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Abstract

Generalized Hecke group H, oo()) is generated by X (z) = —(z —\p)™*
and Y (z) = —(z 4+ A\)~! where )\, = 2cos %, p > 2 integer and A > 2.
Extended generalized Hecke group Hp ()\) is obtained by adding the
reflection R(z) = 1/Z to the generators of generalized Hecke group
Hp oo(N). In this paper, we study the commutator subgroups of ex-
tended generalized Hecke groups Hp o(\). Also, we determine the
power subgroups of generalized Hecke groups Hp o (A) and extended
generalized Hecke groups H oo(A).
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1. Introduction

In [1], Hecke introduced the groups H(\) generated by two linear fractional transfor-
mations

T(z) = —% and U(z) =z + A,

where A is a fixed positive real number. Let S =TU, i.e.,
1

TSN
Hecke showed that H () is discrete if and only if either A = Aq = 2cos(7), ¢ > 3 integer,
or A > 2. These groups have come to be known as the Hecke groups and we will denote
them by Hg, or by H(X), respectively. The first few Hecke groups are Hs = PSL(2,Z)
(the modular group), Hy = H(+/2), Hs = H(#)7 and He = H(/3) for ¢ = 3,4,5 and
6, respectively.

It is known that when A = \; = 2005(%), q > 3 integer, Hecke group H, is isomorphic
to the free product of two finite cyclic groups of orders 2 and g,

H,=<T,5|T°=8"=1>~CyxCy,

S(z) =

and when A > 2, Hecke group H()) is a free product of a cyclic group of order 2 and
infinity, so all such H(\) have the same algebraic structure, i.e.

H\) =<T, S|T?>=1>~CoxZ.

Also Hecke group H, or H()) is the Fuchsian group of the first kind when either
A= Aq=2cos(]), ¢ > 3 integer or A = 2, and H(A) is the Fuchsian group of the second
kind when A > 2.

On the other hand, Lehner studied in [2] more general class H), , of Hecke groups Hg,
by taking

—1
X = . and V =2+ Xy + A,
where 2 < p < ¢ < oo, p+ q > 4. Here if we take Y = XV = fﬁ, then we have the
presentation,

(11)  Hpy=<X,Y | XP =Y =1>~C,xC,.

We call these groups as generalized Hecke groups H, . We know from [2] that Hs 4 =
Hg, |Hq : Hqq| = 2, and there is no group Ha 2. Also, all Hecke groups Hy are included
in generalized Hecke groups Hp 4. Also, generalized Hecke groups H), 4 have been studied
extensively for many aspects in the literature (for examples, please see, [3], [4], [5], [6],
[7] and [8]).

Extended generalized Hecke groups H, , have been defined in [9] and [10], similar to
extended Hecke groups H, (please see, [11] and [12]), by adding the reflection R(z) = 1/z
to the generators of generalized Hecke group H) ;. From [9], extended generalized Hecke
groups H, , have a presentation

Hpy=<X,Y,R|X"=Y"=R’=1, RX=X 'R, RY =Y 'R >,
or
H,,=<X,Y,R| X’ =Y?=R’>=(XR)>= (YR)’ =1 > D, *¢c, D,.

The group H, , is a subgroup of index 2 in H, ,.
In (1.1), if ¢ = oo, then we have more general class Hp o, of Hecke groups H ().
Now we can give the following definitions;
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1.1. Definition. Let A, = 2cos 7, p > 2 integer and let A > 2. Generalized Hecke

groups Hp () are defined as the groups generated by
-1

and Y = ,L’

z—Ap z+ A

and have a presentation

HpoN) =< X, Y | XP =Y =] > (C, +Z.

