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Abstract

In this paper, the concepts of the base and subbase in intuitionistic I-
fuzzy topological spaces are introduced, and use them to discuss fuzzy
continuous mapping and fuzzy open mapping. We also study the base
and subbase in the product of intuitionistic /-fuzzy topological spaces,
and T> separation in product intuitionistic I-fuzzy topological spaces.
Finally, the relation between the generated product intuitionistic I-
fuzzy topological spaces and the product generated intuitionistic I-
fuzzy topological spaces are studied.
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1. Introduction

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was
first introduced by Atanassov [1]. From then on, this theory has been studied
and applied in a variety areas ([4, 14, 18], etc). Among of them, the research of
the theory of intuitionistic fuzzy topology is similar to the the theory of fuzzy
topology. In fact, Coker [4] introduced the concept of intuitionistic fuzzy topo-
logical spaces, this concept is originated from the fuzzy topology in the sense of
Chang [3](in this paper we call it intuitionistic I-topological spaces). Based on
Coker’s work [4], many topological properties of intuitionistic I-topological spaces
has been discussed ([5, 10, 11, 12, 13]). On the other hand, Sostak [17] proposed
a new notion of fuzzy topological spaces, and this new fuzzy topological structure
has been accepted widely. Influenced by Sostak’s work [17], Coker [7] gave the
notion of intuitionistic fuzzy topological spaces in the sense of Sostak. By the
standardized terminology introduced in [16], we will call it intuitionistic I-fuzzy
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topological spaces in this paper. In [15], the authors studied the compactness in
intuitionistic I-fuzzy topological spaces.

Recently, Yan and Wang [19] generalized Fang and Yue’s work ([8, 21]) from
I-fuzzy topological spaces to intuitionistic I-fuzzy topological spaces. In [19], they
introduced the concept of intuitionistic I-fuzzy quasi-coincident neighborhood sys-
tems of intuitiostic fuzzy points, and construct the notion of generated intuition-
istic I-fuzzy topology by using fuzzifying topologies. As an important result, Yan
and Wang proved that the category of intuitionistic I-fuzzy topological spaces is
isomorphic to the category of intuitionistic I-fuzzy quasi-coincident neighborhood
spaces in [19].

It is well known that base and subbase are very important notions in classical
topology. They also discussed in I-fuzzy topological spaces by Fang and Yue [9].
As a subsequent work of Yan and Wang [19], the main purpose of this paper is
to introduce the concepts of the base and subbase in intuitionistic I-fuzzy topo-
logical spaces, and use them to discuss fuzzy continuous mapping and fuzzy open
mapping. Then we also study the base and subbase in the product of intuitionis-
tic I-fuzzy topological spaces, and 75 separation in product intuitionistic I-fuzzy
topological spaces. Finally, we obtain that the generated product intuitionistic
I-fuzzy topological spaces is equal to the product generated intuitionistic I-fuzzy
topological spaces.

Throughout this paper, let I = [0, 1], X a nonempty set, the family of all fuzzy
sets and intuitionistic fuzzy sets on X be denoted by IX and (¥, respectively.
The notation pt(IX) denotes the set of all fuzzy points on X. For all A € I, A
denotes the fuzzy set on X which takes the constant value A. For all A € ¢ let
A =< pa,va >. (For the relating to knowledge of intuitionistic fuzzy sets and
intuitionistic I-fuzzy topological spaces, we may refer to [1] and [19].)

2. Some preliminaries

2.1. Definition. ([20]) A fuzzifying topology on a set X is a function 7 : 2% — I,
such that

(1) 7(0) = 7(X) = 11

(2) VA, BC X, 7(AAB) > 7(A) A7(B);

(3) VA, C X, teT, T(VteT Ar) > /\teTT(At)-

The pair (X, 7) is called a fuzzifying topological space.
2.2. Definition. ([1, 2]) Let a,b be two real numbers in [0, 1] satisfying the in-
equality a +b < 1. Then the pair < a,b > is called an intuitionistic fuzzy pair.

