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A new calibration estimator in stratified double
sampling

Nursel Koyuncu ® * and Cem Kadilar *

Abstract

In the present article, we consider a new calibration estimator of the
population mean in the stratified double sampling. We get more effi-
cient calibration estimator using new calibration weights compared to
the straight estimator. In addition, the estimators derived are ana-
lyzed for different populations by a simulation study. The simulation
study shows that new calibration estimator is highly efficient than the
existing estimator.
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1. Introduction

When the auxiliary information is available, the calibration estimator is widely
used in the sampling literature to improve the estimates. Many authors, such as
Deville and Sarndal [2], Estevao and Sarndal [3], Arnab and Singh [1], Farrell and
Singh [4], Kim et al.[5], Kim and Park [6], Koyuncu and Kadilar etc.[8], defined
some calibration estimators using different constraints. In the stratified random
sampling, calibration approach is used to get optimum strata weights. Tracy et
al.[9] defined calibration estimators in the stratified random sampling and stratified
double sampling. In this study, we try to improve the calibration estimator in the
stratified double sampling.
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2. Notations
Consider a finite population of N units consists of L strata such that the hth

L

stratum consists of N, units and > N;, = N . From the hth stratum of N, units,
h=1

draw a preliminary large sample of mj; units by the simple random sampling

without replacement (SRSWOR) and measure the auxiliary character,xp;, only.
Select a sub-sample of n; units from the given preliminary large sample of my,
units by SRSWOR and measure both the study variable, y,; and auxiliary variable,

m
xpi. Let Ty = e X’f xp; and sis = mhl_l i(mm —73)? denote the first phase
i=1 i=1 -
sample mean and variance, respectively. Besides, assume that 7, = ﬁ Z Thi
Nnhp MNh Nh
7S%Lx = 1Z(xhz_$h) andy = thzvsy: pry— 1Z(yhz_yh)

denote the second phase sample means and variances for the auxﬂlary and study
characters, respectively.
Calibration estimator, defined by Tracy et al.[9], is given by

L
(21)  Fold) =D WiT,,
h=1

where Wy are calibration weights minimizing the chi-square distance measure

subject to calibration constraints defined by
L L
(23) Y Wimn=) Wiz,
h=1 h=1
L

L
24) > Wisp,=> Waspa
h=1 h=1

The Lagrange function using calibration constraints and chi-square distance
measure is given by

(2.5)

L L L
Z Q W —2)\1 ZWhlEh Zthh 2>\2 ZW;S%LCL‘_Z th;kzzz)v
h—1 h¥Vh h=1 h=1 h=1 h=1

where A\; and Ay are Lagrange multipliers. Setting the derivative of A with
respect to W} equals to zero gives



339

(2.6) Wi =Wh+ QuWir(MTh + A2si,).
Substituting (2.6) in (2.3) and (2.4) respectively, we get

L L L L
(Z QhW;ﬁi> (z Qhw,@hsiz) > WiEh— > WiE,
h=1 h=1 h=1 h=1

(] =

L L L L
— 2 4 2 2
(z Qhwhwhs,m) (z Qhwhs,w) S WisiZ— 35 Wisl,
h=1 h=1 h=1 h=1

Solving the system of equations for lambdas, we obtain

L L L L L L
(X QuWhsp,)( Z WTh — > WiTn) — (3 Wasia — X0 Wasi ) (Y0 QuWiTnsy,)

)\1 — h=1 h=1 h=1 h=1 h=1 h=1
L L ’

(z QuWist, ) (Y QuWiEr) — (3 QuWiTnsi,)?
h=1 h=1 h=1

L L L L L L
(> Wasia — Z th%m)(Z QuWiT;) — (X QuWiTnsy, ) (> WiTy — 3. WiTh)
Ny = =1 h= h=1 h=1 h=1

(> Qhwhsmxhé Q) — (X Quiians?, )?

