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Abstract

In this paper, we investigate the Jost solution, the continuous spectrum,
the eigenvalues and the spectral singularities of a nonselfadjoint matrix-
valued g-difference equation of second order with spectral singularities.
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1. Introduction

Spectral analysis of nonselfadjoint differential equations including Sturm-Liouville,
Schrédinger and Klein—Gordon equations has been treated by various authors since 1960
[23, 9, 11, 22, 12]. Study of spectral theory of nonselfadjoint discrete Schrédinger and
Dirac equations were obtained in [1, 20, 8, 10, 7]. Also, spectral analysis of these equations
in self-adjoint case is well-known [4, 5]. In addition to differential and discrete equations,
spectral theory of g¢-difference equations has been investigated in recent years [2, 3],
and important generalizations and results were given for dynamic equations including
g-difference equations as a special case in [14, 13].

Some problems of spectral theory of differential and difference equations with matrix
coefficients were studied in [15, 24, 18, 6]. But spectral analysis of the matrix ¢-difference
equations with spectral singularities has not been investigated yet.

In this paper, we let ¢ > 1 and use the notation ¢""° := {¢" : n € No}, where Ny denotes
the set of nonnegative integers. Let us introduce the Hilbert space £2(q", C™) consisting
of all vector sequences y € C™, (y = y(t), t € ¢"), such that Dteqt p(O]ly@)||Em < oo
with the inner product (y,2)q 1= >2,c v u(t) (y(t), 2(t))cm, where C™ is m-dimensional

(m < 00) Euclidean space, u(t) = (¢ — 1)t for all t € ¢, and || - ||cm and (-, -)cm denote
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the norm and inner product in C™, respectively. We denote by L the operator generated
in £2(g",C™) by the g-difference expression

)0 = aa0uta0 + BOu0 + 4 (L) (L) red
and the boundary condition y(1) = 0, where A(t), t € ¢"° and B(t), t € ¢" are linear
operators (matrices) acting in C™. Throughout the paper, we will assume that A(t) is
invertible and A(t) # A*(t) for all ¢ € ¢"°. Furthermore B(t) # B*(t) for all t € ¢",
where * denotes the adjoint operator. It is clear that L is a nonselfadjoint operator in
£2(¢",C™). Related to the operator L, we will consider the matrix ¢-difference equation
of second order

(L1 qAWy(at) + BOy(t) + A (2) y (2) — (), ted"

where )\ is a spectral parameter.

The set up of this paper is summarized as follows: Section 2 discusses the Jost solution
of (1.1) and contains analytical properties and asymptotic behavior of this solution. In
Section 3, we give the continuous spectrum of L, by using the Weyl compact perturbation
theorem. In Section 4, we investigate the eigenvalues and the spectral singularities of L.
In particular, we prove that L has a finite number of eigenvalues and spectral singularities
with a finite multiplicity.

2. Jost solution of L
We assume that the matrix sequences {A(t)} and {B(t)}, t € ¢" satisfy

21 > (=A@l +B®]) < oo,

tegh

where || - || denotes the matrix norm in C™ and I is identity matrix. Let F'(-, z), denotes
the matrix solution of the ¢-difference equation

t t
f) y (5) =2\/qcoszy(t), te€ 4,

(22)  qA®)y(at) + BOy(t) + A (q

satisfying the condition

(2.3) Jim F(t&)eilhﬁz\/p(t) =1, 2z€Cqy:={2€C:Imz>0}.
— 00

The solution F(-, z) is called the Jost solution of (2.2).

2.1. Theorem. Assume (2.1). Let the solution F(-,z) be the Jost solution of (2.2).
Then

il::tz sin Ins—Int 2
(24)  F(t,2) = &2 > it MH(S),
/.L(t) s€[qt,00)NgN q s 2
where
H(s) = {1 A (f)} F (f, z> — B(s)F(s, 2) + q[I — A(s)|F(gs, 2).
q q

