying the martingale central limit theorem as given in [9], we can easily obtain
the first part. The second part follows from Lemma 6.3. O

6.5. Lemma. Under regularity conditions C1-C5, and p*/n = o(1),
1 _
HEVQL”l(ﬂ) - 21” = Op(pn1)7

I292Ea(8) — Sill = 0p(p") + Op(pca),
where 1 = B(X1 X, ) — E{U(T)Y~H(T1)¥ " (T1)}.

Proof. Direct calculation yields n 'V?L,(8) =n~' 30 (Wi — W(Ty) Y N(T3) Zs) (Wi —

W(T)Y " T:)Z:)" — Su. Then E[n~'V2L,(8)] = E{E[(W; — ¥(T:)Y(T})Z:) (W; —
U(T)Y(T)Z:) T|Ti]} — Zv = Z1. The first conclusion follows from

S 2_ 2N [ ’

EpL | =V Ln(B) = 3u|” = poB 3 {;sznw) —21}

Jk=1

=0 (%) = o(1).

ik
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From this, triangle inequality immediately gives the second conclusion if we can show
that

62) 3V Lu(8) = 2 V2 La(B)]| = Or(pucn).

To this end, for kK =1,...,pp,

R RN
Tm(VL”(ﬁ) — VL.(B))
o N v wT s Tl )y (e 28T
5 2o |~ W8 2L ams a2 )
(Vi = W B 7 (T B)) (~ Wi — 7‘9“(55 A) Zz-)}
IR L 0&(T5B) s O4(TB)
=n ;{(Wm+aﬂk ZZ)(WZ+786 Z)
0T B) oy 9T B)
— (Wi + A Zi)(Ws + 5 ZZ)}
=0p(\/pncn)

where the last line follows from Lemma 6.2. Hence (6.2) follows and the proof completes.
O

Proof of Theorem 2.1. Let ¥, = \/pn(n" /2 +a,) and set ||v]| = C, where C is a large
enough constant. Our aim is to show that for any given ¢ > 0 there is a large constant
C such that, for large n we have

(6.3) Pr{ inf Qn(B* +9nv) > @n(ﬁ*)} >1—ec

lvll=C

This implies that with probability tending to 1 there is a local minimizer ﬁ in the ball
{8+ Vv : [[v]| < C} such that [|3 — B*|| = Op(Vn).

Let Ay (v) = Qn(8* 4 9nv) — Qn(B8*). Recall that the first s, components of 3* are
nonzero, and px(-) is nonnegative and px(0) = 0. By the Taylor expansion and the fact
that L, (3) is quadratic, we have

An(v) > Ln(B* + 0nv) — La(B8") + ni{px(lﬁ}‘ +9nv]) = pa(1B7 1)}

=1
> 9,0 VL, (8%) + %ﬁivTVQEn(ﬁ*)v

Sn Sn

+ > nInph (185 )sign(B; )v; + % > ndnpX (185 )i {1+ o(1)}
j=1

=1

éD1+D2+D3+D4.
By Lemma 6.4 and /p, < /nd,, we get

|D1| = 800 VLa(BY)] < 0ullVIa(B8Y)l]l0]
< Op(@ny/mpn)|lv]| < Op (970l
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Next we consider D2, An application of Lemma 6.5 yields that

Dy = %ﬁivTVQEn(ﬁ*)v = %nﬁiﬂ%v%nw*) — Siju + %m?ivTEw
= %m?ivTEw + op(1)nd2 ||v|%.

With regard to D3 and Dy, for \/snan < \/Sn(n -1z 4 an) < Un, we have

D3| < [n0aph (187 )sign(B; )v |
Jj=1
S nﬁnan Z |’U‘7‘ S n,&na”ﬂ\/g”,UH S nﬁi“”lL a’nd
j=1
Sn

|D,| = Zmﬁp;’ 18; )03 {1 + 0(1)} < bpnds||v]|.

Therefore, under the condition (P1), by allowing C to be large enough, all terms D,
Ds, D4 are dominated by D2, which is positive. This proves (6.3) and completes the
proof. O

Proof of Theorem 2.2. Let ¢, = C'y/pn/n. It is sufficient to show that with probability

tending to 1 as n — oo, for any f satisfying || — 8*|| = Op(y/pn/n) we have, for

j=sn+1,...,pn,

9Qn(B) 9Qn(B)
9B, 9B,

By Taylor expansion and the fact that L, () is quadratic in 3, we get

8Q.(8) _ OL.(B)
oB; 35'

(6.4) < 0 for B € (—(n,0) and > 0 for 85 € (0,¢n).

+npa(|B8;])sign(B;)
Pn *

e +Z e (8 = B2) + (15 Dsien(8,)

=J1+J2+J3-

Next, we consider Ji, Jo. Invoking Lemma 6.4, we have
Ji = Op(v/n) = Op(y/npn).