X =

1.2. Definition. Extended generalized Hecke groups Hp ()), are defined by adding
reflection R(z) = 1/Z to the generators of generalized Hecke groups Hp oo(\) and have a
presentation

Hpoo\) =< X,Y,R| X" =Y*=R*=I,RX = X""'R,RY =Y 'R >,

or

Hp.oo(N) <X,)Y,R| X’ =Y*=R*=(XR)’=(YR?*=1>,

= Dp *Cy Do

In this paper, we study the commutator subgroups of extended generalized Hecke
groups Hp o0 ()). Then, we determine the power subgroups of generalized Hecke groups
Hp,00()\) and extended generalized Hecke groups Hp oo()). We use the Reidemeister-
Schreier method to get the generators of all these subgroups.

Let G be a group and N be a normal subgroup of G with finite index. According
to the Reidemeister-Schreier method we get the generators of N as follows: We first
choose a Schreier transversal ¥ for the quotient group G/N such that all certain words of
generators including.Note that this transversal is not unique. Then we get the generators
of N as following order:

(An element of ) x (A generator of G) x
(coset representative of the preceeding product) ™.

For more details please see [13].

Commutator subgroups and power subgroups of Hecke and extended Hecke groups
have been studied in, [14], [15], [17], [20], [23], [24] and [25]. Here, our aim is to generalize
the results given in [14] and [15] for Hecke groups H()\) and extended Hecke groups H ()
to extended generalized Hecke groups Hp, oo ().

2. Commutator Subgroups of Extended Generalized Hecke Groups
Hp,oo(N)

Since the index of the commutator subgroup Hj, o (A) in Hp o0 (A) is infinite, we study
only the commutator subgroup F;’Oo(/\) of extended generalized Hecke groups H oo ().
Here, we investigate the cases of p, odd or even, seperately.
2.1. Theorem. Let p > 3 be an odd integer and let A > 2. Then

/

1) |Hpoo(A) : Hpoo(N)| = 4.

!

2) Hp oo(\) =< X, YXY " Y? | XP = (YXY')P
— (Y2)°° =1>2Cp,*Cp* L.

Proof. 1) Firstly, we set up the quotient group Fp,oo(/\)/ﬁ;’oo (M) which can be construct
by adding the abelianizing relation to the relations of H, o (\). Then

Hpoo(N)/Hpoo(\) =< X,Y,R| X? = Y =R? = I, RX = X" 'R,
RY=Y 'R, XR=RX,YR=RY,XY =YX >.
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Since p is odd and from the relations RX = X? 'R and RX = XR, we have X = I.
Also we get Y2 = I from the relations RY = Y 'R and YR = RY. Thus we have

Hpoo\)/Hyoo(\) =< Y,R|Y? = R* = (YR)> = [ >~ C x C».

2) Now we determine the set of generators for F;,oo()\). We choose a Schreier transversal
for H' p,o(\) as ¥ = {I,Y, R, Y R}. According to Reidemeister-Schreier method we can
form all possible products;

I.X.(H)™' =X, LY. (Y) ' =1, ILR(R)'=1,
YX.(Y) ' =YXy !, Y.Y.(I)7' =Y?, Y.R(YR)™' =1,
RX.(R)~'=xP1, RY.(YR™'=Y"% RR(I)'=1I,
YRX.(YR)'=YXP 'Y~ YRY.(R)™'=1, YRR(Y) ' =1

Since X' = X7 (YXY ™)' = YXP'Y ™! and (Y?)™! = Y2, the generators are
X, YXY ™! and Y2. Thus H'p,()\) has a presentation
H,()) = <X, YXY LY?|XP=(YXY ')
= (Y2)°° =1>2C,xCpxZ.

2.2. Theorem. Let p > 2 be an even integer and let X > 2. Then
1) |Hpoo(N) : Hyoo(N)| = 8.
2)
H,(\) = <X YX’Y', Xyxy ' v? Xy>x '|(x*)P/?
(YX2Y NP2 = (XY XY H)® = (V)™ = (XY X H®=T>
Cpiox Cpro* Lx 7L x 7.

Il

Proof. 1) Similar to the previous proof, we have the quotient group Fp,oo(/\)/ﬁ;,’oo(k)
as

HpooN)/Hpoo(\) =< X,Y,R| X? = Y =R? = [, RX = X?" 'R,
RY =Y 'R, XR=RX,YR=RY, XY =YX >.

