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Generalized uniformly close-to-convex functions
of order γ and type β

F.M. Al-Oboudi∗

Abstract

In this paper, a class of analytic functions f defined on the open unit
disc satisfying

Re

{
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

}
> β

∣∣∣∣
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

∣∣∣∣ + γ,

is studied, where β ≥ 0, −1 ≤ γ < 1, β + γ ≥ 0. and g is a certain
analytic function associated with conic domains.
Among other results, inclusion relations and the coefficients bound are
studied. Various known special cases of these results are pointed out.
A subclass of uniformly quasi-convex functions is also studied.

Keywords: Univalent functions, uniformly close-to-convex, uniformly quasi-
convex, fractional differential operator.
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1. Introduction

Let A denote the class of functions of the form

(1.1) f(z) = z +
∞∑

k=2

akz
k,

analytic in the unit disc E = {z ∈ C : |z| < 1}, and let S denote the class of
functions f ∈ A which are univalent on E. Denote by CV (γ), ST (γ), CC(γ),
and QC(γ), where 0 ≤ γ < 1, the well-known subclasses of S which are convex,
starlike, close-to-convex and quasi-convex functions of order γ, respectively, and
by CV, ST,CC, and QC, the corresponding classes when γ = 0.

Define the function ϕ(a, c; z) by

ϕ(a, c; z) = z2F1(1, a; c; z) =
∞∑

k=0

(a)k
(c)k

zk−1, c 6= 0,−1,−2, . . . , z ∈ E,

where (σ)k is Pochhammer symbol defined in terms of Gamma function.
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Owa and Srivastava [18] introduced the operator Ωα : A→ A where

Ωαf(z) = Γ(2− α)zαDα
z f(z), α 6= 2, 3, . . .

= z +
∞∑

k=2

Γ(k + 1)Γ(2− α)

Γ(k + 1− α)
akz

k,(1.2)

= ϕ(2, 2− α; z) ∗ f(z).(1.3)

Note that Ω0f(z) = f(z).
The linear fractional differential operator Dn,α

λ f : A → A, 0 ≤ α < 1, λ ≥
0, n ∈ N0 = N ∪ {0} is defined [5] as follows

(1.4) Dn,α
λ f(z) = z +

∞∑

k=2

ψk,n(α, λ)akz
k, n ∈ N0,

where

ψk,n(α, λ) =

[
Γ(k + 1)Γ(2− α)

Γ(k + 1− α)
(1 + λ(k − 1))

]n
.

From (1.3), and (1.4), Dn,α
λ f(z) can be written, in terms of convolution, as

(1.5) Dn,α
λ f(z) = [ϕ(2, 2− α; z) ∗ hλ(z) ∗ · · · ∗ ϕ(2, 2− α; z) ∗ hλ(z)]︸ ︷︷ ︸

n-times

∗f(z),

where

hλ(z) =
z − (1− λ)z2

(1− z)2
= z +

∞∑

k=2

[1 + λ(k − 1)]zk.

Note that Dn,0
λ = Dn

λ (Al-Oboudi differential operator [4]), Dn,0
1 = Dn (Salagean

differential operator [23]) and D1,α
0 = Ωα (Owa-Srivastava fractional differential

operator [18]).
Using the operator Dn,α

λ , the following classes are defined [5].
The classes UCV n,αλ (β, γ), β ≥ 0, −1 ≤ γ < 1, β + γ ≥ 0, and SPn,αλ (β, γ),

satisfying

f ∈ UCV n,αλ (β, γ) if and only if zf ′ ∈ SPn,αλ (β, γ).

Note that f ∈ UCV n,αλ (β, γ)(SPn,αλ (β, γ)) if and only ifDn,α
λ f ∈ UCV (β, γ)(SP (β, γ)),

where UCV (β, γ), is the class of uniformly convex functions of order β and type γ
and SP (β, γ), is the class of functions of conic domains and related withUCV (β, γ)
by Alexander-type relation [7].

These classes generalize various other classes investigated earlier by Goodman
[9], Ronning [20], [21], Kanas and Wisniowska [10], [11] Srivastava and Mishra [26]
and others. Several basic and interesting results have been studied for these classes
[5], [6], such as inclusion relations, convolution properties, coefficient bounds, sub-
ordination results.

