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SPECTRAL EXPANSION OF STURM-LIOUVILLE PROBLEMS
WITH EIGENVALUE-DEPENDENT BOUNDARY CONDITIONS

NIHAL YOKUS AND ESRA KIR ARPAT

ABSTRACT. In this paper, we consider the operator L generated in La(R4) by
the differential expression

(y) = —y" + q(x)y, v€Ry := [0, 00)
and the boundary condition

y'(0)

y(0)
where ¢ is a complex valued function and «; € C, i =0, 1,2 with ag # 0. We
have proved that spectral expansion of L in terms of the principal functions
under the condition

=ag+ a1+ O¢2)\2,

g€ AC(Ry), lim q(x) =0, Vg (@)]] < 00, &> 0

sup
zER
taking into account the spectral singularities. We have also proved the con-
vergence of the spectral expansion.

1. INTRODUCTION

The spectral analysis of a non-selfadjoint differential operators with continuous
and discrete spectrum was investigated by Naimark [1]. He showed the existence of
spectral singularities in the continuous spectrum of the non-selfadjoint differential
operator Ly, generated in Lo(R, ), by the differential expression

b(y) = —y" +q(z)y, v € Ry :=[0,00) (1.1)

with the boundary condition y’(0) —hy(0) = 0, where ¢ is a complex valued function
and h € C. If the following condition
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/e”\q(zﬂdz <oo, €>0

satisfies, then Ly has a finite number of eigenvalues and spectral singularities with
finite multiplicities. Lyance investigated the effect of the spectral singularities in the
spectral expansion in terms of the principal functions of Ly [2]. The Laurent expan-
sion of the resolvents of non-selfadjoint operators in neigbourhood of spectral sin-
gularities was investigated by Gasymov-Maksudov [3] and Maksudov-Allakhverdiev
[4]. They also studied the effect of spectral singularities in the spectral analysis of
these operators.

Using the boundary uniqueness theorems of analytic functions, the structure of
the eigenvalues and the spectral singularities of a quadratic pencil of Schrodinger,
Klein-Gordon, discrete Dirac and discrete Schrédinger operators was investigated
in [5]-[10]. The effect of the spectral singularities in the spectral expansion of a
quadratic pencil of Schrédinger operators was obtained in [9]. In [10] the spectral
expansion of the discrete Dirac and Schrodinger operators with spectral singularities
was derived using the generalized spectral function (in the sense of Marchenko [11])
and the analytical properties of the Weyl function.

Spectral analysis of the quadratic pencil of Schrodinger operators was done in
[9]. Spectral expansion of a non-selfadjoint differential operator on the whole axis
was studied in [12]. The other expansion of the non-selfadjoint Sturm-Liouville
Operator with a singular potential was studied in [13].

Let us consider the operator L generated in Lo (R )by the differential expression

Wy) = —y" +q(x)y, z€Ry (1.2)

and the eigenvalue-dependent boundary condition

y'(0)
y(0)
where ¢ is a complex-valued function and «; € C, ¢ = 0,1,2 with as # 0. In

([14]) it has been proved that the operator L has of a finite number and spectral
singularities, each of them is of finite multiplicity under the conditions

=g+ a1 A+ as s (13)

g€ AC(R,), limg(z) =0, sup[e*V7|¢ (z)]] < oo, € >0 (1.4)

x— 00 z€R

In this paper, which is a continuation of ([15]), we find a spectral expansion of L
in terms of the principal functions under the conditions (1.4) taking into account
the spectral singularities using a contour integral method, and the regularization of
divergent integrals, using summability factors. We also investigate the convergence
of the spectral expansion.
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2. SPECIAL SOLUTIONS

Let us consider the equation

—y" +q(x)y =Ny, veRy (2.1)

We have previously considered in [15] that the only complex valued function, g is
almost everywhere continuous in R, and satisfies the following condition

oo

/0 z|q(x)|dz < oo (2.2)

Let ¢(x,\) and e(x,A) denote the solutions of (2.1) satisfying the conditions
oz, \) = 1,0 (z,\) = ap + a1 A+ a)?, lime(z, \)e ™™ =1, AeC (2.3)

T — 00

respectively. The solution e(x, \) is called Jost Solution of (2.1). Note that, under
the condition (2.2), the solution ¢(x,A) is an entire function of A and the Jost
Solution is an analytic function of A in C; := {\: A € C,ImA > 0} and continuous
in Cy:={\: A€ C,Im\ >0} ([14]).