Let < a1,b; >, < as,bs > be two intuitionistic fuzzy pairs, then we define

(1) <ay1,by ><< ag,bs > if and only if a; < as and by > bo;

(2) <a1,by >=<ag,be > if and only if a; = as and by = bo;

(3) if < aj,b; >jcs is a family of intuitionistic fuzzy pairs, then \/jeJ <
a;, b >=< \/jeJ aj’/\jEJ b; >, and /\jeJ <aj,b; >=< /\jeJ aj,\/jEJ bj >;

(4) the complement of an intuitionistic fuzzy pair < a,b > is the intuitionistic
fuzzy pair defined by < a,b > =< b,a >;
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In the following, for convenience, we will use the symbols 1~ and 0™ denote the
intuitionistic fuzzy pairs < 1,0 > and < 0,1 >. The family of all intuitionistic
fuzzy pairs is denoted by A. It is easy to find that the set of all intuitionistic fuzzy
pairs with above order forms a complete lattice, and 17,0~ are its top element
and bottom element, respectively.

2.3. Definition. ([4]) Let X, Y be two nonempty sets and f : X — Y a function,
if B ={< y,us(y),y8(y) > y € Y} € (Y, then the preimage of B under f,
denoted by f<(B), is the intuitionistic fuzzy set defined by

fB) ={<z, f~(up)(@), f(vp)(2) > z € X}
Fe§§ S (u)(x) = pa(f(x), f<(vs)(x) = v5(f(x)). (This notation is from
16]).
If A={<z,pa(z),va(z) > = € X} € (¥ then the image A under f, denoted
by f7(A) is the intuitionistic fuzzy set defined by

F7A) ={<y, 7 (pa)(y), L= f7(L—7a))(y) > ye Y}
Where
— _ Supze “(y H (.’E), if f(—(y) 7&(2)7
P alty) = { e ialed L2

L= =) = { el BT 2D

2.4. Definition. ([7]) Let X be a nonempty set, & : (X — A satisfy the following:
(1) 6(<0,1>)=6(<1,0>)=17;
(2) VA, B e X, 5(ANB) > 5(A) \&(B);
(3) VA, € (X, teT, 6(Ver At) = Ner 6(Ar).

Then § is called an intuitionistic I-fuzzy topology on X, and the pair (X, J)
is called an intuitionistic I-fuzzy topological space. For any A € (% we always
suppose that §(A) =< ps(A4), v5(A) > later, the number ps(A) is called the
openness degree of A, while v5(A) is called the nonopenness degree of A. A
fuzzy continuous mapping between two intuitionistic I-fuzzy topological spaces
(¢X 1) and (€Y, 62) is a mapping f : X — Y such that §;(f<(A4)) > 62(A). The
category of intuitionistic I-fuzzy topological spaces and fuzzy continuous mappings
is denoted by II-FTOP.

2.5. Definition. ([6, 11, 12]) Let X be a nonempty set. An intuitionistic fuzzy
point, denoted by x4 gy, is an intuitionistic fuzzy set A = {< y, pa(y), valy) >:
y € X}, such that

_J oo, fy=u=x,
and

m(y){ f ﬁz;i
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Where z € X is a fixed point, the constants o € Iy, 8 € I; and a4+ 8 < 1. The
set of all intuitionistic fuzzy points x4, g) is denoted by pt(¢¥).

2.6. Definition. ([12]) Let z(4 5 € pt(¢¥) and A, B € (X We say (44
quasi-coincides with A, or x(, ) is quasi-coincident with A, denoted x4 5)GA, if
pa(z)+a>1and ya(x) + 8 < 1. Say A quasi-coincides with B at x, or say A
is quasi-coincident with B at z, A¢B at x, in short, if pa(x) + pp(z) > 1 and
va(z) + vp(z) < 1. Say A quasi-coincides with B, or A is quasi-coincident with
B, if A is quasi-coincident with B at some point x € X.

Relation “does not quasi-coincides with” or “is not quasi-coincident with ” is de-
noted by —g.

It is easily to know for V(4 ) € pt(¢X), T(a,3q <1,0>and 24,4 < 0,1 >.