Substituting these values into (2.6), we get the weights as given by

QU QuWisho) (5 Walei ~ 1)) — (X Wi(si2 — 52X QuWamnst, )

Wi = Wit . -
(X QuWash, ) (X QuWiTi) — ( Z QnWiTnsi,)?
h=1 h=1 h=1

QRIS WhlsiZ = )X QuIad) = (5 Quianst, (3 Wa(e;, )
+ =1 =1 =1 =1

L L L
(X QuWhsh ) (X QuWiTi) — (X QuWiTnsi,)?
h=1 h=1 h=1

Writing these weights in (2.1), we get the calibration estimator as

~

L
ZWhyh +51(d)(z 1w (Th —Tn)) + Baga) Z w(she = Sha))s

= h=1

where betas are given by

L L L L
(3 QuWhish ) (X QuWiTnTy) — (X QuWaTnsi,) (X QuWalnsi,)
_ h=1 h=1 h=1 h=1

Biy = - 7 T ;

(3 QuWash, ) (X QuWiTh) — (Y QuWaTZnsy,)?
h=1 h=1 h=1
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L L L L
(> QhWhﬁ)(}; QuWiTnshy) — (}; QhthhSiz)(h; QuWrTLT),)

h=1

Ba(a) = 3 T L
(hZ_Zl Qhth;tw)(h; QW) — (X QuWiThsi,)?

h=1

3. Suggested Estimator

Motivated by Tracy et al.[9], we consider a new calibration estimator as

(31) yst dnew Z thh

Using the chi-square distance

and subject to calibration constraints defined by Koyuncu|[7]
L L
(3.3) Z 0Ty = Z thz,
h=1 h=1
L
(34) ZQhth ZW}LS}LQL’
h=1

L L
(35) Y Q=) W,
h= h=1

we can write the Lagrange function given by

L
A= Z (Q}thWhh —2X( Zthh — Z WiT},) — 2Xa( ZQhS}” ZWhS

- 2)\3(2 Qp — Z Wh),
h=1 h=1

Setting g—é} = 0, we obtain

(3.6) Q= Wi, + QuWi(MTp + Xasi, + A3).

Substituting (3.6) in (3.3)-(3.5), respectively, we get the following system of
equations
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(Lawat) (£amai.) (£ema) & &
(zi: Qhthhs%w) (hzilehWhSL) (hzi:1QhWh ! > [§§:| - ZL::W; ;w—hzz:lW} ; ]
(hzzl Q;LW;LE;L) (hZi:l Qn W}L8i$> ( Zi: QrWih, ) "= Oh:1
Solving the system of equations for lambdas, we obtain
AL = %,)\2 = g7)\3 = %,
where
L L L L 9
A= (Z Wh(z5, — xh)) [( Z QhWh> (Z QhWhS;Lw) - (Z QhWhS%m) ‘|
h=1 h=1 h=1 h=1
L L L
+ (Z Wi(sha — 3}%)) [( > QhWh$h> (Z QhWhS%m)
h=1 h=1 h=1
- (ZL: QhWh> (i QhWhS}wah)]
h=1 h=1

B= (Z Wi(si2 - h>) [(iczhwh)(z@hwhxh) (ilQhthh) ]

h=1

h=1 h=1
L L

- ( > QhWh%) ( > Qhthm)}
h=1 h=1

C= ( XL: Wi (T, — fh)) l( XL: QnWhsh,) ( XL: QhWhSiﬁh) ~ XL: Qhwﬂh) ( XL: QhWhSim)]

h=1 h=1 h=1 h=1 h=1
L L L
+ ( PRUACE S%ﬁ) [( > QhWhTh) ( > Qhthhshz)
h=1 h=1 h=1
- ( ZL: Qhthi) ( XL: QhWhSiI)]
h=1 h=1
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= ( EL: QhWh> ( i QhWhSiz) ( EL: Qhth}%) - ( EL: Qhthh)Q ( EL: QhWhS;lm)
h=1 h=1 h=1 h=1
- (ZL:QhWh) (zL:QhWhSixxh) (ZL: Qhth}w) (ZL:QhWh’I;QL)
h=1 h=1 =1 h=1
+ 2( i QhWhTh) ( i QnWhsi,) < i thvhshz)
h=1 h=1 h=1