The class UCC(β, γ), of uniformly close-to-convex functions of order γ and type
β is defined [3] as

Re

{
zf ′(z)
g(z)

}
> β

∣∣∣∣
zf ′(z)
g(z)

− 1

∣∣∣∣+ γ,
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where g ∈ SP (β, γ), β ≥ 0,−1 ≤ γ < 1, and β + γ ≥ 0. It is clear that
UCC(0, γ) = CC(γ).

Since these functions are related to the uniformly convex functions UCV and
with the class SP , they are called uniformly close-to-convex functions [8].

Denote by UQC(β, γ), the class of uniformly quasi-convex functions of order γ
and type β [3], where

f ∈ UQC(β, γ), if and only if zf ′ ∈ UCC(β, γ).

Note that

UCV (β, γ) ⊂ UQC(β, γ) ⊂ UCC(β, γ).

The classes of uniformly close-to-convex and quasi-convex functions of order γ
and type β had been studied by a number of authors under different operators,
for example Acu [1], Acu and Blezu [2], Blezu [8], Kumar and Ramesha [13], Noor
et al [16], Srivastava and Mishra [25] and Srivastava et al [26].

In the following, we use the operator Dn,α
λ to define generalized classes of uni-

formly close-to-convex functions and uniformly quasi-convex functions of order γ
and type β.

1.1. Definition. A function f ∈ A is in the class UCCn,αλ (β, γ) if and only if,
there exist a function g ∈ SPn,αλ (β, γ) such that z ∈ E,

(1.6) Re

{
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

}
> β

∣∣∣∣
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

∣∣∣∣+ γ,

where β ≥ 0, −1 ≤ γ < 1, β + γ ≥ 0. Note that Dn,α
λ f ∈ UCC(β, γ), and that

SPn,αλ (β, γ) ⊂ UCCn,αλ (β, γ).

1.2. Definition. A function f ∈ A is in the class Un,αλ QC(β, γ) if and only if,
there exists a function g ∈ UCV n,αλ (β, γ) such that for z ∈ E,

(1.7) Re

{
(z(Dn,α

λ f(z))′)′

(Dn,α
λ g(z))′

}
> β

∣∣∣∣
(z(Dn,α

λ f(z))′)′

(Dn,α
λ g(z)

− 1

∣∣∣∣+ γ,

where β ≥ 0, −1 ≤ γ < 1, β + γ ≥ 0. Note that Dn,α
λ f ∈ UQC(β, γ).

It is clear that

(1.8) f ∈ UQCn,αλ (β, γ) if and only if zf́ ∈ UCCn,αλ (β, γ),

and that

(1.9) UCV n,αλ (β, γ) ⊂ UQCn,αλ (β, γ) ⊂ UCCn,αλ (β, γ).

We may rewrite the condition (1.6)((1.7)), in the form

(1.10) p ≺ Pβ,γ ,

where p(z) =
z(Dn,αλ f(z))′

Dn,αλ g(z)
(

(z(Dn,αλ f(z))′)′

D(n,αλ g(z))′ ) and the function Pβ,γ is given in [5].

By virtue of (1.6), (1.7) and the properties of the domain Rβ,γ , we have respec-
tively

(1.11) Re

{
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

}
>
β + γ

1 + β
,
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and

(1.12) Re

{
(z(Dn,α

λ f(z))′)′

D(n,αλ g(z))′

}
>
β + γ

1 + β
,

which means that

f ∈ UCC(β, γ) implies Dn,α
λ f ∈ CC

(
β + γ

1 + β

)
⊆ CC,

and

f ∈ UQC(β, γ) implies Dn,α
λ f ∈ QC

(
β + γ

1 + β

)
⊆ QC.

Definitions 1.1, and 1.2, includes various classes introduced earlier by Al-Oboudi
and Al-Amoudi [4], Blezu [8], Acu and Bezu [2], Aghalary and Azadi [3], Subra-
manian et al [27],.Kumar and Ramesha [13],.Kaplan [12], and Noor and Thomas
[15]

In this paper, basic results for the classes UCCn,αλ (β, γ) and UQCn,αλ (β, γ)
such as inclusion relations, the coefficients bound and sufficient condition, will be
studied. Various known special cases of these results are pointed out.

2. Inclusion Relations

The inclusion relations of the classes UCCn,αλ (β, γ) and UQCn,αλ (β, γ) for dif-
ferent values of the parameters n, α, β and γ will be studied. It will also be shown
that the classes UQCn,αλ (β, γ) and SPn,αλ (β, γ) are not related with set inclusion.
To derive our results we need the following.

