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Abstract: The aim of this paper is to investigate the pointwise cormecg and the rate of convergence of the operators in thevialip
form:

L (fixy) = [[ 19K (tsxy)dsat (xy) € 2.
Q

where Q =< AB > x < C,D > is an arhitrary closed, semi-closed or open regiofRf) at a u-generalized Lebesgue point of
fe LP(Q) aS(X,y,A) - (X07YO7AO)~

Keywords: p-generalized Lebesgue points, pointwise convergencepfatonvergence.

1 Introduction

In [11], some pointwise approximation results for integral opensof the form:

T

Ur (1) = [ (0K (t=x)dlt, x€ (), ®

have been studied at a Lebesgue point of integrable fursctibhen these type operators, convolution type singular
integral operators depending on two parameters, were ageeélby Gadjiev3], RydzewskaT]. In [12], Taberski gave
some theorems concerning the Riemann-Stieltjes, Lebesgli@itchmarsh integrals on a given rectangle. Especlaly,
formulated a theorem of Faddeev's typd g, page 246) concerning the convergence of singular integfahe form:

UGeyid.f) = [[ftowxyA)dsdt (xy)eQ @
Q

for integrable functiond, here Q denotes a given rectangle amk,y;A) is the kernel satisfying suitable assumptions.
In the same paper, he explored the some approximation tmsdrg using the following operators:

mn

V(X,y;)\,f)z//f(t,s)K(t—x,s—y;)\)dsdt (3)

—1—Tt

In the summability theory of double Fourier series the irdtgperators of type (3) play an important role, where kerne
K(t,s;A) are bounded, measurable, ever, [Zeriodic in each variable, y separately. After the pioneering work of
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Taberski [L2], in [8], Rydzewska estimated the order of convergence of doubtpifar integrals of the form

Vxy,o,f)= //‘f(t,s)K(t—x,s—y;a)dsdt (4)

—mn—Tr

under various assumptions dris,t) andK (t,s; o). Rydzewska considered the convergence of integral operaica
real integrable functiorf (t,s) at a generalized Lebesgue point. In particular, for furtadies on the convergence of
double singular integrals at the Lebesgue points, we adthneseader tod], [10], [14],[15 and [16). For further reading
we suggest the following papers1]][[5], [17], [18], [19], and [21]-[ 24]. We present the pointwise convergence of non-
convolution singular integral operators of the form

Ly (f;xy) = //f 9Ky (t,sxy)dsdt  (xy) € Q, (5)
Q

whereQ := (A B) x (C,D) is an arbitrary closed, semi-closed or open regioR4nat ap—generalized Lebesgue point
of f €Lp(Q) as(x,y,A) — (Xo,Yo0,A0). HereL, (Q) is the collection of all measurable functiofifor which |f|P is
integrable om2.

The rest of the paper is organized as follows. Section 2 dlutces the terminology used throughout this paper. Section 3
shows the existence of the operators of type (5). In Sectiowel give two theorems concerning the pointwise
convergence of, (f;x,y) on different regions. In Section 5 we estimate the rate ohtwdse convergence of the
operators of type (5) and give some examples.

2 Preliminaries

Definition 1. Let ¢ (x,y) be a function defined in the rectangle Bt

b A=X1 < X2 < oo <X < oo < X< Xmp1=Db
C=y1<Y2<..<Yj< .. <¥n<Ynp1=d

be a partition of D and

A¢ (th]) = ¢ (Xi7yj) - ¢ ()(i+l7yj) - ¢ ()(iayj+l) + ¢ (Xi+1ayj+l) .
If A (x,y;) >0(i=12..mj=12..n) for any partition of Pthen it is said that (x,y) satisfies the conditiof®
inD[17].

In other words, ifA¢ (x;,yj) > O for all partitions of D then it is said tha$ (x,y) is bimonotonically increasing and if
A¢ (x,yj) < 0for all partitions of D, then it is said that (x,y) is bimonotonically decreasingf].