2.7. Definition. ([19]) Let (X, ¢) be an intuitionistic I—fuzzy topological space.
For all z(q5) € pt(¢X),U € ¢X, the mapping Q? : (X — A is defined as
follows

Z(a,B)

5 \/ 5(V)a x(a,ﬁ)(/j U;
- (U) = T(a,3)q VU
(er,8) - ~
0 y SC(a”g)—!q U.
The set of Q° = {QI( 5 LB € pt(¢X)} is called intuitionistic I-fuzzy quasi-

coincident neighborhood system of § on X.

2.8. Theorem. ([19]) Let (X,0) be an intuitionistic I-fuzzy topological space,
Q= {Qw(a 5 ¢ T(a,p) € pt(¢X)} of maps Qx( 5 : (X — A defined in Definition
2.7 satisfies: YU,V € (X,

(1) Q5 (L,0) =1%Q3,, ((0.1) = 0;

2) Q.U

(3) Qi (UAV) =@ (U)AQS, (V);

W, 0= VA @)

%(a,0)d VU y,0T V

(5) W)= A Qi ().

T(a,8)q U

)>0 :>x(aﬁ)qU

2.9. Lemma. ([21]) Suppose that (X, T) is a fuzzifying topological space, for each
A e IX let w(t)(A) = N\, 7(0-(A)), where 0(A) = {x : A(x) > r}. Then w(r)
is an I-fuzzy topology on X, and w(7) is called induced I-fuzzy topology determined
by fuzzifying topology T.
2.10. Definition. ([19]) Let (X, 7) be a fuzzifying topological space, w(7) is an
induced I-fuzzy topology determined by fuzzifying topology 7. For each A € ¢ let
Lw(7)(A) =< p"(A), 7" (A) >, where p7(A) = w(7)(pa) Aw(T)(L —ya), 7" (4) =
1—u"(A).We say that (¢ Tw(7)) is a generated intuitionistic I-fuzzy topological
space by fuzzifying topological space (X, 7).
2.11. Lemma. ([19]) Let (X, 7) be a fuzzifying topological space, then

(1) VAC X, u"(< 14,14 >)=7(A4).

(2) VA=<qa,p > (¥, Iw(r)(A) =1".
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2.12. Lemma. ([19]) Suppose that (( 0) is an intuitionistic I-fuzzy topological
space, for each A C X, let [6](A) = us(< 1a,1ac >). Then [8] is a fuzzifying
topology on X.

2.13. Lemma. ([19]) Let (X, 7) be a fuzzifying topological space and (X,Iw(T)) a
generated intuitionistic I-fuzzy topological space. Then [lw(7)] = 7.

3. Base and subbase in Intuitionistic /-fuzzy topological spaces

3.1. Definition. Let (X,7) be an intuitionistic I-fuzzy topological space and
B (X = A. Bis called a base of 7 if B satisfies the following condition

)=\ N\ BB)YVUe

V Ba=U XK

AEK
3.2. Definition. Let (X,7) be an intuitionistic I-fuzzy topological space and
@ (X = A, ¢ is called a subbase of 7 if (™ : (X — A is a base, where
oM (A) = V A @(By), for all A € ¢¥ with (M) standing for “finite

M{BAx:A€E}=A ACE

intersection”.

3.3. Theorem. Suppose that B : (X — A. Then B is a base of some intuitionistic
I-fuzzy topology, if B satisfies the following condition

(1) B(0~) =B(1~) =17,

(2) YUV e(X, BUAV)>BU)AB(V).

Proof. ForV Ae (X, let 7(4)= AN\ B(B)). To show that B is a base

\V Ba=AXeK
AEK

of 7, we only need to prove 7 is an intuitionistic I-fuzzy topology on X. For all
UV et

rU)AT(vV) = ( \/ A\ B(Aa)) A ( \/ /\ B(Bs))

Ao=U a€K) =V BEK,
aEKl €K
- Vv (A B ACA B8)
V Aa=U, \| Bg=V ack; BEK:
a€eKq BEKo
< \/ (A B4 ABy)
(AaABg)=UAV «a€K;,BEK,
a€Kq,BEKy
< VA
V Cr=UAV AEK
AEK
= 7(UAV).
For all {Ay: A€ K} C (¥, Let By ={{Bs, :6x € K»}: \ Bs, = Ay}, then
INEK )
o\ a=V A B(Bs).
AEK V Bs= \ A, €K