Since p is even and from the relations RX = XP"'R, XR = RX, RY = Y 'R and
YR = RY, we have X? =T and Y? = I. Thus we get

Hpoo(\)/Hp.oo(N) <X,Y,R:X’=Y?=R>=(XY)*=(XR)?= (YR’ =1 >,

CQ XCQ XCQ.

Il
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2) Now we can determine the Schreier transversal as ¥ = {I, X, Y, R, XR, YR, XY,
XY R}. From the Reidemeister-Schreier method all possible products are;

IL.X.(X)'=1, LY. (Y) ' =1,
X.X.(H)™ ' =Xx2, XY.(XY)' =1,
YX(XY) ' =yXy 'Xxr ! YY.(I) "' =Y?
RX.(XR)™' = X772 RY.(YR)™'=Y72
XRX.(R)™'=1, XRY.(XYR)™' =Xy 2x~1
YRX.(XYR) ™' =YX 'y 'x1 YRY.(R)™' =1,
XY.X.(Y)'=XYXy !, XYY.(X) ' =Xy2X1,
XYRX.(YR)™'=XYX 'Y ! XYRY.(XR)™' =1,
I.LR(R)™' =1,

X.R(XR)™' =1,
Y.R(YR)™' =1,
RR.(I) ' =1,
XRR.(X)'=
YRR(Y) ' =
XY.R(XYR)™' =1,
XYRR.(XY) ' =1
Since (X?)™' = XP72 (YXY ' XP ) ' = Xy XYy (YXT'Y I X)) T = XY XY T
(}/2)71 =Y? (XY'QXfl)f1 = XY 2X! we have the presentation of ﬁ;m()\) as
H,o()) = <XLYXY 7', XyXy ' V2 XY2X ' | (X?)P/?
= (YXY )PP = (XYXY H® = (¥?)® = (XY’ X H*=1>
Cp/g*cp/z*Z*Z*Z.

I,
I,

1

3. Power Subgroups of H, . (\) and H oo (N)

In this section, we consider the power subgroups of generalized Hecke groups Hp, oo ()
and extended generalized Hecke groups H, o ()). Here, we note that the power subgroups
of Hecke groups Hgy, or H()\) and extended Hecke groups Hgy, or H(\) have been studied
by many authors in [6], [7], [10], [11], [12], [14], [16], [18], [19], [21], [22]

Now we give some information about the power subgroups.

Let m be a positive integer. Let us define G™ to be the subgroup generated by the
m powers of all elements of G = Hp oo ()\) or Hp oo()). The subgroup G™ is called the
m™ — power subgroup of G. As fully invariant subgroups, they are normal in G.

From the definition, it is easy to see that

G < G™
and

We now discuss the group theoretical structure of these subgroups. We find a presen-
tation for the quotient G/G™ by adding the relation A™ = I to the presentation of G.
The order of G/G™ gives us the index. Thus we use the Reidemeister-Schreier process
to find the presentation of the power subgroups G™.

Let us start with H, o ().

3.1. Theorem. 1) Let p > 2 be an odd integer and X\ > 2. Then,
H2 (N =< X,YXY ", Y? | XP=(YXY )P =(Y*)® =1>=C,xCp xZ
2) Let p > 2 be an even integer and X > 2. Then,
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H2 o(\) =< X2 VXY ™', XYXY L Y2 XY2X 7! | (X?)P/2

= (Y XY )PP = (XYXY )™ =(Y)>® = (XY?X )®=1>.
Proof. 1) The quotient group Hp,oo(A)/HZ o0 (N) is

HpooN)/Hp oo N) =< X,Y | XP =Y® = (XY)* =X’ =Y’ = (XY)’=--. =1>.
Since p > 2 is an odd integer and from the relations X2 = X? =J and Y2 = Y>® =],
we have X =Y? =T . Thus we get
Hpoo(N)/Hpp oo(N) =< Y | Y? =T > Cs.