2.1. Lemma. [22] Let f, g ∈ A be univalent starlike of order
1

2
. Then, for every

function F ∈ A, we have

f(z) ∗ g(z)F (z)

f(z) ∗ g(z)
∈ coF (z), z ∈ E,

where co denotes the closed convex hull.

2.2. Lemma. [14] Let P be analytic function in E, with Re P (z) > 0 for z ∈ E,
and let h be a convex function in E. If p is analytic in E, with p(0) = h(0) and if
p(z) + P (z)zp′(z) ≺ h(z), then p(z) ≺ h(z).

Following the same method of [5, Lemma 2.5], we obtain.

2.3. Lemma. Let Ωαf be in the class UCCn,αλ (β, γ)(UQCn,αλ (β, γ)), then so is
f .

2.4. Theorem. Let 0 ≤ λ ≤ 1 + β

1− γ . Then

UCCn+1,α
λ (β, γ) ⊂ UCCn,αλ (β, γ).

Proof. Let f ∈ UCCn+1,α
λ (β, γ). Then by (1.10)

(2.1)
z(Dn+1,α

λ f(z))′

Dn+1,α
λ g(z)

≺ Pβ,γ(z),
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where the function Pβ,γ is given in [5], and g ∈ SPn+1,α
λ (β, γ). From [5, proof of

Theorem 2.4], Ωαg(z) ∈ SPn,αλ (β, γ), for 0 ≤ λ < 1 + β

1− γ . Hence

(2.2)
z(Dn,α

λ Ωαg(z))′

Dn,α
λ Ωαg(z)

= q(z),

where q(z) ≺ Pβ,γ(z).
By the definition of Dn,α

λ f , we get

Dn+1,α
λ f(z) = (1− λ)Dn,α

λ Ωαf(z) + λz(Dn,α
λ Ωαf(z))′

and

Dn+1,α
λ g(z) = (1− λ)Dn,α

λ Ωαg(z) + λz(Dn,α
λ Ωαg(z))′.

Using (2.1), (2.2) and the above equalities, with the notation p(z) =
z(Dn,α

λ Ωαf(z))′

Dn,α
λ Ωαg(z)

,

we obtain

(2.3)
z(Dn+1,α

λ f(z))′

Dn+1,α
λ g(z)

= p(z) +
λzp′(z)

(1− λ)q(z)
.

For λ = 0, Ωαf ∈ UCCn,αλ (β, γ), from (2.1) and (2.3). Hence by Lemma 2.2
f ∈ UCCn,αλ (β, γ).

For λ 6= 0, (2.3) can be written, using (2.1), as

(2.4) p(z) +
zp′(z)

(1−λ)
λ q(z)

≺ Pβ,γ .

Hence by Lemma 2.2 and (1.11), we have p(z) ≺ Pβ,γ(z) for 0 < λ ≤ 1 + β

1− γ .

Thus Ωαf ∈ UCCn,αλ (β, γ), which implies that f ∈ UCCn,αλ (β, γ), using Lemma
2.3. �

2.5. Corollary. Let 0 ≤ λ ≤ 1 + β

1− γ . Then

UQCn+1,α
λ (β, γ) ⊂ UQCn,αλ (β, γ).

Proof. Let f ∈ UQCn+1,α
λ (β, γ), 0 ≤ λ ≤ 1 + β

1− γ . Then by (1.8) zf´∈ UCCn+1,α
λ (β, γ).

Which implies, by Theorem 2.4, that

zf´∈ UCCn,αλ (β, γ)

Hence, by (1.8), f ∈ UQCn,αλ (β, γ). �

2.6. Corollary. Let 0 ≤ λ ≤ 1 + β

1− λ . Then

UCCn,αλ (β, γ) ⊂ UCC0,α
λ (β, γ) ≡ UCC(β, γ) ⊂ CC,

and

UQCn,αλ (β, γ) ⊂ UQC0,α
λ (β, γ) ≡ UQC(β, γ) ⊂ CC.
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This means that, for 0 < λ ≤ 1 + β

1− γ functions in UCCn,αλ (β, γ) and UQCn,αλ (β, γ),

are close-to-convex and hence univalent.

