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Generalized uniformly close-to-convex functions
of order v and type [

F.M. Al-Oboudi*

Abstract

In this paper, a class of analytic functions f defined on the open unit
disc satisfying

W EC G (IR )

Dyg(2) Dy %g(2)

is studied, where 5 >0, —1<y<1, B+~ >0. and g is a certain
analytic function associated with conic domains.
Among other results, inclusion relations and the coefficients bound are
studied. Various known special cases of these results are pointed out.
A subclass of uniformly quasi-convex functions is also studied.
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1. Introduction

Let A denote the class of functions of the form
(1.1) f(z):z—i—Zakzk,
k=2

analytic in the unit disc E = {# € C : |z| < 1}, and let S denote the class of
functions f € A which are univalent on E. Denote by CV(v),ST(v),CC(v),
and QC(v), where 0 < v < 1, the well-known subclasses of S which are convex,
starlike, close-to-convex and quasi-convex functions of order -y, respectively, and
by CV,ST,CC, and QC, the corresponding classes when v = 0.
Define the function ¢(a,c; z) by
ola,cz) = z20F1(1,a5¢;2) = Z @zkfl,c #0,-1,-2,...,2€ E,
=0 ()

where (o), is Pochhammer symbol defined in terms of Gamma function.
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Owa and Srivastava [18] introduced the operator Q¢ : A — A where
Q%% (2) =T2—-a)z*Dg f(2), a#2,3,...

oo

I'k+1DI'(2 -«
(1.2) :z+];2 (F(k—i-)l(—a) )akzk,
(1.3) =¢(2,2 — a; 2) % f(2).

Note that Q0f(z) = f(2).
The linear fractional differential operator DY*f : A - A, 0<a <1, X>
0, n € Nog= N U{0} is defined [5] as follows

(14) DyYYf(2) =2+ ZW@,n(a» Nagz®, n € Ny,
k=2

where

T(k+1DI'(2 - a) "
s 1+ Ak—1)| .

From (1.3), and (1.4), DY"® f(z) can be written, in terms of convolution, as
(1.5)  DYX“f(2) = [0(2,2 = @;2) x ha(2) = - % 0(2,2 — @ 2) x ha(2)] #f (2),

n-times

Vi, \) = [

where
2 — (1= N)2?

EE :z—!—Z[l—&—)\(k—l)}zk.

k=2

ha(z) =

Note that D" = D} (Al-Oboudi differential operator [4]), Di"* = D™ (Salagean
differential operator [23]) and D(l)’o‘ = Q% (Owa-Srivastava fractional differential
operator [18]).

Using the operator D}"*, the following classes are defined [5].

The classes UCV"*(8,7), 8 >0, -1 <y <1, B+~ >0, and SP{"“(53,7),
satisfying

[ e UCV,"*(B,) if and only if zf" € SP,"*(8,7).

Note that f € UCV"*(B,v)(SPy"“(8,7)) if and only if DY f € UCV (B,v)(SP(B,7)),
where UCV (,7), is the class of uniformly convex functions of order 8 and type
and SP(8,7), is the class of functions of conic domains and related withUCV (3, )
by Alexander-type relation [7].
These classes generalize various other classes investigated earlier by Goodman
[9], Ronning [20], [21], Kanas and Wisniowska [10], [11] Srivastava and Mishra [26]
and others. Several basic and interesting results have been studied for these classes
[5], [6], such as inclusion relations, convolution properties, coefficient bounds, sub-
ordination results.
The class UCC(8, ), of uniformly close-to-convex functions of order v and type
B is defined [3] as
!
Re {Zf (Z)} .
9(2)

zf'(z)
9(2)

1‘+7,
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where g € SP(8,v), 8 > 0,—1 <~ < 1, and § 4+~ > 0. It is clear that
UCcc(0,v) =CC(y).
Since these functions are related to the uniformly convex functions UCV and
with the class SP, they are called uniformly close-to-convex functions [8].
Denote by UQC(S, ), the class of uniformly quasi-convex functions of order =y
and type £ [3], where

fetuQC(B,), if and only if zf € UCC(B, 7).
Note that

UCv(B,~) cUQC(B,7) cUCC(B,7).