The definition of theu—generalized Lebesgue point is the special form of the defimdf the Lebesgue point irg].
Definition 2. A point(Xo,Yo) € D is called ap—generalized Lebesgue point of functior L., (D) if

h k
1
im i [ 18, 54v0) - (00,y0) Pdsdt=0
(h,kH(o,o)ul(h)uz(k)OO'( Yo) — f (X0,¥0)|

wherep; (t):R — R, absolutely continuous op-d, &) , increasing on0, )] and p;(0) = 0 and also
2(s):R — R, absolutely continuous op-dy, &) , increasing o0, &) and p(0) = 0. Here,0 < h,k < &.
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The following definition was inspired by the definition of staA in [13].

Definition 3. (Class A LetQ =<AB>x <C, D> ¥Y=<ab>x<c,d>AC Rg be an index set andl € A be
an accumulation point of it. If the following conditions aatisfied, then K: R2 x R2 — R} belongs to class A; i.e.,

(a) For fixed(xo,¥o) € Q, K, (Xo0,Yo) tends to infinity ad tends toAg for any fixed(x,y) e<a,b> x < ¢,d >.

(b) lim JIK, (t,s%,y)dsdt= 1.
(X,Y,A)*)(XO,YO,AO)RZ
(c) For any fixed(x,y) € W there exists a pointxp, yo) € Q such that

im [ K, (t.5x.y) dsdt=0, YN € N0 y0)

)\*}Ao
R2\N

whereN(xo, yo) stands for the family of all neighborhoods(@#, o) in R?.
(d) For any fixed(x,y) € ¥ there exists a poinixg, yo) € Q such that

lim sup K, (t,sxy)=0, V6 >0
A=rA0r2\Ns (x0.y0)

whereNs(Xo,Yo) = (X0 — 8,%+ 8) x (Yo— 8,Yo+ 8).

(e) For any fixed xe< a,b > there exists a pointxe< A,B > such that K (t,s;x,y) is monotonically increasing
with respect to t orx Xp — d,X > and monotonically decreasing on xg,Xo + 6 > and similarly, for any fixed
Yo €< C,D > there exists a point ¥< c,d >such that K (t,s;x,y) is monotonically increasing with respect to
s on< yp— 0,Yo > and monotonically decreasing o4 yo,yo + 0 > for any A € A. Analogously, for any fixed
(x,y) € W there exists a poinixo, yo) € Q such that K (t,s;x,y) is bimonotonically increasing with respectps)
on< Xg,Xo+ 90 > X <VYo,Yo+ 0 >and< yp—9,Yo > X < Xg— 0,%Xp > and similarly bimonotonically decreasing
with respect tqt,s) on < Xp,Xo+ 0 > X <Yo— 9,¥p > and< Xo— d,X0 > X < Yo,Yo+ 0 > foranyA € A.

Throughout this paper, we suppose that the keifaét, s; x,y) belongs to clasé.

3 Existence of operator

Lemma 1. Let [Ky (.,i%.Y)[l r2) <M, VA € A andV(xy) € ¥. If f € L1(Q) then L, (f;x,y) defines a continuous
transformation acting on 1(Q).

Proof. By the linearity of the operatdr, (f;X,y), itis sufficient to show that

ILa (f. %YL 0)
Il o)

[Lally =sup
40

remains bounded. Now, using Fubini Theorétjvjie can write

I (oY) l@ = ff (//f(t,sm (t,s:x,y>dsdt) dydx
Q Q
< /Q/f (t,s) (/RZK,\ (t,sx,y)dydx) dsdt

<Ml 0

Thus the proof is completed.
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Lemma 2.Let1 < p < o and||Kj ||, gz.z2) <M, VA € A whenever; + ¢ = 1. If f € Lp(Q) then L, (f;xy) defines a
continuous transformation frompl Q) to Ly(Q).

Proof. We assume that & p < «. By the linearity of the operatdr, (f;x,y), it is sufficient to show that

HL)\ (fax7y)HLq(Q)
1l @)

ILallq =
is bounded. Let us define a new function by

_J f(t,s),(t,s) €Q,
g(t’s)_{ 0,(t,s) € R?\Q.

Rearranging and rewriting the norm as follows

1L (XY o) = 12 (0% 0 (

g(t,9) K, (t,sX, y)dsd{ dydx)

Applying Holder’s inequality 2] to the last equality we obtain

q

1 1 é
p - q
1L (F.x W)l // (/ |gts|'°dsdt) (/ |KA<t,sx,y>|‘*dsdt) dydx

R2

1
q
= (// ('”ﬁp(g)//“@\ (t7SX,y)|qudt) dydx)
/) /)

< Ml c0) 1K L r2xr2)
<Ml @)

Hence the proof is completed.

