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An improved class of estimators for finite
population variance

Mazhar Yaqub*' and Javid Shabbir?

Abstract

We propose an improved class of estimators in estimating the finite
population variance, using the auxiliary information. The expressions
for the bias and mean squared error of the proposed class of estimators
are derived up to the first order of approximation. Some estimators are
also derived from a proposed class by allocating the suitable values of
known parameters and identified as particular members of the proposed
class of estimators. A numerical study is carried out to demonstrate
performances of the estimators. It is observed that the proposed class
of estimators is more efficient than the usual sample mean estimator,
the regression estimator suggested by Isaki (1983), Shabbir and Gupta
(2007), Singh and Solanki (2013b), Yadav et al. (2013), Yadav and
Kadilar (2014) and Singh and Malik (2014) estimators.

Keywords: Auxiliary variable; bias; mean squared error; population variance;
percentage relative efficiency.

2000 AMS Classification: Primary 62D05, Secondary 62P20.

Recetved : 09.05.2014 Accepted : 17.04.2015 Do : 10.15672/HIMS.20156310746

1. Introduction

In this article, an improved class of estimators is proposed in estimating the finite
population variance under simple random sampling. Various fields of life like genetics,
biology and medical studies have been facing the problem in estimating the finite pop-
ulation variance. An agriculturist requires sufficient knowledge of climatic variation to
devise appropriate plan for cultivating his crop. A fair understanding of variability is
vitally important for better results in different walks of life. Singh et al. [36] and Das
and Tripathi [9] have proposed different estimators for finite population variance (Sﬁ)
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Chaudhury [8] and Mukhopadhyay [27, 28] have made significant contributions in es-
timating the finite population variance under super population models. Srivastava and
Jhajj [47] and Wu [51], have taken the advantage of correlation between the study and the
auxiliary variables in estimating the finite population variance. Isaki [17] has proposed
ratio and regression type estimators for population variance. Likewise, Singh [37], Searls
and Intrapanich [31], and Prasad and Singh [29, 30] have given some estimators for popu-
lation variance. Singh and Biradar [39], Garcia and Cebrain [10], Cebrain and Garcia [5],
Singh and Joarder [40], Upadhyaya and Singh [49], and Ahmed et al. [2] have paid their
attention towards the improved estimation or classes of estimators of SS. AL-Jaraha and
Ahmed [3] have given some chain ratio-type as well as chain product-type estimators
of Sg using double-sampling scheme. Later on Singh and Singh [41], Upadhyaya et al.
[50], Chandra and Singh [7], Arcos et al. [1], Kadilar and Cingi [18, 19, 20, 21, 22, 23],
Koyuncu and Kadilar [24, 25], Singh and Vishwakarma [43], Turgut and Cingi [48], Gupta
and Shabbir [12, 13, 14], Shabbir and Gupta [33, 34|, Grover [11], Singh et al. [38, 42, 44],
Yadav et al. [52, 53], Yadav and Kadilar [54], Singh and Solanki [45, 46], and Singh and
Malik [35] have paid their attention towards the improved estimation of population vari-
ance Sg.

Motivated by these studies, the present article focuses on improved class of estimators
for S; using the auxiliary information.

The rest of the article is organized as: Section 2 provides the notations and symbols.
Section 3 gives a brief review of some existing estimators of SZ. Section 4 gives the ex-
pressions for the bias and mean squared error (MSE) of the proposed class of estimators.
The efficiency comparison of different estimators is shown in Section 5. A numerical
study is presented in Section 6. Conclusion is given in Section 7.

2. Notations

Consider a finite population Q = {1,2,..,4,.., N} having N units. We draw a sam-
ple of size n by using simple random sample without replacement (SRSWOR) sampling
scheme from this population. Let y; and x; be the values of the study variable (y) and
the auxiliary variable (z) respectively. Let § = 13" y; and z = 23" | ; be the
sample means, respectively, corresponding to the population means ¥ = % Zi\; y; and
X = %Zf:ﬂfz Let s7 = - 3" (y; —9)® and s = L= 3" | (z; — 2)® be the

. . . . 2 _ 1 N =\ 2
sample variances corresponding to population variances Sy = — >, (yi - Y) and

2 _ 1 N 52 . o .
Sz = No7 Doimt (xl - X) , respectively. Let 020 = m, be the covariance between
Si and S2. Let Baqy) = % and Baz) = % be the population coefficients of kurtosis

20 02

of y and g, respectively, where ji,s = x5 S, (yi — V)" (2 — X)* and v = 1/n. We
ignored the finite population correction(fpc) term because of ease of computation. In
order to get biases and MSEs of the considered estimators, we use the following relative
error terms.

s2-8 5252 :
Let §p = Yert and 01 = 2= such that £ (6;) =0for i =0,1.