The classes of uniformly close-to-convex and quasi-convex functions of order ~
and type 8 had been studied by a number of authors under different operators,
for example Acu [1], Acu and Blezu [2], Blezu [8], Kumar and Ramesha [13], Noor
et al [16], Srivastava and Mishra [25] and Srivastava et al [26].

In the following, we use the operator D" to define generalized classes of uni-
formly close-to-convex functions and uniformly quasi-convex functions of order ~
and type 5.

1.1. Definition. A function f € A is in the class UCCY“(83,~) if and only if,
there exist a function g € SP\"*(8,~) such that z € E,
2(DYf(2)) } 2(DYf(2))
1.6 Re{;\ ] ek A
o Dy (=) ()
where >0, —1 <~y <1, B4+ > 0. Note that D" f € UCC(3,7), and that
SPI(B,7) CUCCY(B,7).

1.2. Definition. A function f € A is in the class Uy"*QC(S,~) if and only if,
there exists a function g € UCV,"*(,~) such that for z € E,
Dn,a N/ D’ﬂ,Oé "/
11 e CEEICIY | CORn
(Dx%9(2)) (Dx“g(2)
where 8 >0, -1 <~ <1, 8+ > 0. Note that D{"*f € UQC(8, 7).

—1‘+7,

—1‘—&—7,

It is clear that
(1.8)  feUQCY“(B,~)if and only if zf'€ UCC}"(B,7),
and that
(1.9)  UCV"(B,7) CcUQCY(B,7) CUCCT(B,7)-
We may rewrite the condition (1.6)((1.7)), in the form
(1.10) p < Ps,
Z(ggzg(@)'((253’3(%]25((;))),')') and the function P, is given in [5].

z)
By virtue of (1.6), (1.7) and the properties of the domain Rg -, we have respec-
tively

where p(z) =

o re{ TP > 1
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and

COR )Y | Bt
w12) re{ T > 15

which means that

f € UCC(B,) implies D™ f € CC <f++;> coc,

and

f € UQC(B,) implies D" f € QC <f++;> cQc.

Definitions 1.1, and 1.2, includes various classes introduced earlier by Al-Oboudi
and Al-Amoudi [4], Blezu [8], Acu and Bezu [2], Aghalary and Azadi [3], Subra-
manian et al [27],.Kumar and Ramesha [13],.Kaplan [12], and Noor and Thomas
[15]

In this paper, basic results for the classes UCCY"“(5,v) and UQCY*(8,7)
such as inclusion relations, the coefficients bound and sufficient condition, will be
studied. Various known special cases of these results are pointed out.

2. Inclusion Relations

The inclusion relations of the classes UCCY*(3,7) and UQCY"*(8,7) for dif-
ferent values of the parameters n, o, 8 and v will be studied. It will also be shown
that the classes UQC"“(3,~) and SP,"*(8,v) are not related with set inclusion.
To derive our results we need the following.

1
2.1. Lemma. [22] Let f,g € A be univalent starlike of order 3 Then, for every
function F € A, we have
f(z) xg(2)F(2)
f(z) % g(2)

where ¢o denotes the closed convex hull.

€coF(z), z€E,

2.2. Lemma. [14] Let P be analytic function in E, with Re P(z) > 0 for z € E,
and let h be a convex function in E. If p is analytic in E, with p(0) = h(0) and if
p(z) + P(2)zp'(2) < h(z), then p(z) < h(z).

Following the same method of [5, Lemma 2.5], we obtain.

2.3. Lemma. Let Q*f be in the class UCCY(8,7)(UQCY*(B,7)), then so is

f-
1
2.4. Theorem. Let 0 < )\ < 1—‘_76 Then
-
UCCY(B,y) Cc UCCY™(B,7).
Proof. Let f € UC’C;LH’Q(B,’)/). Then by (1.10)

2Dy (=)

(2.1) Df\”rl’ag(z)

=< Pﬁ,’y(z)a
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where the function Pg ., is given in [5], and g € SP{™"*(8,7). From [5, proof of
1
Theorem 2.4], Q%g(z) € SP{"*(,7), for 0 < X < ﬁiﬁ Hence

2(DY Q% (2))’

(2'2) D;’aﬂag(z) = Q(Z)7

where ¢(z) < Pg(2).
By the definition of DY"* f, we get
DYTHf(2) = (1= \)DYQ f(2) + A2(DYQ° f(2))
and