SEK AEK
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For all f € [[ Ba, we have

VoV B= VA

XEK Bj, €f(X) AeK
Therefore,
Hr(V Ay = \/ /\ HB(Bs)
rer V. Bs= V A\0€K:
S5EK, AEK

v

Vi AN sy

f€ Tl Bax A€K Bs, €f(N)
NEK

= A V NN

AEK {B;s, :0A€KA}EB GAEKA
= A i
AEE

Similarly, we have

Y ( \/ Ay < \/ Vr(Ax)-
AEK

T\ A= A (A

AEK AEK

Hence

This means that 7 is an intuitionistic I-fuzzy topology on X and B is a base of
T. U

3.4. Theorem. Let (X,7),(Y,d) be two intuitionistic I-fuzzy topology spaces
and § generated by its subbase ¢. The mapping f : (X,7) — (Y,0) satisfies
o(U) < 7(f<(U)), for all U € ¢¥. Then f is fuzzy continuous, i.e., §(U) <
T(f(U),Y U ecr.

Proof. Y U € (Y,

sU) = \/ A \/ A (B,
)\EK =UAeK N{B:peKx}=A\ peKx
- \/ A V N T (B)
=U AeK N{B,:nc€kx}=Ax n€Kx
< \/ A (£ (42)
=U AeK
< VUtV Ay
Yo ek
= 7(f7(U)).

This completes the proof. O
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3.5. Theorem. Suppose that (X, 1), (Y,0) are two intuitionistic I-fuzzy topology
spaces and T is generated by its base B. If the mapping f : (X, 7) — (Y,0) satisfies
B(U) <§(f(U)), for allU € ¢X. Then f is fuzzy open, i.e., Y W € (X, 7(W) <
S(f7(W)).

Proof. YV W € (¥,

(W) = \/ A B(A)

V A=W AeK
AEK

VA

V Ar=W XeK
AEK

\ s\ Ay)

V A=W AEK
AEK

= o(f7(W)).
Therefore, f is open. O

IN

IN

3.5. Theorem. Let (X,7),(Y,d) be two intuitionistic I-fuzzy topology spaces
and f : (X,7) = (Y,0) intuitionistic I-fuzzy continuous, Z C X. Then f|z :
(Z,71|z) — (Y,0) is continuous, where (f|z)(z) = f(x),(7]z)(4) = v{r(U) :
Ulz = A}, forallz € Z, A € ¢%.

Proof. YW € (%, (flz)" (W) = f~(W)|z, we have

(r12)(fl2)" (W) = Vi7(U): Ulz = (fl2)” (W)}

> 7(fT(W))
> o(W).
Then f|z is intuitionistic I-fuzzy continuous. (]

3.6. Theorem. Let (X, 7) be an intuitionistic I-fuzzy topology space and T gen-
erated by its base B, Bly (U) = V{B(W) : Wl|y = U}, for Y C X,U € ¢¥. Then
Bly is a base of T|y.

Proof. ForV U € ¢X,(r]y)(U)= \ (V)= V V A B(Ay). Tt

Viy=U V]y=U V Ax=V IeK
AEK

remains to show the following equality

V.oV Asa= VAV osw

Viy=U V Ax=V AeK V Ba=U XK W|y =B,
AEK AEK

In one hand, for all V € (X with V|y = U, and \/ Ay = V, we have

AEK
\/ A)\|y =U. Put BA = A)\|y, clearly \/ BA = U. Then
AEK AEK
\/ AV B = A B4y,
=U AeK le B AEK