H H

Let E (63) =~ (Bagy) — 1) = Vao, E (67) =7 (Ba@e) — 1) = Voo, and E (6061) =y (f22 — 1) =
(s2—82)"(s2—52)*
Vi1, where V,, = B { Ce—2y) Caz5a) L

(s5)m(s3)*

3. Some existing estimators
We discuss the following estimators.

() The variance of the usual unbiased variance estimator (Sﬁ), is given by
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(3.1) Var (5‘5) = S;Vzo.
(i3) Isaki [17] suggested the following regression estimator for S, given by
(32)  Sheg =5y +b(,2.2) (52— 57) .
where b(52 52) is the sample regression coefficient whose population regression coefficient

Yy’

is g = (ngn/sil/m). The variance of S’%eg, is given by
(3:3)  Var(Sheo) = S3Vao (1= 9 ) = MSE(Shey),

3%
where p(s 2y = (Vi1 /VVaoVoz) -
(433) Singh et al. [38] considered the following difference type estimator for S, given
by
(3.4) 82 = klsz + ko (Sﬁ — si) ,
where k1 and k2 are suitably chosen constants.

The bias and minimum MSE of S’Z, to first order of approximation, at optimum values

Elort) _ Voo and kéopt) _ 52 Vin

1 (Vo2+Vo2Vao— V) TS5 (Voz+VozVao—VE )’
are given by

Bias(S3) = (ki — 1) S5,
and
Var(S'IQ{eg)
14 Sy_4Var(A§'1235g) '

(3.5)  MSEmin(S3) =

(4v) Shabbir and Gupta [32] suggested the following ratio-type exponential estimator
S;, given by
2

& Sg — Sg
(3.6) Sia = {kgsi + ky4 (Sﬁ — si)}exp (S% T s%) ,

where k3 and k4 are suitably chosen constants.
The bias of 5%, to first order of approximation, is given by

. A 3 1 1
Bias (S?gg) =~ S2(ks — 1) + §k3S§V02 - §k3S§V11 + 5143453‘/02.

The minimum MSE of 5%, to first order of approximation, at optimum values of
2 2 2 2
(opt) _ Voo 8—Vo2 (opt) Sy —4Vo2+Vih+8VE — Vit Voa+4Vao Vo —4V(
kgt = 222 and k; ,

8 W - @ V02+V20V027V121
is given by
~ 54 V2 416 (Vg — 4 S—4V SQF
(87)  MSEmn ($3q) = 24 ¢ =2 (Voo =) 5, "Var(Shes) |
64 —-1-9, Var(SReg)

(v) Singh and Solanki [46] suggested a difference-in-ratio type estimator for S;, given
by

88)  §o= hast +has? 5D

aS2 4+
as? + b) '

where ks and k¢ are suitably chosen constants and a(# 0) and b are functions of known
parameters of the auxiliary variable z.

The bias of S‘%S, to first order of approximation, is given by

Bias (sgs) & S2(ks — 1) + ks S27 Voo — ks S2TVi1 + ke S2 Voo,
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where 7 = aS37/ (aS; +b).
The minimum MSE of 5’% g, to first order of approximation, at optimum values

Llopt) _ Voa (=147 Vo) and
5 (=Vo2—Vo2 Voo +72VE+VE)
2 .
4 k(opt) — _5 *V027+V()2273+V117V11V02T2+TV02V20*7'V121)
6 52 —Vo2—Voz Vao+72VE+VE ’
is given by

X AS;*Var(S%
(3.9) MSEmin (sés)gs;{ y Var(She,) }

A+ S;‘LVar(S%eg)

where A =1 — Vior2.