Substituting these lambdas in (3.6) and then (3.1), we get

L

L
yst (d’l’L@’LU) = yst +ﬁ1(dnew) (Z Wh (xh Z'h +62(dnew) Z Sh;c S}w
h=1 h=1

where 51(dnew) = % and 62(dnew) = %

i)

Qn thh> (
L

B = (i Qhwhxhyh> [( > QuWamn) (hi_l QuWish,) - (hé@hwh) (}é@hwﬁsﬁmxh)l

- <§:1 Qhthhyh> [(é@hm) (i QuWish) — (thWh5h$>Q]
(S [(Samta) (Sam) - (3

)
+ (g QhWhyh> [(ZL:Qth»s%x)(ththin (

B

QhWhS%m)]

h

Il
_

s

M=

QhWh,Sﬁx)]

>
Il
—

- (,é Qhthimyh> [( ,é QU (éQhthi) - (éQhthh)Q]
+ (é Qhwhyh> [( h}ijl QW) (éQhWhmhsiz) - (gjl@hwhxi) (EL: Qhthim)]

4. Theoretical Variance

We can write the estimators 7, (d) and 7, (dnew) as follows:

(41) yst Z Whyh + Bl(a) Z Wh Ih + BQ(a) Z Wh th 52'21")
h=1

where a = d, dnew. To find the variance of estimators, let us define following
equations:
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e — (gh - ?h) e _ (Eh B Yh) ef — (f;kz - yh) e _ (s%w - Sigw)
Oh ?h s €1h Y}—L » “1h yh s €2h Sﬁx
. R -Sh) - o - = ¥ .
and e}, = R Yi(1+eon), Tn = Xn(l +ein), ), = Xn(l+e€p),
hx

Sha = Sha(1+ €2n).872 = Sp, (1 +€3),
E(egh) = )‘nhcjhv E(e%h> = )‘nhCanm E(eonein) = AnnCyan, E(eonet,) =
AmnCyan, E(€3),) = Aun(Xoan—1), E(e57) = Ann(Moan—1),E(e2nes),) = Amn(Aoan—
1), E(eonezn) = AnCynAizn, E(eones,) = AmnCynAizn.E(€57) = AmnC2y,, Ee1nel),) =
A C2 E(e1nean) = AanCunMosn, E(elnean) = AmnCanMosn,E(e1nes,) = AmnCunMosn,E(e5,€5,) =
AmhCzhAo3n < ; ;

Np — —
=> (Yai=Yn)" (Xni—Xn)*
TS _ i=1
Arsh = gu h% and fi,sp =
F20nHoz2n .
Expressing (4.1) in terms of e’s, we have

Nn—1

(4.2)

Yor(@) = > WiV n(14eon)+B1(a) X n((1+e1n)—(1+€51))+B2(a) Sha (1+ean) —(14€3,)]

&>
||Mh
L

(4.3)

L L
?st(a)—z WpY ) = Z WilY heon+B1(a) X n(€1n—eip)+Bo(a)Sia (€2n—€51)]
h=1 h=1

Squaring both sides of (4.3),

L 2 L

— N B * * 2

(4.4) (yst(a) - Z Wth> = Z Wi [YVheon + Biay X n(ern — €5) + Baga)Sia(€2n — €3)]
h=1 h=1

I
M=

2 -2 * «
Wf% {Yhegh + B%(Q)Xh(elh - €1h)2 + 5§(a)5;‘§x(62h - 62h)2

>
Il
—

+ 2B1(a) X0 Y neon(e1n — €ip) + 2B2(a) Y nSha€on (€2 — €31)
+ 281 e B X0 SR (e1n = €53)(e2n — e3)]

and taking expectations, we get the variance of 7, (a) as

L
_ =2 =2
(45)  Var(yy(a)) = Z W}% [Yh/\nhcih + (Ann — Amh)ﬂf(a)xhcih + (A — )\mh)ﬂg(a)séx()\(ﬂh -1)
h=1

+2(Ann = M) Bi()Y n X nCyah + 2(Anh — Amn)B2(a) Y nS7raCynrizn
+ 2(Anh — Amn) Bi(e) B2(a) Sia X nCah Aozh)