)\EK
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Thus,

VoV AB= \//\\/3

Vly U v =V AeK U)\EKW‘Y B
AEK AEK

On the other hand, Va € (0,1],a < A V' wsw), there exists a

V Byx= U)\EKWIY By
AEK

family of {By : A € K} C (Y, such that

(1) V Bx=U;
AeK

(2) V A € K, there exists Wy € (X with Wy|y = B, such that a <
HB(Wy)-

Let V.= \/ Wy, itisclear V|ly =U and A psmw,) > a. Then
K

VoV A ze

Viy=U \ A\=V A€K
AEK

By the arbitrariness of a, we have

V Vo A sz \/ AV esm

Viy=U V Ax=V AeK =U AeK W|y =B\
AEK )\EK

Similarly, we may obtain that

ANV omans /\ VoA man

Viy=U V Ax=V XeK =U Ae K W|y=B,\
AEK )\EK

So we have

Vo VAR \//\\/g

Vly U v =V A\eK =U \NeK W‘Y B
AEK XEK
Therefore,
A \/ AV B
Vly U V =V AeK U)\GKW‘Y B
AEK /\EK
This means that B|y is a base of 7|y . O

3.7. Theorem. Let {(Xo,Ta)}acs be a family of intuitionistic I-fuzzy topology

[1 Xa
spaces and Pg : || Xo — Xp the projection. For all W € (=<7 (W) =
acJ

V V To(U). Then ¢ is a subbase of some intuitionistic I-fuzzy topology T,
a€J P (U)=W

here T is called the product intuitionistic I-fuzzy topologies of {1 : @ € J} and
denoted by T = [] Ta-

acJ
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Proof. We need to prove p(™ is a subbase of 7.

PP = V N #(B»)

M{Bx:A€E}=1. ACE

=V AV V o
M{Bx:AEE}=1. AeE a€J P+ (U)=B;
= 17.
1 Xa
Similarly, (™M (0.) = 1~. For all U,V € =€/, we have

AWy = (0 N eB)A( N\ ©(Cs))

M{By:a€E}=U a€E; N{Cg:BEE2}=V BEE>
= V V (A eB)ACN 2(Cp))
M{Ba:a€E1}=UM{Cpg:B€E}=V a€k; BeEE>

IN

\/ /\ ¢(Bx)

M{Bx:A€E}=UAV A€E
= oMU AV).

Hence, ¢(Mis a base of 7, i.e., ¢ is a subbase of 7. And by Theorem 3.3 we have

m4) = /A TB)

\ Ba=AXeK
AEK

\//\\//\

=AXeK N{C,:pEE}=By p€E

\/ AV AV V =

=AXeK N{C,:pEE}=By p€E a€J P+ (V)=C,

)\E

)\EK

By the above discussions, we easily obtain the following corollary.

3.8. Corollary. Let ([[ Xa, [[ 7a) be the product space of a family of intu-
acJ acJ
itionistic I-fuzzy topology spaces {(Xa,Ta)}acs. Then Pg : (1] Xa, [I 7a) —
acJ acJ
(Xg,7g) is continuous, for all B € J.

Proof. ¥ U € (X5,

oy = VAV AV VW)

\V Bi= P“(U) ANeK M{C,:peE}=B, pcE acJ P (V)=C,
AEK

75(U)

Therefore, Pg is continuous. O

Y
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4. Applications in product Intuitionistic I-fuzzy topological space

4.1. Definition. Let (X, 7) be an intuitionistic I-fuzzy topology space. The de-
gree to which two distinguished intuitionistic fuzzy points (4. gy, Y(x,p) € PH((F) (@ #
y) are Ty is defined as follows

L@@ ¥on) =V (Quian(U)AQyiy (V)
UAV=0.
The degree to which (X, 1) is T, is defined by

(X, 1) = /\ {T2(x(a.8), Yrp) © T(a,p): Yirp) € PHCY), 2 # )

4.2. Theorem. Let (X,Iw(7)) be a generated intuitionistic I-fuzzy topological
space by fuzzifying topological space (X, 7) and To(X,1w(T)) £ (1, (X Tw(r))s VTo (X Tw(r))) -
Then NTQ(X,Iw(T)) = TQ(X, T).