If we choose a Schreier transversal as {I, Y} and use the Reidemeister-Schreier
method, we obtain all possible products;

I.X.(H)™' =X, LY.(Y) ' =1,
YX(Y) =YXy ', YvV.()l=Yv%
So we get the presentation of H7 ., (\) as
H oo\ =< X, YXY ' Y2 | XP = (YXY ') = (Y)® =1 >=Cp+Cp + L.
2) The quotient group Hp, oo(N)/HZ o0 (1)) is
HpooN)/Hp oo(N) = <X, Y|XP=Y>=(XY)>
= X’=Y'=XY)’=-.=1>.

Since p > 2 is an even integer and from the relations X?> = X? =T and Y2 =Y =],
we obtain X? = Y2 =1 . Thus we have

HpooN)/Hp oo(N) =< X, Y | X =Y? = (XY)? = > D,.

Now we choose a Schreier transversal as {I, X, Y, XY} for H? ., (\). According to the
Reidemeister-Schreier method, we can form all possible products;

IL.X.(X)™' =1, LY.(Y) ™' =1,

X.X.(H)™ ' = X2 XY.(XY) ' =1,

YX(XY)'=YXY X' YY) !'=Y?

XY.X.(Y)'=XYXy, XYY.(X)' = Xy?Xx~1
Thus we obtain a presentation of H2 . ()\) as

Hp ()

< X2 YXAY Tl Xy Xy TlLy?r Xvix Ol (x?)P?
(YXY P2 = (XY XY 1™ = (V)™ = (XY2X H)>® =1 >
CP/Q*CP/Q*Z*Z*Z.

IR

O
3.2. Theorem. Let A > 2. If m and p are positive integers such that (m,p) = 1, then
H'\(\) = <X, YXY ' VXY 2 ... y"!'xy'""™y"™|Xx?
(YXY ) = ’XYy )P =...= Y™ 'Xy'" "™ =(y">®=1>

IR

CpxCp*---xCpxZ.

Proof. The quotient group Hp oo(A)/H} s (N) is

Hyoo(N)/Hy'ooN) =< X, Y | X =Y " = (XY) " =X"=Y"=(XY)"=--.=1>.

Since (m,p) = 1 and from the relations X? = X™ = I, we find X = I. Thus we have
Hpoo(N)/Hy'oo(XN) =<Y : Y =1 > Cp,.
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Then we choose the Schreier transversal as ¥ = {I, Y, Y2, ..., Y™ !}, According to the
Reidemeister-Schreier method, we get the following products;

I.X.(H)™' =X, LY. (Y) ' =1,
Y.X.(Y) ' =YXy Y.Y.(YH) T =1,
Y2 X.(Y?) =YXy 2 Y2Y.(Y3) =1,
Y3X.(Y3) Tt =Y3XY 3, Y3Y.(YhH Tt =1,

ymLx.(ymHt=ymixylmm ymrly(n) Tt =vym™
So we have a presentation of Hy ., (\) as
H' (N = <X, YXY ' Y’XYy 2 ... y™I'xy'""™y"™|Xx?
= (YXY )Y ={¥°XY P =...=(Y" ' XY """V =(Y")® =1>
CpxCpx---xCpxZ.
e e

R

m times

d

The case (m,p) = d > 1, except of m = 2 and p even, is more complex, since the
index of quotient group Hp, oo (A)/Hp oo (A) is unknown. In this case, we have the relations

X4 =Y™ = (XY)™ = ... = I and can not say anything about the power subgroups
H)'o(N).

Now we consider the power subgroups FZ?OO()\) of extended generalized Hecke groups
H, oo (\). Here, we interest with the cases such that the index of the quotient group
Hpoo(N)/H,p.o0()) is finite.

3.3. Theorem. 1) Let p > 2 be an odd integer and A > 2. Then,
Hooo\) =< X,YXY L Y? | XP = (YXY )P = (Y)® = > Cp + Cp + L.
2) Let p > 2 be an even integer and X\ > 2. Then,
Hooo(N) =< X2 YX2Y !, XYXY L V2 XY2X | (X2)P/2
= (VXY H)P/2 = (XY XY )™ = (YH)® = (XY2X H® =T>.