Moreover, Jost Solution has a representation ([11])

e(z,\) = e +/ K(z,t)eMdt, \eCy (2.4)

where the kernel K (z,t) satisfies

1 t+s—x
K(z,t) == s)ds —|— (s,u)duds
2 L* t+x—s

(2.5)
t+s—x
+ = / / q(s)K (s, u)duds
2 2t Jg
and K(z,t) is continuously differentiable with respect to  and ¢.
r+t
K (2, t)] < cw( ) (2.6)
r+1 T+t
Ko (2, 8)], | Ko (2, 0)] 4‘ ( )‘—i—cw( 5 ) (2.7)
where w(z) = [°[q(s)|ds and ¢ > 0 is a constant.
Let e*(z,\) denote the solutions of (2.1) subject to the conditions
lim e et (2, 0) =1, lim e™*ef(z,)) = i)\, M e Cy (2.8)
Then
Wle(z,\), e (z,\)] = £2i\, A€ Cy 29)

Wile(z, \), e (z,-\)] = —2i\, X €R = (—o0,0)
where W(f1, f2] is the Wronskian of f; and fo ([14]).
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We will denote the Wronskian of the solutions with e(x,\) and e(x,—\) by
ET(X) and E~()), respectively, where

ET(\) =€ (0,\) — (ao + a1 A + aaX?)e(0,)), A eC, (2.10)

E~(\) :=¢(0,-)\) — (ap + a1 A + aaX?)e(0,-)), A€ C_ (2.11)

Therefore, Etand E~ are analytic with respect to A in Cy = {\: XA € C, ImA>0}
and C_ = {\: X € C, ImA<0}, respectively, and continuous up to real axis, and

ET(\) = - +8TA+6" +0o(1), AeCy, [N\ — o0 (2.12)
E~(\) = —a >+ A+6 +o(1), AeC_, [|N—o0 (2.13)
where
Bt =i—a; —iayK(0,0)
6T = —K(0,0) — g — i1 K(0,0) + a 4(0,0) (2.14)
FH(t) = K.(0,t) — agK(0,t) — i1 K4 (0, 1) + co K4:(0, 1)
hold [14].

3. THE SPECTRUM OF L
We have previously shown ([14]) that
oa(L)y={A:AeCy, ET(N)=0}u{r:AeCy, E (\)=0}
os(L)={A: AR, ET(\)=0}U{r:A€R*, E-(\) =0}

where R* = R\ {0}, by 04(L) and os,(L) we denote the eigenvalues and spectral
singularities of L, respectively.

(3.1)

Let
Gt(z,t, A reC
Gt = & @t AeCy (3.2)
G (z,t,N\), AeC_
be the Green Function of L, where
_ et Ne(m,\) 0 <tz
G+ (.T, t, >‘) - ga(:vE;—)(e/}?f ) ’ (33)
_W’ z<t< oo
_ et Ne(z,—N) 0<t<z
G~ (z,t,)) = Bd—y . 3.4
( ) { _@(mﬁ)_e((kt,)fA), z <t <00 ( )

Under the conditions (1.4), we know that L has a finite number of eigenval-
ues and spectral singularities, and each of them is finite multiplicity ([14]). Let
Ay...,Aj and Ajpq,..., A, denote the zeros of ETin Crand E~in C_(which are
the eigenvalues of L) with multiplicities my, ..., m; and mji1,...,my, respectively.
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We will also need the Hilbert Spaces

Hm:{f:/ooo(l+:r)2mf(x)|2dx<oo}, m=0,1,...

H_ , = {g : / (1+x) 2™ |g(x)]*dz < oo} , m=0,1,...
0
with
172, = / (142 (@) da, gl = / (1+2)2"g(2)? da

respectively. It is obvious that Hy = L2(R4) and

Hm+1 ; Hm g LQ(R+) ; Hfm g H,(m+1), m = 172, N

and H_,, is isomorphic to the dual of H,, : H/, ~ H_,,
We have previously shown that ([15]):

Unp € La(Ry), n=0,1,....mp,—l,p=1,2, ...,
Unp€H (ny1),n=0,1,...,m, —lL,p=a+1,..k

where

Unple) = { et o0} =§An_5<x> { B ]

Unp(z) = {68;180(937)\)} = nOA"‘/B(A) {;\ie(z,/\)}kﬂp

A=Ap  pB=

A=Ap A=Ap

The functions U, ,(z), n=0,1,...,m, —1, p=1,2,...,cand p=a+1,....k
are the principal functions corresponding to the eigenvalues and the spectral sin-

gularities of L, respectively.