The variance of 7, () in (4.5) is minimized for
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Var(@s ()

=0,
0B1(a)

_ﬂQ(a) S}%x th AO3h - ?hcywh

4.6 = d :
(4.6)  Bia) X2,
Var(ga() _,
9B2(a) ’
—B1(a) X nCanXosh — Y hCynAi2n
(47) ﬁz(a) _ 1(@) 03 yhAN12

S}QH(/\QML — 1) ’

Substituting (4.6) in (4.7) or vice versa, we have optimum betas as given by

By = Syn M2nAosh — A11n(Moan — 1) By = Syn A1nAosn — Aian
1() San (>\04h — 1) - )‘83}1 e Szh ()‘0411 - 1) - )‘(Q)Sh

The resulting (minimum) variance of 7, («) is given by

C2,Noan — 1) + C2,C4 025, — 2Cy0nCynCanrosnAizn

(4.8)  Var(yy(w)
)\n 02 - )\n - )\m z
hCyn — (Ann ) C?, [(Aoan — 1) — X23,]

L 2
= Z Wl?th
h=1
= 2572 ~2 2 (A12n — A11rAo3n)?
= Z WthCyh )\mh + ()\nh - )\mh) 1 - Allh - ()\ — 1) — /\2
h=1 04h 03h

5. Simulation Study

To study the properties of the proposed calibration estimator, we perform a
simulation study by generating four different artificial populations where Z}; and
yr,; values are from different distributions given in Table 1. To get different level
of correlations between study and auxiliary variables, we apply some transforma-
tions given in Table 2. Each population consists of three strata having 500 units.
After selecting a preliminary sample of size 300 from each stratum, we select 5000
times for the second sample whose sample of sizes are 30 and 50. The correlation
coefficients between study and auxiliary variables for each stratum are taken as
Pay1 = 0.5 ,ppyo = 0.7 and pyyz = 0.9 . The quantities,S1, = 4.5, Sop = 6.2,
S3y = 8.4 and Sy = Sy = 53, are taken as fixed in each stratum as in Tracy et al.
[9]. We calculate the empirical mean square error and percent relative efficiency,
respectively, using following formulas:
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()

N
Y [Hala) =Y

MSE([yg(a)) = =1 N ,a =d,dnew
()
_ MSE(@u(d)
PRE = MSE®.,(dnew) x 100

From Table 3, the simulation study shows that new calibration estimator is

quite efficient than the existing estimator.

6. Conclusion

In this study we derived new calibration weights in stratified double sampling.
The performance of the weights are compared with a simulation study. We found
that suggested weights perform better than existing weights.
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Table 1. Parameters and Distributions of Study and Auxiliary Variables

Parameters and distributions Parameters and distributions
of study variable of auxiliary variable

I. Population, h=1,2,3

1 1.5—1_—yi. 1 0.3—1_—=x7,
f(y:n) = T'(1.5) y:” € Yhi f(x;kn) = T(0.3) m}tz € Thi

II. Population, h=1,2,3

_ v
2

f(:t’;k”) _ 1 *0.3716—90;‘“;

* 1
fyni) = Van € T(0.3) Thi

Table 2. Properties of Strata

Strata Study Variable Auxiliary Variable

1. Stratum  yi; = 50 + y5; x1; = 15+ /(1 = p2,1)2T; + pas %yﬂ
2. Stratum  y2; = 150+ y5; 2 = 1004 /(1 — pin)mZi + pm%ﬂ;y;i

3. Stratum ys3i = 50 + y3; x3; = 200 + /(1 = p2,3)T3; + pay3 %;y&

Table 3. Empirical Mean Square Error (MSE) and Percent Relative
Efficiency (PRE) of Estimators

Population Empirical MSE(7,,(d)) Empirical MSE(y,,(dnew)) PRE

I (my = 30) 61205495678 65730798 93115.4
I (mn = 50) 626914412 38472456 1629.515
IT (msy = 30) 6.8404e+11 50343013 1358759

IT (my = 50) 245901177 35046173 701.6491