Proof. Using (2.2), we obtain

25) F (2) + qF(qt) — 2 /Gcos 2F(t) = H(1).
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) exp(i—ll:t z) exp( }:]‘t 2) . . .
Since 1~ [ and 1~ [ are linearly independent solutions of the homogeneous
(0) Vi ynaep &

equation

a (2) + qF(qt) — 2y/qcoszF(t) = 0,

we get the general solution of (2.5) by

Int Int

— i
nq e Ing

%47

sin lnfn;nt)zH( )
t ‘/ sin z 5h
€[qt,00)

where o and 8 are constants in C™. Using (2.1), (2.3), and (2.6), we find o = I and
B = 0. This completes the proof, i.e., F'(¢,z) satisfies (2.4). |

l

z

F(t,z) =
(2.6)

2.2. Theorem. Assume (2.1). Then the Jost solution F(-,z) has a representation

(2.7)  F(t,z) =T(t)

I+ZKtr et |, teq

v regh
where z € C, T(t) and K(t,r) are expressed in terms of {A(t)} and {B(t)}.
Proof. If we put F(-,z) defined by (2.7) into (2.2), then we have the relations

ABT() = T(qt), K(tq) - K(é, g) = %T*(t)B(t)T(tx
t o 2\ -1 A2 _L
Kb - K(t.ah) =170 (T(t) A0 - = BOTOK( q>)7

K(trd®) = K Cora®) = 770) (40T 0Kt r) + = BOTOK ear)) = K (k)
q q
and using these relations, we obtain

= [ Mo, Kta=-— S T0)BOTk),

pE[t,00)NgV \/a pE[gt,00)Ng
1
K(t,¢)= > T ') |-—=BOTMOKPq+I—-A@)TH)|,
pElqt,00)Ng |: Vi :|

K(t,r¢®) =K(qt,r)+ > T '(p) [I - A*(p)] T(p)K (qp, )

p€|gt,00)Ng"

_1 S T p)BOT@)E (p.ar),

\/a p€lgt,00)NgN
for 7 € ¢" and t € ¢"°. Due to the condition (2.1), the infinite product and the series in
the definition of T'(¢) and K(t,r) are absolutely convergent. O

Note that, in analogy to the Sturm-Liouville equation the function

F(1,z):= \;% (I + 2 egn K(l,r)ei}!ﬁz) is called the Jost function.

2.3. Theorem. Assume

28) > ln; (I =A@+ [1BO) < o0

teq
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Then the Jost solution F(-,z) is continuous in Cy and analytic with respect to z in
Ct:={z€C:Imz > 0}.

Proof. Using the equalities for K (¢,r) given in Theorem 2.2 and mathematical induction,
we get

(2.9) [IK@#I<C > (I =A@+ 11B@I)

pe |:th21an ,oo) ngV

where C' > 0 is a constant and L;{‘n’"qj is the integer part of ;ifq. From (2.8) and (2.9),
we get that the series

Sln r 1 S1n r
Z K(t,r)e'ma” ﬂK(t,r)e”nqz
Ingq
regh reqh
are absolutely convergent in C; and in C, respectively. This completes the proof. [
2.4. Theorem. Under the condition (2.8), the Jost solution satisfies

-Int

(210) F(t,2) = S (I +0(1)), z € Cy, t — o0,
u(t)
illnf‘z
(2.11)  F(t,2) =T(1)E :t) (I+o0(1), te€q™, Imz — oo.
o

Proof. It follows from the definition of T'(t), (2.8), and (2.9) that
(2.12)  lim T(t) = I,

t—o0
and

213) 3 K(t,r)e'hit = o(1), z € Ty, t = oc.

reqV

From (2.7), (2.12), and (2.13), we get (2.10). Using (2.8) and (2.9), we have

(2.14) ZK(t,r)ei%mz =o0(1), z€ Cy, Imz — co.

reqV

From (2.7) and (2.14), we get (2.11). O

3. Continuous spectrum of L

Let L; and Ly denote the g-difference operators generated in £2(¢",C™) by the g¢-
difference expressions

(L) (t) = qu(at) +y (2)
and

(lay)(t) = g [A(t) — [ y(at) + B)y(t) + [A (2) _ [] y (z)

q
with the boundary condition y(1) = 0, respectively. It is clear that L = L1 + Ls.