4 Convergence at characteristic points

We are now ready to prove our first main result.

Theorem 1.1f (xg,Yo) be a generalized Lebesgue point of functioa lf, (Q) then

lim L, (f;xy) = f (X,
ISR 2 (Fixy) = £ (x0,¥0)

on any set Z on which the function

Xo+-0Yo+0
[ [ K sxy) a1t =0l ] {4 (15— yol) Yo dsclt
%—0yo—0

is bounded as$x,y,A) tends to(xo, Yo, Ao)-

Proof. Suppose thalfxlé(xo,yo) C Q and(xo,Yo) be u—generalized Lebesgue point dfc L (Q). For the case = 1,
the proof is quite similar to fop > 1, therefore we will prove the theorem for the case p < «. Since(xg,Yo) € Q
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be p—generalized Lebesgue point bfe L, (Q), givene > 0, there exists & > 0 such that for alh andk satisfying
0 < h,k < 9, the following inequalities

X0 Yo

[ 119~ f (x0,y0) Pdsdt< epa () e (K), (1)
Xo—8Yo—3
0 +8%0

[ 119~ f (o,y0) Pdltdts< sp (h) iz (K), ()
X0yo—3
X0 Yot+9o
[ [ 159t 0o.yo)Pdsdt< ep (h) pa (), 3)
Xo—0 Yo
Xo+0Yyo+9d

[ 11,9~ £ 00,y0) Pdsdt< ep () 2 (), @
X0 Yo

hold. Setl, (x,y) ;= |L, (f;X,y) — f (Xo0,Yo0)|- According to condition (c) of clash, we shall write

//f (t,9) Ky (t, 5%, Y) dsdt— f (xo,Yo)
Q

/ K, (t,sxy)dsdt—1
R2

g/Q/H(t,s) f (%0,Y0) | Ky (t,5%,y) dsdt+ | f (x0,Y0)|

11 0y0)l ] K (tsxy)dsdt
R2\Q
=14+I114+11I.

By condition (c) of clas#, Ill — 0 asA — Ag respectively. Now, we investigate the integraf Il . Using Holder’s
inequality we have the following

1
q

ol

X (/ K) (t,sx,y)dsdt)
Q

|11 < (/ 1£(t,9) — f (%0,Y0)|P|K, (t,s;x,y)|dsdt)
Q

+ | (X0, Yo0)|

/ K, (t,sxy)dsdt— 1
R2

Since whenevem, n positive numbers the inequalifgn+n)P < 2P(mP +-nP) holds 6], by taking thep —th power of both
sides we have

(1+11)P <28 [[ 11 (1,9 — £ (x0,0)|°[Ky (t,5x,)| dsdlt
/

P

q
x (//KA <t,sx,y>dsdt) 2%/ (%0,y0) "
Q

= 2P(1y x I* + ).

p

//KA (t,s;x,y) dsdt— 1

R2
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Observe that by condition (c) of classthe integral* tends to 1 a$x,y,A) tends to(xo, Yo, Ao) and the integrall, tends
to zero. Now we investigate the integtal

el 17 11 Lo to0yka 6 sxasaicicne
2\N5(x0.y0) N5 (¥0.¥0)

The following inequality holds for the integréil; i.e.:

1< sup Ky (65%Y)2° |12, g, +1F (030" |B—AlID—C]].
2\N;(x0.Y0)

Hence by condition (d) of clagh, 111 — 0 as(x,y,A) — (Xo,Yo,Ao) -

Next, we can show thag, tends to zero a&,y,A) — (Xo,Yo, Ao) on N5 (X0, Yo)-

= [ [ 119~ f0,y0)PKs (t.5xy) dsdt
N5 (X0.Yo)
Xo+0Yyo+0

= [ [ 119~ 100,50 PKy (65 xy) dsdt
X—0Y0—0

X Yo o Xtd Yo
{ [ [+] /}|f(t,s>f<xo,yo>|% (t,sx,y) dsdt

X—0Yo—0 X0 Yyp—90
{ X0 Yo+0 Xo+OYyo+0

// //}'fts—fXOYO)IpKA(tsxydsdt

Xo—0 Yo X Yo

= l1o1+ 122+ 1123+ 1124

Hence we can evaluate the integrgh. From [12] (see 2.5 p.101), we can write the following:

X Yo X Yo
o= [ [ 1509 F00y0) Ky sxy)dsdi=(S) [ [ Ki(tsxy)dF(ty
X0—0Y0—0 X0—0Y0—0

where(S) denotes Stieltjes integral.