Proof. Forallz,y € X,z # y, and eacha < A { UA\/ (’uQI(a,B)(U)AMQy(A,p) (V)) :

T(a,8)sY(Ap) € pt(¢X), z # y}, there exists U,V € (X with U AV = 0. such that
a < pQ,,  (0)a<HQ,, (V) Then there exists Uy, Vi € ¢X, such that

x(l,O)Z]\ Ui <U, a< W(T)(MU1)a
Y107 V1 <V, a <w()(pv,)-

Denote A = oo(uw, ), B = oo(pv, ), it is clear that 2 € A,y € B. From the fact
UAV = 0., it implies uy, A py, = 0. Then we have oo(uy,) A oo(pv,) = 0,
ie, ANB=10.
a <w(r)(po,) = N\ 7(or(p,) < 7(o0(pu,)) = 7(A).

rel

Thus
a< \/ T(U) = Ny (A).

z€UCA

Similarly, we have a < N, (B). Hence

a< \/ (Nz(A)AN,(B)).

ANB=0
Then
a< N{ V (o) AN,(B) 2,y € Xoa# 1y}
ANB=0

Therefore,

A Umy_o (HQu, @) NQ, (V) T T(ap): Yirp) € PECY), 2 # v}

SAL V (No(A)ANY(B)) ra,y € Xz # y)

ANB=0

On the other hand, for all z(4. gy, Y(r,p) € PECF), 2 #y,anda < A{ V (No(A)A
ANB=0
Ny(B)) : @,y € X,z # y}, there exists A,B € 2%, AN B = (), such that

a < N(A),a < N,(B). Then there exists Ay, B; € 2%, such that
iCEAlgA, a<’7'(A1),
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Yy € B1 CB, a< T(Bl).

Let U = (1a,,14¢),V = (1p,,1p¢), where A{ is the complement of A;, then
x(a’g)qA U,y(A’p)é\ V. In fact, 14,(z) =1 > 1 — Oz,lAg(.'L‘) =0<1-p. Thus
T(a,3)q U. Similarly, we have y(» ,)¢ V. By AAB = 0, we have A; A By = (). Then
for all z € X, we obtain

(1A1 A 131)(2) =1a, (Z) Alp, (Z) =0,
1

(1AT V 135)(2’) = 1A§(Z) \Y 135(2) =
Hence
1a, Alp, =0, 14¢ V1ge =1
Since V r € I,0,(14,) = A, we have
w(r)(1a,) = J\ 7(or(1a,)) = 7(A1).
rel;

By 1 —14¢ =14,, and a < 7(A;), we have
a < w(r)(la,)Aw(r)(L—1as)
= w(7)(pr) Aw(T)(L = Yv).

So,

a< \ (@@mw) ro(mL-w)) = ra., , ©)-
ZT(a,3yqd WCU

Similarly, we have a < HQy ) (V) This deduces that
Ng

a< \ (no., w0 Mg, )
UAV =0~

Furthermore, we may obtain
a< AUV (hou @) Mgy, , 1) Bas) Yo €PHECT) 2 # 1)
UAV=0.
Hence

ANV na., @) Mg, , () T@p) Yo €PHCY), 2 #y}
UAV =0~ ’ ’

> /\{A \é, (No(A) ANy(B)) s @,y € X, #y}.

This means that A { \/ (/”Lme,g)(U)/\qu(x,p)(V)) P Z(a,B8) Y(N,p) € pt(¢¥), = #

y} = /\{A \é_ (N (A) A N y(B)) 1,y € X,z # y}. Therefore we have

HTy(X Jw(r)) = T2(X, 7).

O

4.3. Lemma. Let ([] X;, [[ 7;) be the product space of a family of intuitionistic
jes = jeJ

I-fuzzy topology spaces {(X;,7;)}jes. Then 7;(A;) < (11 75)(P;(4y)), for all

jeJ
jeJ A ek
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Proof. Let [] 75 =0, #(a,pq [T (U) & f7(2(a,p))q U. Then for all j € J,A; €
jeJ

(%, we have

SPE(4) = N QL (P4

T, q P (A;)

> /\ prf(z(mﬁ))(Aj)
I(Q,B)fi Pj‘_(AJ‘)
- A QP (a0 ) (A7)
P (2 (a,8))q Aj
> A Q;’{ . (4;)
T, Ai
= 7i(4)
This completes the proof. O
4.4. Theorem. Let (][] X;, [I 7;) be the product space of a family of intuitionis-
jeJ JjeJ
tic I-fuzzy topology spaces {(X;,7j)}jes. Then N\ To(X;, ;) < To( ] Xj, 1 75)-