4. SPECTRAL EXPANSION

Let C§°(R4) denote the set of infinitely differentiable functions in Ry with com-

pact support. Evidently,

d(x) = R(L)R™(L)(x) = R(L)(L — N1)i()
0@ = [ Gt [0 + a0 - V)] d
for each ¢ € C§°(R;). We obtain

where

00 = 0"+ (0w, D) = | NGt (1) di
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FIGURE 4.1

Let ~y,. denote the contour with center at the origin having radius r; let 0, be the
boundary ofy,. r will be chosen so that all eigenvalues and spectral singularities
of L are in v,. P,, denotes the part of v, lying in the strip [ImA| < n and
Yrn = 'yjn U7,,, where 'yjn and v, are the parts of ,\ P, in the upper and the
lower half-planes, respectively (see Figure 4.1). We chose 1 so small that P,, does
not contain any eigenvalues of L.

So we easily see that

8’yr = a"yrn U (’“)PT,, (42)
From (4.1) we get
V(@) = —— l/wc( LNty A== [ D@ Ndy (43)
U 0mi Jo, ANy T mi Sy, '

Using (2.12), (2.13), (3.2) and Jordan’s lemma, we see that the first term of the
right hand side of (4.3) vanishes as r — oo. The same result holds for the second
term. Then considering (4.2) we find

1 1
Y(x) = — lim — D(z,A\)dX — lim — D(z,A)dA (4.4)
noso 2T Sy, w0 2mi Jop,,
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FIGURE 4.2

We easily obtain that the first integral in (4.4) gives

lim [ D(z,\)d\ = Z Res [D*(z,\)] +Z Res [D™(z,\)]

r—00

7—0 i=1 A=A =1 A=A
where

DE(z,\) = /OoGi(x,t,A)vjz(t) dt.
0

Let T’ be the contour which isolates the real zeros of ET by semicircles with
centers at A;, i« = 1,2,...,v having the same radius Jy in the upper-half plane.
Similarly, let I'_ be the corresponding contour for the real zeros of £~ in the lower
half-plane. The radius of semicircles being chosen so small that their diameters are
mutually disjoint and do not contain the point A = 0 (see Figure 4.2).

From Figure 4.1, we obtain

1 1
lim — D(z,)\)d / D™ (z,A)d\ — =— [ D™ (x,\)d\
i 2mi Jap,, = omi 2t Jr,

Therefore (4.4) can be written as

P(x) = —Z Res [D*(z,\)] — Z Res [D™ (z, \)]

11>‘>‘+ i=1 A=Ay

1
— Dt (z,\)d\ — — D™ (z,\)d 4.5
+2m T, (=, 2771/ (=, (45)

Theorem 1. For every ¢ € C3° (R4)

+
m; —1

[ VU (@) U (0,0)] }
A=2]

)
@) browerwen]

1 er(0,))
+./F+ Sy U @ U () )

A=AF (4.6)

Uz, \)U (¥, ) dA
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=3 { (2)" o @ v wa] }

i=1 A=Af
a o™l
> { () (@ @) }Hi_ -

+i./ CON V0,0 d
T

—QLM | 6EEO(’>\>;)U(L>\)U(¢,)\) dA

where
af(\) = —(A(;Lf)szg((?\’?), i=1, . (4.8)
% ) Q@f”f;f?ioif)’ P bk
bE(\) = —(A(;%’\E)S;E{((O):)’\), i=1, .0 (4.9)
b (\) = —(A(;%_Ai)ln;;;(&ﬁ), i=1,..k

and

U= [ wUe N,
0
Proof. Let B(x, \) be the solution of (2.1) subject to the initial conditions

B(0,\) =1, B'(0,)\) = ag+ aiA + aA?