(vi) Yadav et al. [53] suggested a general class of estimators for S, given by

62 = [hes? + ks(52 — )} A (S50 g _alSi—s)
(3.10) Syg = {krsy + ks(Ss SZ)}{A<as§+b>+(1 A)exp<a(sg%+s%)+2b ’

where k7 and ks are suitably chosen constants, A can takes values 0 or 1 and a, b be
the population parameters of the auxiliary variables. Shabbir and Gupta [32] estimator
in (3.6) and Singh and Solanki [46] estimator in (3.8) can be generated from (3.10)
by substituting the suitable choices of A, a and b. The bias of SZ, to first order of
approximation, is given by

5 3+ 5\ 1+ Sz
Bias (S%G) ~ 52 |:(k‘7 -1)+ ( —; ) krVoor? + % {(sz) ksVoz — k7V11}] .
Yy

The minimum MSE of 5'32/@, to first order of approximation, at optimum values

ponny _ Voo 8 — Voar? (143X +42?)
T2 ] 4Vor — VERAT2 (1 +3)0) + 4Voa Voo — 4VE [
and
[ 8Vi1 + 3V AT> (14 X) —4Voer (1+2)) ]
+Vier? (1+ )\3) — Voo V117 (1+3x+ 4)\2)
k(opt) _ Ss +4Vo2 VaoT (1 + )\) — 4‘/121 (1 + )\)
8 - 23% 4V02 (1 — V02T2A2) — V0227-2A (1 —|— )\) —|— 4V02V20 — 4V121 ’
is given by

{@+2)? =4 (1+ X=X} Vipr?
SE | +16S, Var(Shey) {(1+X)? Voor” — 4}
16 | —4 4 3X272Vos + AT2Voo — 45, *Var(S3,,)

(3.11)  MSEmin (g;G) ~

(vit) Yadav and Kadilar [54] suggested two parameters ratio-product-ratio type esti-

mator for Si,

given by
(1—ﬂ1)5§+515§}+(1_a1){51834-(1—51)5%” 7

Prsi + (1= p1) 53 (L—=p1) sz + Sz

(312) Syx =s. [al {
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where a1 and (; are suitably chosen constants.
The bias and MSE of 5%, to first order of approximation, are given by

Bias (S’}Q/K) = Sz {%2 (1 — a1 — 3P +2a1 81 + 26%) — Vi1 (1 —2a1 — 201 + 4(1161)}—55,
and
o . (Vo2 + Vao — 2Vi1) + 161 81 Vo2 (1 — a1 — B1 + a1 1)
MSE (53 ) = 5, , . b
+4Vi1 (a1 — B1)° + 4Voe (*041 -G +a7 + /5'1)

Solving above for minimum MSE of S% ¢, to first order of approximation at (a1,81) =
(1/2,1/2), is

(318)  MSEumn ($31) = Var (5})
and at (a1, 1) = {(Voz — Vi1) /2Vi2, 0}, we have
(314)  MSEumin (831 ) = Var(She,).
(viii) Recently Singh and Malik [35] suggested an improved estimator for S;, given by

&2 2 2 2 (@S2 +b) — (as +b)
(3.15) SSM = Sy {kg +4 klo(Sw S;v)} exp <’(/)1 (CLS% T b) m (as% T b) s

where k9 and kio are suitably chosen constants. Here v; is the scalar quantity which
takes the values +1 and —1 for ratio and product type estimators respectively.
The bias of S%,,, to first order of approximation, is given by

. A 1 1
Bias (SEM) = Si (k‘g - 1) + 155k9¢1T2V02 + §S§k975T2V02
L 1
+§S§S§k10’¢11TV02 - §S§Sikgw1ﬂ/n - S§S§k10‘41

The minimum MSE of S'?gM, to first order of approximation, at optimum values

porty _ 1 —120n7Voo Vi + 3YITVE 4+ 16VE — 8V — 2172V
O 4\ Y2V — ATV Vir + 8V — 2ViaVag — 2Voe — Y172V

and k(opt) __ 1 =693 72 Voo Vi1 +93 T3 Vi +8v1 VR — 41 7 Vo2 +8Vi1 —8Vo2 Vit +4417Voz Vao is
10 4 Y2r2VE, — 41 TVo2 Vi1 +8VE —2Voa Voo —2Vo2 —¥172 VS ’

EIS

given by MSElnin (S’_%M) = S;l {32(
or, at 7 =11 = 1, we have

(3.16)

w%TQV022—41/)17V02V11+8V121—2V02V20—2V02—111172V022) } ’

st [Von { Voa(Voz + 8V1) + 16(Voz — )Var(She,) + 16Var (Vir — Vim) }
64 Voo (1 + Voo + 2V11) + 4V2

MSEumin (SEM) ~

4. Proposed estimator

Bahl and Tuteja [4] exponential type estimators for population variance (Sg), are
given by

. 52 —82
2 2 T x
(4.1) Sk = syexp (S% - 8%) ,

and

2 2
&2 2 Sz — Sz
(4.2)  Sp, =syexp (S% T 5%) .
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Following Haq and Shabbir [15, 16], the average of the ratio and the product-type expo-
nential estimators given in (4.1) and (4.2) is

&2 21 53*33; Sri-*Sg
SA:sy§ exp 92 1 52 + exp 97 1 52 .