Two-dimensional integration by parts (see 2.2 p.10A.&)[give us

X0 Yo X0 Yo
[ [rasxydrtg= [ [Frgdk tsxy
Xo—0Yo—0 X0—0Yo—9

X0 Yo
+ /F(t,yo—é)dKA (t,Yo—0;x,y) + / F (x0—9,9)dK) (X0 —J,5X,y)
Xo—0 yc'ré
+F (X0—9,Yo— 8)K) (Xo—3,Yo— &;X,Y).
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From(1), we can write

X0 Yo
|121§€/ /ul(xO—t)uz(yo—S)ldKA (t,s%,Y)]
Xo—0Yo—90

X0
+ £112 () / 1 (%o — ) [ckKy (t,y0 — B;%,Y)

X0—0
Yo

+ €M1 (9) / 2 (Yo — ) [dsK (%0 — 8,5, %,Y)]
Yo—0

+ &1 (8) H2(8) Ky (X0 —8,Y0— ;X,Y)

=i1+ix+iz+is.

After applying integration by parts i@, i, andiz we obtain the following result

1< e 7 y/ Ka (6 59) | k1 00— O | [ {12 00— O 4

Xo—0Yo—90

dsdt

For the integral$; 22, 1123 andl124 the proof is similar to the above one. Thus we obtain the fdglg inequalities:

X0+d Yo
hzz< ¢ [ [ Ki(tsxy)|{m x| [{ke(0 -9}/ dsdt
X0 yofé
X Yo+o
< —¢ [ [ Ky (tsxy) | (0o~ )| (ke (0 9} dsat
%—3 Yo
Xo+90Yo+0
hze<e [ [ Katsxy) (b t—xo)k| [{ue(s—yo)bo|dsat
X Yo
Collecting the estimatedsa1, 1122, l123andl124, we have the following inequality:
Xo+9dYop+0
l12 < lp2a+ 122+ l123+ l12a= € / / Ky (t, %, Y) [{p (Jt —xol) }t | [{ 12 (Is— Yol ) }5| dsdt
Xo—8Yo—0

Therefore, if the pointéx,y, A) € Z are sufficiently near toxo, Yo, Ao) , we have
1o <eK

where
Xo-+0Yo+0
K=sup{ | [x <t,sx,y>r{u1<|t—xO|>}{!\{uz<|s—yo|>};rdsdt:<x,y,A>ez}.
X—0Yo—9
Thus, the proofis finished.

The following theorem gives a pointwise approximation @fitftegral operators type (3) to the functibat u-generalized
Lebesgue point of € L;(R?) wheneveD = R?.
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Theorem 2. Suppose that the hypothesis of Theorem 1 is satisfie@ ferR?. If (xo,Yo) is a u-generalized Lebesgue
point of function fe Ly(R?) then

lim L, (f;x,y) = f (Xo,¥0).
AL 2 (Fixy) = £ (x0,¥0)

Proof. Using the same strategy as in Theorem 1 we obtain
I () =Ly (f:x,y) — f (%0, Y0)|
< [[11:9 - 1 0.yl [Ks (t:5%.y)|dsdt |1 (x0.30)