D;\l“rl,ag(z) — (1 _ A)D;L,agag(z) —|— AZ(D:”D‘QQQ(Z))/

Dn,aQa !
Using (2.1), (2.2) and the above equalities, with the notation p(z) = z(éa—f(z)) ,
Dy Qog(z)
we obtain
Z(Dn-i-l,ozf(Z))/ /\zp’(z)
(23) =g =)+ T
Dy o (2) (1= Nq(z)

For A = 0, Q*f € UCCY*(B,7), from (2.1) and (2.3). Hence by Lemma 2.2
feuccy™(B,7).
For A\ # 0, (2.3) can be written, using (2.1), as
2/ (2)
U2 z)
1+5
Hence by Lemma 2.2 and (1.11), we have p(z) < Ps,(z) for 0 < A < 1=

-
Thus Q*f € UCCY"*(B,7), which implies that f € UCCY"*(8,7), using Lemma

(2.4) p(Z) + < Pgﬂ.

2.3. O
2.5. Corollary. Let 0 < A < % . Then

UQCY™(8,7) C UQCY(B,7).
Proof. Let f € UQCY ™ ¥(8,7), 0 <\ < % Then by (1.8) zf € UCCYTH(8,7).

Which implies, by Theorem 2.4, that
2f € UCCY™(8,7)
Hence, by (1.8), f € UQCY“(5,7). O

1
2.6. Corollary. Let 0 < \ < 14_—7& . Then

UCCY™(B,7) C UCCY™(8,7) = UCC(B,~) C CC,

>

and

UQCY(8,7) CUQCY*(B,7) =UQC(B,v) C CC.



1
This means that, for0 < X < # functions in UCCY*(B,7) and UQCY*(8,7),
-
are close-to-convex and hence univalent.

2.7. Remark. If we put A =1 and = 0, in Theorem 2.4, then we get the result
of Blezu [8].
In view of the relations

UCV"(B,7v) C SPU*(B,v) cUCCY*(B,7),
and
UCV"(B,7) cUQCY™(B,v) cUCCY*(B,7),

one may ask whether the classes SP,"*(8,v) and UQCY“(53,~) are related with
set inclusion? The answer is negative. The function fj, defined by

folz) = 12 zliz_ 1—2i—z
belongs to UQCY"*(B,7), but not to SP"*(3,7). In fact, Silverman and Telage
[24], have shown that fo & ST = SP)?’“(L 0) and that fo € QC = UQCS’“(L 0)..Also,
the Koebe function K (2) = ; _ZZ)2 € SPY(1,0) and K(z) ¢ UQCY“(1,0).

log(1 — 2).

In the following we prove the inclusion relation with respect to a.

2.8. Theorem. Let 0 < p < a<1. Then
UCCy*(B,v) cUCCY(B,7),

1
where (0§ﬁ<1and2§’y<1) or (B>1and 0 <~ <1).

Proof. Let f € UCCY"“(5,7). Then by (1.5) and the convolution properties, we
have

ADPF(2)) = 92— 2 — 2) % % (2 — 0,2 — 3 2) x2( DY F(2)) -

n-times

Hence
(DY f(2)
Dy"g(2)
2(DYf(2))

e D\%g(z
D)\’ g(z) A ( )

W2 —a,2—p;2) k- xp(2— @, 2 — p;2)*

n-times
P2 —a,2—piz) - xp(2—a,2 - p;2) *DY"g(2)

n-times

It has been shown [5] that the function (2 — @, 2 — p;2) * - - * (2 — @, 2 — p; 2) €

n-times
1 1 1
ST 3 and DY"*g(z) is a starlike function of order 5 for (O <f<1and 5 <y < 1>

or (>1and 0<~<1). Applying Lemma 2.1, we get the required result. O
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The next result follows using (1.8).

2.9. Corollary. Let 0 < u < a < 1. Then
UQCy(8,7) cUQCTH(B,7),
where <0§ﬂ<1 and;§7<1> or (B>1and0<~<1).
T)he inclusion relation with respect to § and ~ follows directly by (1.6) and
(1.7).