3.1. Lemma. The operator L is self-adjoint in fa(q",C™).
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Proof. Since

IL1ylla < 2v/4llyllq
for all y € £2(¢",C™), L1 is bounded in the Hilbert space £2(¢",C™), and since

(hy,z)e = D uB)(=(1)" (qy(qt) +y G))

tegh
= Y0 (astan 2 (1)) w0 = i)
tegh
the operator L; is self-adjoint in £2(¢", C™). O
3.2. Theorem. Assume (2.8). Then o.(L) = [-2,/q,2,/q], where o.(L) denotes the

continuous spectrum of L.

Proof. It is easy to see that L; has no eigenvalues, so the spectrum of the operator L
consists only its continuous spectrum and

o(L1) = oo(L1) = [—24/¢, 24/4),
where o(L1) denotes the spectrum of the operator L;. Using (2.8), we find that L. is
compact operator in £2(g",C™)[21]. Since L = L1 + L2 and L; = (L1)*, we obtain that

oc(L) = oc(L1) = [~2/4,2//q]

by using Weyl’s theorem of a compact perturbation [19, p.13]. |

4. Eigenvalues and spectral singularities of L

If we define
(4.1)  f(z):=detF(1,2), z € Cy,
then the function f is analytic in C4, f(z) = f(z + 27) and is continuous in C;. Let
us define the semi-strips Py = {z € C; : 0 < Rez < 27} and P = Py U [0, 27]. We will
denote the set of all eigenvalues and spectral singularities of L by o4(L) and oss(L), re-

spectively. From the definitions of eigenvalues and spectral singularities of nonselfadjoint
operators|[22, 23], we have

(4.2) oca(L)={reC: X=2\/qcosz, z € Py, f(z) =0},
(43) os(L)={Ae€C: AX=2/qcosz, z €[0,2n], f(z) =0}\{0}.
4.1. Theorem. Assume (2.8). Then

i) the set o4(L) is bounded and countable, and its limit points lie only in the interval

[_2\/67 2\/6}’
il) 0ss(L) C [—2v/q,2+/q] and the linear Lebesgue measure of the set oss(L) is zero.

Proof. In order to investigate the quantitative properties of eigenvalues and spectral
singularities of L, it is necessary to discuss the quantitative properties of zeros of f in P
from (4.2) and (4.3). Using (2.11) and (4.1), we get

1
4.4)  f(»)= detT(l)m[I +0o(1)], Imz>0, z € Py, Imz — oo,
where detT(1) # 0. From (4.4), we get the boundedness of zeros of f in Py. Since f is
a 2m-periodic function and is analytic in C4, we obtain that f has at most a countable
number of zeros in Py. By the uniqueness of analytic functions, we find that the the
limit points of zeros of f in Py can lie only in [0, 27]. We get 0ss(L) C [—24/q,2,/q] using
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(4.3). Since f(z) # 0 for all z € C4, we get that the linear Lebesgue measure of the set
of zeros of f on real axis is not positive, by using the boundary uniqueness theorem of
analytic functions [17], i.e., the linear Lebesgue measure of the o.s(L) is zero. O

4.2. Definition. The multiplicity of a zero of f in P is called the multiplicity of the
corresponding eigenvalue or spectral singularity of L.

4.3. Theorem. If, for some € > 0,
clnt
(45)  sup {e (T — AW+ 1BOID} < oo
thN

then the operator L has a finite number of eigenvalues and spectral singularities, and each
of them s of finite multiplicity.

Proof. Since F(1,2) = Tq(i)l (IJrZTEqN K(l,r)ei{%;z), using (2.9) and (4.5), we get
that

Inr

(4.6)  |[K(1,7)]| < De Tma, req,

where D > 0 is a constant. From (4.1) and (4.6), we obtain that the function f has an
analytic continuation to the half-plane Im z > —£. Because the series

Z iK(1, r)}i—geiiﬁz

reql

£
1

is uniformly convergent in Im z > —£. Since f is a 27 periodic function, the limit points

of its zeros in P cannot lie in [0,27]. Using Theorem 4.1, we find that the bounded
sets 04(L) and o0ss(L) have no limit points, i.e., the sets 04(L) and oss(L) have a finite
number of elements. From the analyticity of f in Imz > —£%, we get that all zeros of f
in P have a finite multiplicity. O
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