R2
=1+l

/‘ ‘K,\ (t,s;xy)dsdt—1
2

(+10° <20 [[1£(t.9) - 1 (0.30) PIKy (t.5xy)| dscl

R2
g P
X (/ ‘KA (t,s;x,y)dsdt) + 2P| f (%0, ¥0)|P / Ky (t,sx,y)dsdt—1
R2 R2
=2P (I3 x 1" +1p)
Observe that by condition (b) of classthe integral * tends to 1 agx,y,A) — (Xo,Yo0,A0)
=3 [+ ] 9= 000K (sxy)ldsdt
R2\N5(x0.Y0)  N5(%0,Y0)
=l11+ 2
11 = // f(t,s) — f (Xo0,¥0)|" Ky (t,S%,y)|dsdt
R2\N5(%0.Y0)
J| 2T @IP+ 100,30 P} Ky (15 xy) st
R2\N5(x0.0)
// 2P| (t,9)|PK; (t,5x,y) dsdt+ 2P| (xo,Y0))| // L (6, 5%y) dsdt
R2\N5(x0.0) R2\N5(%0.Y0)
< sup K, (t,sxy) 2F’|\f||p( )+2p|f X0,Yo)| // 2 (t,sx,y) dsdt
R2\N5(0.0)

R2\N5(X0,Y0)

Hence by condition (d) and (c) of classA; — 0 asA — Ag. Using the same operations for the intedkalas in Theorem
1, we have the following inequality:

l1o= // f(t,8) — f (%0,¥0)|P|Kj (t,S5%,y)|dsdt

N5 (X0.Y0)
Xo+0Yo+0

e [ [ sl [{hn it - oD | (k2 (5 yol ] dsat

Xo—0Yo—0
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Therefore, if the pointéx,y,A) € Z are sufficiently near txg, Yo, Ao), we have
l1p<eK

where
Xo+0Yo+0
K:sup{ [ [ 1K syl o (= oD k| [{Hz 15— yoD }o| dsdt: <x,y,A>ez}.
%—0yo—0

Thus, the proof s finished.

5 Rate of convergence

In this section, we give a theorem concerning the rate oftpdse convergence.
Theorem 3.Suppose that the hypothesis of Theorem 1 is satisfied. Let

Xo+0Yo+0

80.8xy) = [ [ Kt sxy)l [{ualit—xo) k| [{Ha(ls—yoD <] dsct
%—0Y0—0

for 0 < & < & and the following assumptions are satisfied:

(i) A(A,0,%x,y) — 0as(x,y,A) — (Xo,Yo,A0) for somed > 0.
(i) For any fixed(x,y) € W there exists a poin{Xg, yo) € Q such that

/[ K (tsxy)dsdt=o(A(2,8,x)).9N € NGa.yo)
R2\N

asA — Ag.
(i) For any fixed(x,y) € ¥ there exists a poinixo, o) € Q such that

supkK; (t,s;x,y) =0(A(A,8,%x,y)) ,8 >0,
R2\N

asA — Ao. Then at eaclu-generalized Lebesgue point o&fL; (Q) and we have aé,y,A) — (Xo,Yo,A0)
L (f:%,y) = T (X0, Y0)|” = 0(A(A, 3, x.y)).

Proof. The result is clear by Theorem 1 and Theorem 2.

For the one-dimensional counterpart of the following kérwe refer the reader to se&d).

X Yy

0, if (t,s)eR?\[0,%]x[0,%]

1

m,(t,S) S RZ.

f(t,s) =

Now first, we computé, and then we have the following:

2

_A y y
A (Fixy) = // 1+t2 1+52 |xy|det |xy| arctan(x) arctan( ), xy # 0.
1

/\

We give the graph of (t,s) = (HTl(HSz)’ (t,s) € R? as shown in Figure 1:
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1
(1+t2) (1+?)

Fig. 1: Graph off (t,s)

10 in the second one

Now we give the two graph df, (f;x,y) as(x,y,A) — (0,0,). In the first graph we choose

A =100

10, x € (0.01,1) andy € (0.01,1).

), Xy # 0 whenA =

y
A

2
fy arctart}) arctari

Graph ofL, (f;x,y)

o0
=3
]
=]

0.996

Fig. 2: Graph ofL, (f;x,y) whenA = 10

100 x € (0.01,1) andy € (0.01,1)

), Xy # 0 whenA =

y
A

2
Ly arctart}) arctari

Graph ofL, (f;x,y)
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1.0 &<
b
0.99998
b

0.99996 |
¥
0.99994 k
v

s
\

Fig. 3: Graph ofL, (f;x,y) whenA = 100

Figures are generated by Wolfram Mathematica 7, we referctheer to see?].
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