Jjed jeJ jeJ
I X; o
Proof. For all g(q, gy, h(x,p) € Pt((?S’ ) and g # h. Then there exists jo € J such
that g(jo) # h(jo), where g(jo), h(jo) € Xjo-
For all Uj,, V;, € (X with U;, A Vj, = 027, we have
[1 X;
jeJ
Pj%(UjO) A P_;;(‘GO) = Pj%(Ujo A Vjo) =02

Then Qg(jo)(awg) (Ujo) < Qg((x,[i) (Pj(o_(Ujo))' In fact, ifg(jo)(a,ﬁ)anm then g(&,ﬁ)an(o_(Ujo)'
For all V' < Uy, we have P/~ (V) < P;~(Uj,). On account of Lemma 4.3, we have

\V T (V) < \ ([T =@ (v))

9(J0)(a,8)q V<Uj, 9(a,p)T Piy (V)P (Ujo) d€J

\/ (IT =)@,

9(a,)T GSPT(Uj) JEJ

IN

Le., Qg(jo)(a,a)(Ujo) < Qg(a,ﬁ)(PJ?(Ujo))‘ Thus,
\/ (Qg(jo)(aﬁ)(U) /\Qh(jo)o\,p)(v))

.
UAV=0.70

< \% (Qga ) (BPjy (UN AR, ,, (Pjy (V)

11X
P]E(U)/\PJX(V):OJNEJ
< \/H X‘(Qg(a,g)(G)/\Qho\’p)(H))'
GrH=0"
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So we have
T5(9(jo) (a,8): h(d0) (x,p)) < T2(g(a,8)s r(r,p))-

Thus

To (X, 750) < ([ [ X5, [T 7)-

jedJ jeJ

Therefore,

N\ (X5, 75) < ([ ] X5, [[ )

JjeJ jeJ jEJ

O
4.5. Lemma. Let (X,Iw(7)) be a generated intuitionistic I-fuzzy topological space
by fuzzifying topological space (X, 7). Then
(1) Tw(T)(A) =17, for all A = (a,B) € ¢¥;

(2) VvV BC XvT(B) = MIM(T)(<]‘B7 1BC>)'
Proof. By Lemma 2.11, 2.12 and 2.13, it is easy to prove it. (]

4.6. Lemma. Let (X,0) be a stratified intuitionistic I-fuzzy topological space (i.e.,
for all < a,f >€ A, 0(< o, >) =17). Then for all A € (¥

/\1 15 (Lo (ua)s Lon(ua)e)) < ts(A).
re

Proof. For all A € ¢X, and for any a < A 15 (Lo (ua)s Lor(ua)e))s Yea,8) €
rel
pt(¢X) with y(a,5 7 A, clearly pa(y) > 1 — o. Then there exists § > 0 such that

pa(y) >1—a+6. Thus y € 01_q+5(pa). So we have

Yies)d Loy _ays(ua)s Lo ars(ua)e)-

Then
a < ps((Loy ysua)s Lorays(ua)e))
= ~ /\ N(Qz(a,ﬁ) (<]'0'1—o<+(5(/LA)’ 1(‘717a+6(ILA))C>))'
2.8 Loy _qys(ma) o1 _atswa)e)
Therefore,

a < 1(Qy iy ((Loy isua)s Lorarstuane)))-

Since (X,¢) is a stratified intuitionistic I-fuzzy topological space, we have
Qyo 5 (L—a+6,a—45)) = 17. Moreover, it is well known that the following
relations hold

L—a+ A1 sua) < Ha,

a—0V 1((,170&5(#14))‘3 >1—pa>v4.
So we have

a< M(Qy((,,/g)(<i+6/\101_a+5(pf;)7L_(SV1(01_Q+(5(;LA))C>)) < N(Qy(aﬁ)(A))
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Then a < ps(A). Therefore,

I\ 15 ((Lo, (s Loruare)) < tis(A).

rel
O

4.7. Theorem. Let ( [[ Xa, H Ta) be the product space of a family of fuzzifying

acJ a€
topological space {(Xu,Ta) }acs- Then (TI Iw(7a))(A) = Tw( ] 7a)(A).