2.10. Theorem. Let 31 > B2, and y1 > 2. Then

(i) UCCY*(Br,m) CUCCY ™ (B2, 72)-

(ii) UQCY (B, m) C UQCY ™ (B2, 72)-
2.11. Remark. If we put A = 1 and o = 0, in Theorem 2.10 (i), we get the result
of Blezu [8].

3. Coefficients Bound

To derive our results we need the folowing.

3.1. Lemma. [5] If a function f € A, of the form (1.1) is in SP,"*(8,7), then

1 . (P1)k—1
lax] < V(o A)  (Dr—1 k=22
where
8(1 —v)(cos™' B)*
8
(3.1) Pi=P(B,y)= p(l—ﬂ» p=1
(1~ 1)

cHE _DR@narn P ostst

3.2. Lemma. [19] Let h(z) =1+ chzk be subordinate to H(z) =1+ Z Cp2”
k=1 k=1
in E. If H(2) is unwalent in E and H(E) is convez, then |cg| <|Ci|, k> 1.

3.3. Theorem. Let f € UCCY"™(B,7), and given by (1.1). Then

1 P
lag| < Pk

Ven(a, ) (D1 = 77
where Py is given by (3.1).

Proof. Since f € UCCY*(S,7), then

sy ABRG)

T e



where p(z) = 1+ chz g € SP"%(B,7), and g(2) = z + Zbkz The
function Pg 4 is umvalent in E and Pg ,(E), the conic domain is a convex domain,
hence, applying Lemma 3.2, we obtain

lex| < P, k> 1.

where P; is given by (3.1).
From (3.2) and (1.4), we get

(3.3) Z+Z¢kn a, A kakz = <Z+Z¢kn a, A)biz ) <1+chzk).
k=1

k=2
Equating the coefficients of 2* in (3.3), we get

k—1
Gren (0 Nkar = [er—jbjthn(a, N + brthg n(a, A), o =1
j=1

k—1
=cho1+ Y[k jbithin(a, N + bethrn(, A), by = 1 (e, A) = 1.
j=2
Hence
k—1
Grn (0 NElak] < Jex—1| + Y [len—s] 1051950 (e )] + [br]tok n (e, 1).
j=2

Using Lemmas 3.1 and 3.2, we obtain

k—1

(34)  WYrm(a, NElar| < Py 1+Z{

P 1] (Pr)r—1
(1)j-1 (Dr—1

Applying mathematical induction, we can see that

(3.5) 1+Z { Pljj 11} = 1(353(11);;_12 '

Using (3.5) in (3.4), we get

(P1)k—1 n (P1)k—1
(Dr—2  (Dr—1
_(Po)r

Dk ks

which is the required result. O

Vi, NE|ag| <

From (1.8) and Theorem 3.3, we immediately have
3.4. Corollary. Let f € UQC"“(8,7). Then

1 (P
, k=2
= (e d) (s
where Py is given by (3.1).

lax| <

3.5. Remark. The results of Theorem 3.3 and Corollary 3.4 are sharp for k = 2.
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3.6. Remark. In special cases, Theorem 3.1 reduces to the results of Acu and
Blezu [2], Subramanian et al [27], Kaplan [12] and Noor and Thomas [15].
Next we give a sufficient condition for a function to be in the class UCCY"* (8, 7).
3.7. Theorem. If

(11—~
1487

then a function f, gwen by (1.1), is in UCCY*(8,7).
Proof. Let g(z) = z. Then DY"%g(z) = z, and
(DY ()
N 9(2)

It is sufficient to show that

~—

(3:6) Y Klak[thrn(a, A) <
k=2

=z2(DY f(2)) = Z kg (a, N ag2".

k=2

DL g fAICN )
217D AT R Al
Now
Nog(2) V9(2)
EREL G
= ( + B) ;\z,ag(z)
<1+ B) D kb (o, Nagz"
k=2
<(1+0) Z kb n (o, A)ag.
k=2
The last expression is bounded above by (1 — ), if (3.6) is satisfied. O

From (1.8) and Theorem 3.7, we get
3.8. Corollary. A function f of the form (1.1) is in UQCY*(5,7) if

(1-7)
1+45

> Klakltrn(a, A) <

k=2

3.9. Remark. Theorem 3.7 and Corollary 3.8, reduces to a result of Subramanian
et al [27].
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