A generalized form of 5%, is given by

(43) 3124:5?2;% exp{a(CL(Sz_sz)}_Fexp{N}

’

s2 + S2) + 2b s+ S2) + 2b

where (a # 0) and b are functions of known parameters of the auxiliary variable. Mo-
tivated by Singh and Solanki [46] and Haq and Shabbir [15, 16], replacing s, given in

(4.3) by (S‘%S) given in (3.8), we propose the following class of estimators for estimating
the finite population variance Si , given by
aSﬁ + b) A2

A
as2 + b v

(40 83 = (st + st - 20}

where k11 and ki2 are suitably chosen constants, and
& 1 a(52-s2) a(s3-52)
A = 5 |XP a(s2+52)+2b +exp a(s2+82)+20 [ |

Expressing (4.4) in term of §'s and keeping terms up to power two, we have

252
(45) §12;> = {k11$§(1 -+ 50) — k125§51} (1 — 701 + 72(5%) (1 =+ T861) .

Solving (4.5), up to first order of approximation, we get

(4.6) St — S; = kusi - /4:1155,T51 + kuS;(So — k125261 + %kuS;Tzdf
- kuSdeoél + k1282767 — S2.

Y

Using (4.6), the bias and MSE of S%. to first order of approximation are, respectively
given by

. 4 9
(4.7)  Bias(Sp) = (ki — 1) S; + gknsj#voz — k11 S2TViL + k12527 Voo,
and

MSE(S?) = ki1 Sy — 2k11S;, + k115, Vao + 2k11Sy7Vi1 — 2k1252S27 Voo
(4.8) + k%ZS;le + 4k11]€125552TV02 - 2]611/{125552‘/11

9 13
- 41@%1537"/11 - ZkllszTQVOQ + EkiSZTQVoQ + S’:.

Differentiating (4.8), with respect to k11 and ki2, we get the optimum values of k1 and

k12 as
k(opt) _ @ 1 + 7A
1 2 \ VT2 + 4Voo A + 4VoaVag — 4V2 )

and

Ko — Sy <V11 + 7Vi1A — 8VoamA + 8Vo2Vao — svﬁ)

25’% %22T2 + 4V A 4+ 4Vho Vg — 4‘/121
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where A, is defined earlier. X
Substituting the optimum values of k11 and k12 in (4.8), we get M SEwmin(S%) as

IR

) S [ 64AS,'Var(Sh.,) — Vit
(49) MSEmin(S}%) y{ Y G/T( Reg) 02T .

16 | Voor2 +4A + 45, *Var(52,,)

4.1. Some members of the proposed class of estimators. Different estimators
can be generated from the proposed estimator given in (4.4) by substituting the suitable
choices of a, and b. Some generated estimators are listed in Table 1.

Table 1. Some members of proposed class of estimators S]%j (j=12,..,6)

a b Estimator
1 0 5%,
N 82 5%,
N —-X? 5%,
n *Sg 5%4
n? —X? 5%,
n? -S2 8 26

5. Efficiency comparisons

In this section, we compare the propose estimator with existing estimators.
Condition i: By (3.1) and (4.9),

54 [ Voor® (16Vao + Voar?) + 645, *Var(S.,) + Savis
16 4A 4 Voor2 + 45;4var(g}235g)
Condition ii: By [(3.3) or (3.14)] and (4.9),

[Var (s,%g) ot MSEmin (S%K)] — MSEmin (S,%) >0, if

> 0.

161/022725;4Var(5'5369) + V0327'4

. 2
Sl +64Vp2 (S; 4Var(SiReg))

2y . > 0.
16 1+3A+48,* Var(S2,,,)

Condition iii: By (3.5) and (4.9),

MSEmin (53) — MSEumin (S}i) >0, if

§ir2 Sy Var(S2re,) {Vo2 (16 + Voor?) + 64%2554Var(ﬁjgeg)} + VT
) (4448, Var(82p,,) + Vear )

yReg

2
> 0.