aeJ acJ
Proof. Let ( HJ 10(7a))(A) = (1 1T 1w(ra)) (A)s Y T 1w(ra))(A))- Forall a < g [ 1w(ra))(4),
ae aed aeJ acJ
there exists {Uf'}jex such that \/ Us = A, for each U}, there exists {AS ;}rer
jeEK
such that A AKJ = Uj, where E is an finite index set. In addition, for every
AEE

\ € E, there exists a = a()\) € J and W, € (X= with P (W,,) = AS ; such that
a < p(Iw(7e)(Wy)). Then we have

a < w(Ta)(pw. ),

a <w(ra)(l —yw,)-
Thus for all r € I, we have

a < Ta(UT(NW ))
< H Ta 07‘ NW )))
acJ
= (I ra)(@r(PS (uw.))
acJ
= (HTa>(JT(NA‘; )
acJ
Hence
o < ([Tr)(A ovliag )
acJ AEE
— II/EI UT /\ MA
acJ AEE
(T o) o
acJ
Furthermore

Il Il
g‘/ 5‘
Q S
bl iy
= <
=
Q
E
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So

e
IN

AT 7)o (1a))

rel aeJ

= w(]T ra)(ma).

acJ

Similarly, we have
a < (] 7)1 = 7).

acJ
Hence a < p(Iw( [] 7«)(A)). By the arbitrariness of a, we have pu(( [ Iw(74))(4)) <
acJ acJ
pw( T 7a)(A)).
acJ
On the other hand, for V a < p(Iw( [] 74)(A)), we have
acJ
a<wHTa ,uA /\HTa O'T,U,A
acd rel aeJ

and

a < ([T ma)@ = 4).
acJ

Then for all r € I, we have
(T 7o) (o (p1a))
acJ

Thus there exists {Uf, }jex C X satisfies \/ Ui, = or(pna), and for all j € K,

there exists {AS ;. }xer, where E is an ﬁnlte mdex set, such that A A¢
AEE

For all A € E, there exists a(\) € J,W,, € (X, such that PS(W,) = AS ;- By
Lemma 4.5 we have

J— a
g, T U7

a<Ta(Wa) = /J“IW(TQ)(<1W0¢71W0¢C>)

< ([ W) P (L L))
acJ

= U J] @) (e ways Lo we)))
acJ

= M(HIW(Ta))(<1Aa. ) (AMT)C»
acJ

< ([T DA tag,, o V Lag, o)
acJ AEE AEE

= HIw To))((L A ac V (AM,)C>)
acJ A€
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Then

a < M(HIW(Ta))(ﬂ‘é/KU_;T’1(¥}(U_;{JC>)
acJ 7 7

= [T @) (Lo uars Lor(uape))-
a€cJ

By Lemma 4.6 we have

a < /\ :U'(H IW(TOZ))«IUT(MA)’ 1(07‘(MA))C>)

rel acJ
< p((J] w(ra))(A)).
acJ
Then
p((J] w(ra))(A)) = p(w([ ] ra)(A)).
acJ aeJ
Hence
p((J] w(ra))(A) = p(w(]] 7a)(A)-
aeJ acJ
Then
Y]] w(ra))(4) = v (] ] ma)(A4)).
acJ acJ
Therefore,

(JT woma))(4) = To(] ] 7a)(A).

acJ acJ

5. Further remarks

As we have shown, the notions of the base and subbase in intuitionistic I-fuzzy
topological spaces are introduced in this paper, and some important applications
of them are obtained. Specially, we also use the concept of subbase to study the
product of intuitionistic I-fuzzy topological spaces. In addition, we have proved
that the functor Iw preserves the product.

There are two categories in our paper, the one is the category FYTS of fuzzify-
ing topological spaces, and the other is the category IFTS of intuitionistic I-fuzzy
topological spaces. It is easy to find that Iw is the functor from FYTS to IFTS.
We discussed the property of the functor Iw in Theorem 4.7. A direction worthy of
further study is to discuss the the properties of the functor Iw in detail. Moreover,
we hope to point out that another continuation of this paper is to deal with other
topological properties of intuitionistic I-fuzzy topological spaces.
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