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Abstract

We provide a shorter algebraic proof for the Smith normal form of
skew-hadamard matrices and the related designs.
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1. Introduction

Smith normal forms and p-ranks of designs can help distinguish non-isomorphic
designs with the same parameters. So it is interesting to know their Smith normal
form explicitly. Smith normal forms of some designs were computed in [2],[3] and
[5]. In this article we give a shorter proof for the Smith normal form of skew-
hadamard matrices and their designs.

A Hadamard matrix H of order n is an n by n matrix whose elements are +1
and which satisfies HHT = nl,. It is skew-Hadamard matriz if, it also satisfies
H + HT = 2I,,. For more information about the Hadamard matrices please see
[1], [9]. Similar definitions stated below can be found in [4], [5], [6], [7], [8], [9]

The incidence matriz of a Hadamard (4m — 1,2m,m) design D is a 4m — 1 by
4m — 1 (0, 1)-matrix A that satisfies

AAT = ATA =mI +mJ.

The complementary design D is a (4m — 1,2m — 1,m — 1) design with incidence
matrix J — A. A skew-hadamard (4m — 1,2m,m) design is a hadamard design
that satisfies(after some row and column permutations)

A+ AT =T+J
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Integral Equivalence: If A and B are matrices over the ring Z of integers,
A and B are called equivalent (A ~ B) if there are Z—matrices P and Q, of
determinant +1, such that

B =PAQ
which means that one can be obtained from the other by a sequence of the following
operations:
e Reorder the rows,
e Negate some row,
e Add an integer multiple of one row to another,
and the corresponding column operations.
Smith Normal Form: If A is any n by n, Z— matrix, then there is a unique
Z—matrix
S = diag(ay,ag, ..., an)
such that A ~ S and
ailaz|...|ar, arp1 = ... = an =0,
where the a; are non-negative. The greatest common divisor of 7 by i subdetermi-
nants of A is
ajazdas ... a;.
The a; are called invariants factors of A and S is the Smith normal form(SNF(A))
of A.
p-Rank: The p-rank of an n by n, Z— matrix A is the rank of A over a field

of characteristic p and is denoted by rank,(A). The p-rank of A is related to the
invariant factors ay,ao, ..., a, by

ranky(A) = maz{i : p does not divide a;}

2. Proof of the main theorem

2.1. Proposition. ([6] or [8]): Let H be a Hadamard matriz of order 4m with
invariant factors hi,...,ham. Then hy = 1, hos = 2, and hihame1—; = 4m (i =
1,...,4m).

2.2. Theorem. ([7]): Let A, B, C = A+ B, be n by n matrices over Z , with in-
variant factors hi(A)|...|hn(A), hi(B)|...|hn(B), hi(C)|...|h.(C), respectively.
Then

ged(hi(A), h;(B))[hiyj-1(A+ B)

for any indices i,5 with 1 <i,7 <n ,i+j—1<mn , where gcd denotes greatest
common divisor.

2.3. Theorem. ([4]): Let D be a skew-Hadamard (4m—1,2m,m) design. Suppose

that p divides m. Then rank,(D) = 2m — 1 and rank,(D) = 2m.

The author in [5] proves the following theorem by using completely different
method. Here we provide a shorter algebraic proof for this theorem and the corol-
lary following it.
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2.4. Theorem. A skew-Hadamard matrix of order 4m has Smith normal form
diag(1,2,...,2,2m,...,2m,4m].
—_—— ————
2m—1 2m—1

Proof. Applying Theorem 2.2 with A = H and B = H” we get ged(h;(H),h;(HT))|2
which means that ged(h;(H),h;(H")) = 1or 2 where 1 < 4,5 < 4m ,i+j—1 < 4m.
If m = 1 then we have a skew-Hadamard matrix of order 4 and by proposition 1 the
result follows. Assume that m > 1 then by proposition 1 we know that hy(H) = 1,
ho(H) = 2, ham_1(H) = 2m and ham(H) = 4m. Since SNF(H) = SNF(HT)
assume that Ao, (H) = 2k and ho,,(HT) = 2k where k # 1 and k is a divisor of
m. In this case i = j = 2m and Theorem 2.2 gives us ged(h;(H), hj(HT)) = 2k|2.
But this is a contradiction since k # 1. So k = 1 which means that ho,,(H) =
hom(HT) = 2. So all the first 2m elements except the first one have to be 2.
Since we found the first 2m elements, using proposition 1 again we obtain the
remaining elements namely homi1(H) = homi2(H) = ... = ham—1(H) = 2m and
ham (H) = 4m. O

2.5. Corollary. The Smith normal form of the incidence matriz of a skew-Hadamard
(4m — 1,2m,m) design is
diag[l,...,1,m,...,m,2m)].
—— N——
2m—1 2m—1

Proof. By [5] any skew-Hadamard matrix of order 4m is integrally equivalent to
[1] ® (2A). This means that all the invariant factors of A are half of the corre-
sponding invariant factors of H except the first one. So the result follows. O

Note that we know from Theorem 2.3 that rank,A = 2m — 1 which agrees with
our result.

By using similar techniques that we used above we get the Smith normal form
of the complementary skew-Hadamard design:

2.6. Corollary. The Smith normal form of the incidence matriz of a skew-Hadamard
(dm —1,2m —1,m — 1) design is

diag[l,...,1,m,...,m;m(2m — 1)].
—— ———

2m 2m—2
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