27 *
The term J> can be written as Jo = i’;l {% - nzl,jk} (Be—Br)+n 227;1 1,5k (Be—

Be) 2 o1 + Joo. Using the Cauchy-Schwarz inequality and ||3 — 87| = Op(\/pn/n), we
have

Pn Pn 1/2
[ Jao| <0 |81,k (Bk — Bi)| < nOp(v/pa/n) [Z(&,jk)z} -

k=1 k=1

As the eigenvalues of 1 are bounded according to condition (C7), we have > 1" (£1)%;
= O(1). This entails that Joo = Op(y/npn). For Jo1, applying the Cauchy-Schwarz
inequality,

o [ [ 028 ’
‘J21| S ”5_6 H |:Z{8,3]8<gk) —n21,jk} :|

k=1

1/2
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By a standard argument from condition (C7), we have
1/2

{i {% - ”El,jk}Z] = Op(n).

k=1
Then Jo; = Op(\/Apn) follows form ||3 — 8*|| = Op(y/pn/n). Now we have
Jz = OP(Q/TL )

Hence we have

9Qu(8) _ {pmmsign(ﬁj) o <\/pn/n> } .

9B, ) )

Because of y/pn/n/A — 0 and (P2), the sign of 8; completely determines the sign of
6@n(ﬁ)/8ﬂj. Then (6.4) follows from the continuity of OQn (8)/0B;. Combining with
the result of Theorem 2.1, there is a \/n/pr-consistent local minimizer B of @n (8) and
f has the form (B,T,OT)T, i.e. part (i) holds.

Now we prove part (ii). As shown in Theorem 2.1, we let A\, be sufficiently small so
that a, = 0(1171/2)7 then 3 is \/n/pn consistent. By part (i), each component of Br stays
away from zero for a sufficiently large sample size n because 87 is away from zero. At
the same time, /3’11 = 0 with probability tending to 1. As a consequence, the estimate 5’1
based on the penalized estimation are necessarily the solution of the following estimation
equation

(6.5)  VLnz(B1) +nPx(|61]) =0

where P} (|31]) is a sn-vector whose jth element is ph (|3;])sign(3;). Applying a Taylor
expansion to (6.5) and re-arranging the resulting terms, we have

(S1r -+ 5,)(Br = B7) + PA(Bi1) = = VLur(57) + Ra + Rz

where Ry = — [%VQZM(/J’?) + Pﬁ’(‘BID — Y17 — Ekn] (31—5?) and Rp = %VLnI (BI)—
%anf(ﬁf) By Lemma 6.5 and Cauchy-Schwarz inequality, |R1]| = op((npn)~'/?) +
Op(\/P/ncn) = op(n~'/?). By Lemma 6.3, we have Ry = op(n~'/?). Hence, we have

ﬁAnzgll/z{ZH + ZA}{(BI —Br) +{Zir + 2/\}_13}
T %A"EQII/QVLM(W) +op(1),

Since HAnE;Il/QH = O(1) by conditions of this theorem.

Next, we verify the Lindeberg-Feller Central Limit Theorem for the last term above.
Let
1 — * .
’(»b”i - ﬁAn2211/2VLTL1i(BI)7 1= 17"-777‘7
where VLari(87) = {(Yi = W/ 87 — 27 (T 87) (Wi + 225550) 4 217 | For any
e >0,

D Ellnil P I{Ilynill > €} = nElvml*I{|lm || > e}
=1

< n{E[[¢nr | H2{Pr([¢na || > €)}'/2
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2
Using Chebyshev’s inequality, we have Pr(||1n1]| > €) < E‘Wzi’;l”
—1/2 a2
_ E[AnX, " “VL,i (B _ O(nfl) and E|Wn1\|4 _ E(wLT/Jm)Q < %A?nax(AnA:L—)

ne2

A2 (S DEIV LT (85) VEan(B7)|? = O(%3), by condition (CT). Hence, we get

n Sn
> Ellnil P I{lnill > ¢} = 0"
i=1

Also, note that E,; = 0 and

n

> Cov(thni) = nCov (1) = Cov(AnSy >V Lnsi(87)) = AnA, — G.

=1

) = o(1).

Sl-

From the foregoing argument, 1,; satisfies the conditions of the Lindeberg-Feller central
limit theorem, then we complete the proof of part (ii). |

Acknowledgments

This work was supported by the National Natural Science Foundation of China (11571025,
Key grant: 11331011), and the Beijing Natural Science Foundation (1182002).

References

[1] Ahmad, I., Leelahanon, S. and Li, Q. Efficient estimation of a semiparametric partially
linear varying coefficient model, The Annals of Statistics 33 (1), 258283, 2005.

[2] Carroll, R. J., Ruppert, D., Stefanski, L. A. and Crainiceanu, C. M. Measurement Error in
Nonlinear Models (2nd ed), New York: Chapman and Hall, 2006.