Then
+
+ _ €z (Oa )‘)
G*(z,t,\) = EE(N Uz, \)U(t,\) +a(x,t,\) (4.10)
where

| Bz, )U (t,\),0<t<x
a(@tA) = { B(t, U (2,)), ¢ <t < o0
and a(x,t,A) is an entire function of A. From (4.5) and (4.10) we obtain (4.6).
Writing (4.1) as
P(x)
A2

and repeating the calculation as we done for (4.1), we have (4.7). (]

1 oo
_ P/0 Glz,t, NO(t) dt — D(w, \)
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Since the contour I'y and I'_ in (4.6) and (4.7) do not coincide with the contin-
uous spectrum of L, these formulae contains non-spectral objects. The aim of this
article is to transform (4.6) and (4.7) into two-fold spectral expansion with respect
to the principal functions of L.

Theorem 2. For any ¢ € C§° (Ry.) there exists a constant ¢ > 0 so that

/OO AU (1, V)2 dA <c/0°°|¢(x>|2 dz (4.11)

—00

Proof. From (3.7) we get

n 3
Ui, ) = ZMM(AP);!{ O e (v, )}H (4.12)

= N ¢ ,
:/ Y(z)et (x,)) dz
0
Using (2.4), we obtain

* (v, )/Oo{ AT /th) ”\tdt}qﬁ()dx
/w de+/ / () K (z,t)e™ dida

Changing the order of integration, we get

where

et (z,\) = / I+ Ko@)} M dt (4.13)
0

in which the operator I is the unit operator, and K is the operator defined by

t) = AWK(x,t)w(x) dt.

From (2.6) we understand K is a compact operator in Ly (R} ). Thus (I + K) is a
continuous and one-to-one on Lo (R.). Using the Parseval’s equality for the Fourier
transforms and (4.13) we get

/Oo e, V| di < c/ooow(x)ﬁ dz (4.14)

— 00

where ¢ > 0 is a constant.
The proof of the theorem is completed by (2.12),(2.13) and (4.14). O

By the preceding theorem, for every function ¥ € Lo (R4) the limit

U, A) = lim (z)U (z,\) dx
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exists in the sense of convergence in the mean square, relative to the measure AZd\
on the real axis; that is,

(oo}

MdA=0 (4.15)

lim
N—oo — 0

U (4, 1) — /0 V(@)U () dz

Since C§° (R4) is dense in Lo (Ry), the estimate (4.11) may be extended onto
Ly (Ry) for any ¢ € Lo (Ry) as

/OO IAU (1, M) dX < c/(]m¢(x)|2 dx (4.16)

— 00

where U (1, A) must be understood in the sense of (4.15). We shall need a general-
ization of this estimate.

Theorem 3. If ¢ € H,,, then U(¢,\) has a derivative of order (m — 1) which is
absolutely continuous of every finite subinterval of the real axis and satisfies

/Z' <ddA)n [U(4, 2)] dA

where ¢, > 0 are constants, n =1,...,m.

2

<o / (42" [p@)f dz (417)

The proof is similar to that of Theorem 2.

To transform (4.6) and (4.7) into the spectral expansion of L, we have to reform
the integrals over I'y and I'_ onto the real axis.

Since the spectral singularities of L are the zeros of E*, the integrals over the real
axis are divergent in the norm of Ly (R ). Now we will investigate the convergence
of these integrals in a norm which is weaker than the norm of Ly (Ry). For this
purpose we will use the technique of regularization of divergent integrals. So we
define the following summability factor:

(A_)‘P)ﬂ _ :1
F;g()\): Bl s A= Xl <0 p=10n (4.18)
0 s A=l =6 , p=1,...,n
A—=2,)"
P 0 s A=Al 26, p=n4+1,.k

with 6 > dp. We can choose 6 > 0 so small that the d—neighborhoods of A,
p=1,..,nn+1, ..k have no common points and do not contain the point A = 0.
Define the functions
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n mp—1 d B
F* {0} =) - {@) glw} £ (1.20)
A

P ()} =) - 3 Z{( ) A)} FoO) (421)
A:kp

p=n+1 =0
where g7 and go is chosen so that the right hand side of the above formulae is mean-
ingful. Tt is evident from (4.18)-(4.19) that Ay, ..., A, are the roots of F* {g;(\)} =
0 and A,41,...,\care the roots of F~ {g2(N\)} = 0 at least of orders myq,...,mpand
Myt1, ..., Mg, Tespectively.
In the following, we will use the operators

1 et (0,0)