2.7. Remark. If we put λ = 1 and α = 0, in Theorem 2.4, then we get the result
of Blezu [8].

In view of the relations

UCV n,αλ (β, γ) ⊂ SPn,αλ (β, γ) ⊂ UCCn,αλ (β, γ),

and

UCV n,αλ (β, γ) ⊂ UQCn,αλ (β, γ) ⊂ UCCn,αλ (β, γ),

one may ask whether the classes SPn,αλ (β, γ) and UQCn,αλ (β, γ) are related with
set inclusion? The answer is negative. The function f0, defined by

f0(z) =
1− i

2

z

1− z −
1 + i

2
log(1− z).

belongs to UQCn,αλ (β, γ), but not to SPn,αλ (β, γ). In fact, Silverman and Telage

[24], have shown that f0 6∈ ST ≡ SP 0,α
λ (1, 0) and that f0 ∈ QC ≡ UQC0,α

λ (1, 0)..Also,

the Koebe function K(z) =
z

(1− z)2
∈ SP 0,α

λ (1, 0) and K(z) 6∈ UQC0,α
λ (1, 0).

In the following we prove the inclusion relation with respect to α.

2.8. Theorem. Let 0 ≤ µ ≤ α < 1. Then

UCCn,αλ (β, γ) ⊂ UCCn,µλ (β, γ),

where

(
0 ≤ β < 1 and

1

2
≤ γ < 1

)
or (β ≥ 1 and 0 ≤ γ < 1).

Proof. Let f ∈ UCCn,αλ (β, γ). Then by (1.5) and the convolution properties, we
have

z(Dn,µ
λ f(z))′ = ϕ(2− α, 2− µ; z) ∗ · · · ∗ ϕ(2− α, 2− µ; z)︸ ︷︷ ︸

n-times

∗z(Dn,α
λ f(z))′.

Hence

z(Dn,µ
λ f(z))′

Dn,µ
λ g(z)

=

ϕ(2− α, 2− µ; z) ∗ · · · ∗ ϕ(2− α, 2− µ; z)︸ ︷︷ ︸
n-times

∗z(D
n,α
λ f(z))′

Dn,α
λ g(z)

Dn,α
λ g(z)

ϕ(2− α, 2− µ; z) ∗ · · · ∗ ϕ(2− α, 2− µ; z)︸ ︷︷ ︸
n-times

∗Dn,α
λ g(z)

.

It has been shown [5] that the function ϕ(2− α, 2− µ; z) ∗ · · · ∗ ϕ(2− α, 2− µ; z)︸ ︷︷ ︸
n-times

∈

ST

(
1

2

)
andDn,α

λ g(z) is a starlike function of order
1

2
for

(
0 ≤ β < 1 and

1

2
≤ γ < 1

)

or (β ≥ 1 and 0 ≤ γ < 1). Applying Lemma 2.1, we get the required result. �
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The next result follows using (1.8).

2.9. Corollary. Let 0 ≤ µ ≤ α < 1. Then

UQCn,αλ (β, γ) ⊂ UQCn,µλ (β, γ),

where

(
0 ≤ β < 1 and

1

2
≤ γ < 1

)
or (β ≥ 1 and 0 ≤ γ < 1).

The inclusion relation with respect to β and γ follows directly by (1.6) and
(1.7).

2.10. Theorem. Let β1 ≥ β2, and γ1 ≥ γ2. Then

(i) UCCn,αλ (β1, γ1) ⊂ UCCn,αλ (β2, γ2).
(ii) UQCn,αλ (β1, γ1) ⊂ UQCn,αλ (β2, γ2).

2.11. Remark. If we put λ = 1 and α = 0, in Theorem 2.10 (i), we get the result
of Blezu [8].

3. Coefficients Bound

To derive our results we need the folowing.

3.1. Lemma. [5] If a function f ∈ A, of the form (1.1) is in SPn,αλ (β, γ), then

|ak| ≤
1

ψk,n(α, λ)
· (P1)k−1

(1)k−1
, k ≥ 2,

where

(3.1) P1 = P1(β, γ) =





8(1− γ)(cos−1 β)2

π2(1− β2)
, 0 ≤ β < 1,

8

π2
(1− γ) , β = 1

π2(1− γ)

4 ⊆ t(β2 − 1)k2(t)(1 + t)
, β > 1, 0 < t < 1,

3.2. Lemma. [19] Let h(z) = 1 +

∞∑

k=1

ckz
k be subordinate to H(z) = 1 +

∞∑

k=1

Ckz
k

in E. If H(z) is univalent in E and H(E) is convex, then |ck| ≤ |C1|, k ≥ 1.