Proof. The quotient group proo()\)/ﬁi,oo(/\) is
Hyo\)/Hooo(\) =< X,Y,R| X? = Y™ = R? = (XR)? = (YR)?
=X’=Y’=(XY)=-.=1>.
The rest of the proof is similar to the proof of the Theorems 1 and 2. O

By using the Theorems 1, 2, 3 and 5, we can give the following.
!

3.4. Corollary. F;OO()\) =H. .(\) =Hp o (N).

3.5. Theorem. 1) Let A > 2 and let p > 3 be an odd number. If m is an even positive
integer such that (m,p) =1, then

m

Hy () = <X, YXY ' VXY 2 ... y"IXy'""™y™|X?

YXY ') =°XYy P =...= (Y™ 'XY'""P =(Y"™)>® =1>
CpxCpx---%Cp*Z.

—————

1%

m times

2) Let A > 2. If m > 0 is odd integer such that (m,p) = 1, then H, «(\) = Hp,oo(N).
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Proof. 1) The quotient group Hp.co(N)/Hp oo (N) is

HpoN)/Hpyoo(N) =< X,Y,R| X? =Y = R* = (XR)* = (YR)?
=X =Y =(XY)" = =1>.

Since (m,p) = 1 and m is even, we have X = I.
Hpoo N /Hyo(\) =<Y,R: Y™ =R*= (YR’ =...= [ >~ D,,.

Considering the presentation of quotient group we can choose Schreier transversal as
L={I,Y,Y? .., Y™ R RY, RY? .. RY™ '}. Then the process as following;

I.X.(H)™' =X, LY. (Y) ' =1,
YX.(Y) ' =YXy, YY.(YH ! =1,
Y2X. (Yl =Y2XY 2 Y2Y.(Y3H Tt =1,
ymtx(ymhtt=ymolxyttm, ymly(n)t=ym™,
RX.(R)™'=xP1, RY.(RY)™ ' =1,
RY.X.(RY)™ ' =Y tXxPly, RY.Y.(RY})™ =1,

RY2.X.(RY?)"' =Yy 2XPly—2 RY2Y.(RY®)™' =1,

RY™ X (RYy™ Y=t =yl —mxr-lyml RY™lY(R)'=Y"",
ILR(R)™'=1,
Y.R(RY™ 1Y)t =v™,
Y2.R(RY™ 3l =vy™,

Y™ LR(RY) '=Y"™,
RR.(I)'=1,
RY.R(Y™ ) ' =y—™,
RYZ.R.(Y™ )l =Yy ™,

RY™'R(Y)'=Yv,

After required calculations, we have a presentation of ﬁ:?oo (A\) as

m

Hy (N = <X, YXY ', VXY 2. Y™ IXY'" ™ Y™ | XP = (YXY ')
(YQXY—Q)p .= (Ym—lxyl—m)p _ (Ym)oo — [ >
CpxCpx---xCp*xZ.

N

1

m times
2) The quotient group Hp,eo(N)/H, o0 (N) is
HpyooN)/Hy(N) = <X, Y,R| X’ =Y =R’
= (XR?=(YR’=X"=Y"=(XY)"=...=1>

Since m > 0 is an odd integer and from the relations X™ = X? =, Y™ = (YR)?> =T
and R> = R™ =1, we have X =Y = R = I. Obviously we have X = I. As a result, we
obtain

Hp.oo(N)/Hp oo (N) = {I},
and 50 Hp oo(N) = Hp oo (). O
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3.6. Corollary. Let p > 3 be an odd integer and let A\ > 2. If m s an even positive

—Fm

integer such that (m,p) =1, then H, (A) = Hp oo (A).

The case (m,p) = d > l,except of m = 2 and p even, is unknown and so we can not
say anything about the power subgroups FZ?OO()\), similar to Hp"o ().

3.7. Remark. In this paper, if we take p = 2, then our results coincide with the ones
given in [14] and [15].
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