Prij(a) = | Em U @NT BN (4.22)
Pi(z) = ﬁ /F WU@;, MU (8, 3) dA (4.23)

and

et (0, 0) o
r, E+()) B
1 (% Xef(0,N)

(A)dA

FH{U (z,\) U (¢, \)} dA

o2ri | Et()\)
k mp—1 B
- Zi PIDY {( o) | <,A>U<w,m}
1 =0 A=Xp
(0 ) g
X /11 ( ) ( )dA
1 [ Aey (0 A)

Since under the condition (1.4) e™(z, A\) ande™ (z, A) have an analytic continuation
to the half-planes Imk > —§ and Imk < §, respectively, we get

PEp = I*y
for ¢ € C§° (R4).
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Theorem 4. For each ¢ € Hy,,11), there exist a constant ¢ > 0 such that

150 oy < €1 18l gge) (4.24)
where mg = Max {my, ..., My, Mp i1, ey Mk } -

Proof. Define
AF = =02 +0)., p=1..n (4.25)

Then 0 ¢ A;‘, p = 1,...,n. Using the integral form of remainder in the Taylor
formula, we get

FT{U(z, MU (4, \)}

Uz, U (¢, \) A EAS 196
N\ ety oo (8) " eovw.e)baeaeny 429
where Al = R\ { Lnj A;‘} . If we use the notation
p=1
! e (0,0) B
If(x) = i //\IEW{U(x,A)U(w,)\)}d)\, p=1..k
. 1 a0
P =52 Y (55) [Pevwa]
p=1 B=0 P
et (0,A) o
x /F Boy b
we obtain
I =If+. .+ +TF (4.27)

from (4.25) and (4.26). We now show that each of the operators I, ..., I} and It

is continuous from H,,,41) into H_(;,,41). We start from with I, From (4.18)
we find the absolute convergence of

/ )\e: (07 )\) F+
ry

E+()) pﬂo‘) dA

Using (3.6) and the isomorphism H_,,, ~ H), we see that I is continuous from
H,, into H_y,, or from H,,, 1) into H_(,,,41). Hence there exists a constant ¢ > 0

such that
[ o <l

(mo-+1) (4.28)
for any ¢ € H(ypg41)-
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Next we want to show the continuity of ILF, p = 1,...,n from H, 1) into
H_(py41)- From (4.26) we see that

1 Aet(0,0) [ S
I+ A — &)
V(@) = 2mi(my — 1! Jay  ET(N) />\p( &)

x { ((,fg)mp (U (2, VU (¢, /\)]} ded) (4.29)

Interchanging the order of integration, we get

Ap+6 Ap+0

S TR—] / /{( ) e

et (0, A)
ET(A)

T @) weomen)

_12eF (0, )

E+(N)
Since A, is a zero of E*()) order my, there exists a continuous function Ef(X)
such that Ef(\,) # 0 and ET(X) = (A — Ap)"? Ef (Ap). On the other hand,

Iy(x) =
X (A — &)™ dNd¢

x (A= &)™ dAdE.

Ap+6
m 1 el (0,0)
/ I GIUL RS CES VIR
3
if £ > Ay, and
£ A A
A _6(A —&)mrT 1;%)) dA| < AP (€) [In(\, — €) — In ] (4.31)
if £ < Ap, where
et (0,0) el (0,0)
L)y — Aeg (U, A) (2) Aeg (U, A)
hy (&) = AE[Iggf-&-é] Ef () ‘ by (O = )\E[Iila—(; al Ef () ‘ '

(4.30) and (4.31) show that If, p = 1,...,n are integral operators with kernels
having logarithmic singularities.
(4.29) can be written as

o Bl e
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Sp //’1+xm0+1

We see that B, < oo, by (3.6), (4.30) and (4.31). Since

Define

dédz.