[3] Fan, J.Q. and Huang, T. Profile likelihood inferences on semiparametric varying coefficient
partially linear models, Bernoulli 11 (6), 1031-1057, 2005.

[4] Fan, J.Q. and Li, R.Z. Variable selection via nonconcave penalized likelihood and its oracle
properties, Journal of the American Statistical Association 96 (456), 1348-1360, 2001.

[5] Fan, J.Q. and Peng, H. Nonconcave penalized likelihood with a diverging number of param-
eters, The Annals of Statistics 32 (3), 928-961, 2004.

[6] Feng, S.Y. and Xue, L.G. Bias-corrected statistical inference for partially linear varying
coefficient errors-in-variables models with restricted condition, Annals of the Institute of
Statistical Mathematics 66 (1), 121-140, 2014.

|7] Fuller, W. A. Measurement Error Models. New York: John Wiley, 1987.

[8] Hu, X.M., Wang, Z.Z. and Zhao, Z.Z. Empirical likelihood for semiparametric varying-
coefficient partially linear errors-in-variables models, Statistics and Probability Letters 79
(8), 1044-1052, 2009.

[9] Hall, P. and Heyde, C. (1980). Martingale limit theory and its application. Academic Press.

[10] Huang, Z. and Zhang, R.Q. Empirical likelihood for nonparametric parts in semiparametric
varying-coefficient partially linear models, Statistics and Probability Letters 79 (16), 1798—
1808, 2009.

[11] Kai, B.,Li, R. Z. and Zou, H. New efficient estimation and variable selection methods for
semiparametric varying-coefficient partially linear models, The Annals of Statistics 39 (1),
305-332, 2011.

[12] Li, G.R., Feng, S.Y. and Peng, H. Profile-type smoothed score function for a varying coef-
ficient partially linear model, Journal of Multivariate Analysis 102 (2), 372-385, 2011.

[13] Li, G.R., Lin, L. and Zhu, L.X. Empirical likelihood for varying coefficient partially linear
model with diverging number of parameters, Journal of Multivariate Analysis 105 (1), 85—
111, 2012.

[14] Li, R.Z. and Liang, H. Variable selection in semiparametric regression modeling, The Annals
of Statistics 36 (1), 261-286, 2008.

[15] Liang, H., Hidle, W. and Carroll, R.J. Estimation in a semiparametric partially linear
errors-in-variables model, The Annals of Statistics 27 (5), 1519-1535, 1999.



[16]
(17]

(18]

[19]
[20]
[21]
[22]
(23]

[24]

229

Ruppert, D., Wand, M. and Carroll, R. Semiparametric Regression. Cambridge University
Press, 2003.

Tibshirani, R. J. Regression shrinkage and selection via the Lasso, Journal of the Royal
Statistical Society: Series B (Statistical Methodology) 58 (1), 267-288, 1996.

Wang, K. and Lin, L. Simultaneous structure estimation and variable selection in partial
linear varying coefficient models for longitudinal datae, Journal of Statistical Computation
and Simulation 85 (7), 1459-1473, 2015.

Wang, X. L., Li, G. R. and Lin, L. Empirical likelihood inference for semiparametric varying-
coefficient partially linear EV models, Metrika 73 (2), 171-185, 2011.

Wei, C. H. Statistical inference for restricted partially linear varying coefficient errors-in-
variables models, Journal of Statistical Planning and Inference 142 (8), 2464-2472, 2012.
You, J. H. and Chen, G. M. Estimation of a semiparametric varying-coefficient partially
linear errors-in-variables model, Journal of Multivariate Analysis 97 (2), 324-341, 2006.
Zhang, C.H. Nearly unbiased variable selection under minimaz concave penalty, The Annals
of Statistics 38 (2), 894-942, 2010.

Zhang, W., Lee, S., Y. and Song, X. Local polynomial fitting in semivarying coefficient
models, Journal of Multivariate Analysis 82 (1), 166-188, 2002.

Zhao, P.X. and Xue, L.G. Variable selection for semiparametric varying coefficient partially
linear models, Statistics and Probability Letters 79 (20), 2148-2157, 2009.

Zhao, P.X. and Xue, L.G. Variable selection for semiparametric varying coefficient partially
linear errors-in-variables models, Journal of Multivariate Analysis 101 (8), 1872-1883, 2010.
Zhou, Y. and Liang, H. Statistical inference for semiparametric varying-coefficient partially
linear models with generated regressors, The Annals of Statistics 37 (1), 427-458, 2009.
Zou, H. The adaptive lasso and its oracle properties, Journal of the American Statistical
Association 101 (476), 1418-1429, 2006.

Zou, H. and Hastie, T. Regularization and variable selection via the elastic net, Journal of
the Royal Statistical Society: Series B (Statistical Methodology) 67 (2), 301-320, 2005.