3.3. Theorem. Let f ∈ UCCn,αλ (β, γ), and given by (1.1). Then

|ak| ≤
1

ψk,n(α, λ)
· (P1)k−1

(1)k−1
, k ≥ 2,

where P1 is given by (3.1).

Proof. Since f ∈ UCCn,αλ (β, γ), then

(3.2)
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

= p(z) ≺ Pβ,γ ,
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where p(z) = 1 +
∞∑

k=1

ckz
k, g ∈ SPn,αλ (β, γ), and g(z) = z +

∞∑

k=2

bkz
k. The

function Pβ,γ is univalent in E and Pβ,γ(E), the conic domain is a convex domain,
hence, applying Lemma 3.2, we obtain

|ck| ≤ P1, k ≥ 1.

where P1 is given by (3.1).
From (3.2) and (1.4), we get

(3.3) z +

∞∑

k=2

ψk,n(α, λ)kakz
k =

(
z +

∞∑

k=2

ψk,n(α, λ)bkz
k

)(
1 +

∞∑

k=1

ckz
k

)
.

Equating the coefficients of zk in (3.3), we get

ψk,n(α, λ)kak =
k−1∑

j=1

[ck−jbjψj,n(α, λ)] + bkψk,n(α, λ), c0 = 1

= ck−1 +
k−1∑

j=2

[ck−jbjψj,n(α, λ)] + bkψk,n(α, λ), b1 = ψ1,n(α, λ) = 1.

Hence

ψk,n(α, λ)k|ak| ≤ |ck−1|+
k−1∑

j=2

[|ck−j | |bj |ψj,n(α, λ)] + |bk|ψk,n(α, λ).

Using Lemmas 3.1 and 3.2, we obtain

(3.4) ψk,n(α, λ)k|ak| ≤ P1



1 +

k−1∑

j=2

[
(P1)j−1

(1)j−1

]
+

(P1)k−1

(1)k−1
.

Applying mathematical induction, we can see that

(3.5) 1 +
k−1∑

j=2

[
(P1)j−1

(1)j−1

]
=

(P1)k−1

P1(1)k−2
.

Using (3.5) in (3.4), we get

ψk,n(α, λ)k|ak| ≤
(P1)k−1

(1)k−2
+

(P1)k−1

(1)k−1

=
(P1)k−1

(1)k−1
k ,

which is the required result. �
From (1.8) and Theorem 3.3, we immediately have

3.4. Corollary. Let f ∈ UQCn,αλ (β, γ). Then

|ak| ≤
1

ψk,n(α, λ)
· (P1)k−1

(1)k
, k ≥ 2,

where P1 is given by (3.1).

3.5. Remark. The results of Theorem 3.3 and Corollary 3.4 are sharp for k = 2.
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3.6. Remark. In special cases, Theorem 3.1 reduces to the results of Acu and
Blezu [2], Subramanian et al [27], Kaplan [12] and Noor and Thomas [15].

Next we give a sufficient condition for a function to be in the class UCCn,αλ (β, γ).

3.7. Theorem. If

(3.6)

∞∑

k=2

k|ak|ψk,n(α, λ) ≤ (1− γ)

1 + β
,

then a function f , given by (1.1), is in UCCn,αλ (β, γ).

Proof. Let g(z) = z. Then Dn,α
λ g(z) = z, and

z(Dn,α
λ f(z))′

Dn,α
λ g(z)

= z(Dn,α
λ f(z))′ =

∞∑

k=2

kψk,n(α, λ)akz
k.

It is sufficient to show that

β

∣∣∣∣
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

∣∣∣∣− Re

{
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

}
< (1− γ).

Now

β

∣∣∣∣
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

∣∣∣∣− Re

{
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

}

≤ (1 + β)

∣∣∣∣
z(Dn,α

λ f(z))′

Dn,α
λ g(z)

− 1

∣∣∣∣

≤ (1 + β)

∣∣∣∣∣
∞∑

k=2

kψk,n(α, λ)akz
k−1

∣∣∣∣∣

≤ (1 + β)
∞∑

k=2

kψk,n(α, λ)ak.

The last expression is bounded above by (1− γ), if (3.6) is satisfied. �
From (1.8) and Theorem 3.7, we get

3.8. Corollary. A function f of the form (1.1) is in UQCn,αλ (β, γ) if
∞∑

k=2

k2|ak|ψk,n(α, λ) ≤ (1− γ)

1 + β
.

3.9. Remark. Theorem 3.7 and Corollary 3.8, reduces to a result of Subramanian
et al [27].
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