16 (1 + Sy_4Var(§§R€g
Condition iv: By (3.7) and (4.9),

(3
MSEumin (Séc) — MSEumin (Sfp) >0, if
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3Voar” {Vou + 168, *Var(She,) } ]
4V {(1 + 8, WV ar(8he, ) (7> + 1)(r% — 1)}
SV | —048y Var(Sheo) {(1 = 7) + (1 = 47°)8, *Var (S, }
64 (14+3A+48,"Var(S2,,))(1 + 4S8, *Var(S2,,))

> 0.

Condition v: P;y (3.9) and (4.9),
M8 B (s@s) — MSEumin (SI%) >0, if
(AVoor? + (1 4+ 154) 5, *Var(Sk.,))
)

A+ Sy_4Var(5'12%Eg)) (1 +34+ 4Sy_4Var(5%Eg
(3.11) and (4.9), when using A =1 .

y
MSEumin (Sic) — MSEmin (S‘i-,) >0, if

(AVorr® + (1+154) S, *Var(S3.,) )
Sy Vs ~ - >0
(4+s7Var($3,,)) (1434445, Var($3,,))
Condition vii: By (3.16) and (4.9), when using 7 =¢1 = 1.
MSBmin ($30) = MSEuin ($2) >0, if
M 512V (Vao — Vi) + 48Voe Vao (1 + 4Via Vao) — 60Vo2 Vi3 (Vo2 + V121) i
—960‘/02‘/1215;4‘/117"(3'}2359) + 256V20 Vi1 {(VO2V11) + (Vo2 — Vi1) Sy_4Var(S'§eg)}

4 31,2 ‘/141
3| Vo +96V52 V7 — 156 —

S, Vo2
32 —4 &2 %% —4 &2 >0
2 {sy Var(S3,,) + (1+4Viy) — 3W} {4sy Var(52,,) + (4 — 3%2)}

Note that the proposed estimator (5‘12;) is more efficient than the existing estimators
82 (i = y, Reg,d, SG,SS,YG,YK,SM), when above conditions are satisfied.

6. Numerical study

In this section, we consider the following data sets for numerical comparisons.
Population I: [Source: Kadilar and Cingi [20]]
Let y = Level of apple production (1 unit=100 tones) and z = Number of apple trees (1
unit=100 trees).
N =104, n = 20, v = 0.05, Y = 6.24064, X = 13929.899, S, = 11.670, S, = 23026.133,
pyz = 0.865,
P(s2,52) = 0.83675, Bayy = 16.523, By = 17.516, fha = 14.398, V2o = 0.77615,
Vo2 = 0.8258, Vi1 = 0.6699.
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Population II: [Source: Cochran [6], p.34]

Let y = The weekly expenditure on food and z = The weekly family income.

N =33, n=10,v=0.1,Y = 27491, X = 72.547, S, = 10.131, S, = 10.577, pys =
0.432738, P(s2,52) = —0.474028, Ba(y) = 5.38276, Ba(yy = 2.015035, f22 = 0.000187,
Vao = 0.43827, Vo2 = 0.101503,

Vi1 = —0.099981.

Population III: [Source: Murthy [26], p.399]

Let y = Area of wheat in 1964 and z = Area of wheat in 1963.

N =80, n =10,y = 0.1, Y = 5182.638, X = 285.125, S, = 1835.638, S, = 270.429,
py= = 0.988421,

prsz.sz) = 0.T3198, faq,) = 22665, far) = 3.5808, 02n = 232338, Vao = 0.12665,

Vo2 = 0.25808, V11 = 0.13234.
We use the following expression for Percentage Relative Efficiency (PRE) and the
Absolute Bias (AB).
Var(gg)
M8 Emin (52) or MSE (52)

k3

PRI, S =

and
AB = |Bias (52) |, for i=Reg,d,SG,SS,YG,YK,SM,P.
MSE, PRE and AB values based on Populations I, IT and III are given in Tables 2—4.
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7. Conclusion

In this paper, we have suggested an improved class of estimators for estimating the
finite population variance using information on the auxiliary variable. Expressions for
bias and MSE of the proposed class of estimators have been derived to first order of
approximation. The proposed class of estimators 5’12; is compared with existing estimators
both theoretically and numerically. From Tables 24, it is observed that the MSE of 52
is smaller as compared to MSE of existing estimators for all different choices of a and b
considered here. Also bias of 5% is smaller as compared to all other considered estimators
in all three populations except 5%, in population II. Among three populations, the
maximum PRE gained by proposed estimator is in Population I. So it is preferable to
use the estimator 5’123
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