2

I+
Yo dz

|‘I+wH (mo+1) /‘ 1+IL‘ m0+1

2 d s 2
//‘ 1+x m0+1 dﬁdx/ '<d§> U(¢yf) dg§
A
Mp d s
k=0
Utilizing (4.16) and (4.17) we obtain
||I;w|}7(m0+1) S Cp ||1/}|‘TILD =6 ”wH(nLo—&-l » D= 1 (432)
where ¢, are constants.
We consider the operator I which is defined by
> Ae (0, N)
Ity = — s 4
0= g [ AW EE W V@A) ax (43

where 3¢ is the characteristic function of the interval A{. From (4.33), similar to
the proof of Theorem 4.2, we get

oo

[t v s <o [0t a
0

0

where ¢y > 0 is a constant. Since
H(m0+1) ; L, (R-i-) ; H—(mo-i-l)a
we find
||Io¢||7(m0+1) < Co ||¢||(m0+1) (434)
From (4.27), (4.28),(4.32) and (4.34) we have

Hl+w||f(mo+1) < 9l mg41y
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In a similar way it follows that

||Iiw||_(mo+1) S c Hw”(mo—&-l)

Then for every ¢ € H(ny41),

1 e (10N
It (z) = %; ;;:: {(E)A) [U(x,)\)U(w,/\)]} (4.35)

et (0, )
Eff(A))F;B(A) dX

% / WF*{U(L)\)UW,)\)} A

— 00

and

k. mp—1 B
I~ Z {( 0 ) [U (2, U (¢, /\)]} (4.36)
+

5= A=A,
Az(0),
x/ B0y
1 OO)\e _
T/ = 2 0N b v (0 U (1, )} d

Let a,(A) denote any function which is defined and differentiable in a neighbourhood
of A\, and which satisfies the condition

() f”’ OV AN, p=1,..,n

d ™18 2mi ET(\)
<d/\) ap(A) - mp—1y [ Aeg (0) pr
A=Ap - ( i )f oy Fpp(MdA, p=n+1,..k

(4.37)
Then (4.35) and (4.36) can be written as

I+w<x>—2{(§;) - [apu)U(x,A)U(w,A)]}

p=1 A=,

% / Wzﬁ (U (2, 0) U (1, )} dA (4.38)

—0o0
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k 9 mp—1
o) = Y {(m) (U (&, ) U (@, A)]} (4.39)
p=n-+1 A=Ap
1 [ Aes(0,0)
%7 ?WF {U (x,\)U (¢, \)} dX

we shall also use the following integral operator (see (4.7)):

@ ua) = o[22 OV v v« (4.40)

ry

Q@ (o) = g [ P2 W @] b (441)

Aef(0,A) 4

1 Aer(0,))
e P e @] d

2mi

— 0o

n mp—1

RO {( ) we e, >]}“

y / Aez (0.0)
T

0 5 (A)dA

1 oo)\e;(O,)\) _
WF [U(z, \)U (1, N)] dA

2mi

It is evident that
QFY = J*y,
for ¢ € C§°(R4).

Theorem 5. For every each 1 € Hyy 1), there exist a constant ¢ > 0 such that

||Jin—(m0+1) <c ||VI/J||(m0+1) ’
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It is evident that, for every ¥ € H(;y41)

T = {@)%_ [bp(A)[U(xJ)U(w,A)}]}A:A (1.42)
1 Aer(0,))

— 0] FH{U (z,A) U (¥, M)} dA

where
mpy—1 e (0,)) _
{( d )mp—l—B %( B )F E+(N) F+ ()‘)d>‘ p= 17"7”
Iy bp()‘)} = 1 by
iy (0.2) _
dx N = )f FEEPEL) AN p=nt1,.k
(4.43)

Theorem 6. Under the condition (1.4) the following two-fold spectral expansion
in terms of the principal functions of L holds,

1 [ Aef(0,0)
Yomi | By ¢ @U@ IO
1 7 )\e; (0,A)
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P mjfl
0 = X4(5)  BWUEATE]

i=1 A=
n mp—1
oy (g) [Bp(N) [U (2, U (3, )] (4.45)
i=p+1 A=Ap
1 [ Aet(0, )
g [ U W) ax
1 Az (0,0
_m/ oy T U@ U@

for every function v € Hyy41y. The integrals in (4.44) and (4.45) converge in the
norm of H_(p,41) where a;, b;, F', a, and b, defined by (4.8), (4.9), (4.20), (4.21),
(4.37), and (4.43) respectively.

Proof. We obtain (4.44) and (4.45) for ¢ € C§°(Ry) C H(y41), by use of (4.6),
(4.7), (4.22), (4.23) and (4.38)-(??). The convergence of the integrals appearing
in (4.44) and (4.45) in the norm of H_(y, 1), has been given in Theorem 4 and
Theorem 5. As C§°(R;) is dense in Hy,,11), the proof is finished. O
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