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Abstract: In this paper, we consider special ruled surfaces associated to the involute curveα∗ and Bertrand mateα∗∗ of a curveα.
They are called asInvolutive Darboux Frenet ruled surfaceandBertrandian Darboux Frenet ruled surface, cause of their generators
are the Darboux vector fields of involute curveα∗ and Bertrand mateα∗∗. We give the parametric equations of striction curves along
these Frenet ruled surfaces in terms of the Frenet apparatusof curveα. Further some results are given based on the tangent vector fields
of these striction curves along Involutive and Bertrand Darboux ruled surfaces in E3.
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1 Introduction and preliminaries

The Euclidean 3-spaceE3 be inner product given by

〈,〉= x2
1+ x3

2+ x2
3

where(x1,x2,x3) ∈ E3. Let α : I → E3 be a unit speed curve denote by{V1,V1,V1} the moving Frenet frame . For an

arbitrary curveα ∈ E3, with first and second curvature,k1 andk2 respectively, the Frenet formulae is given by [2]















V ′
1 = k1V2

V ′
2 =−k1V1+ k2V3

V ′
3 =−k2V2.

(1)

For any unit speed curveα : I → E
3, the vectorD is called Darboux vector defined byD = k2V1+k1V3. Let a vector field

be alongα(s)

D̃(s) =
k2

k1
(s)V1 (s)+V3(s) (2)

under the condition thatk1(s) 6= 0 and it is called the modified Darboux vector field ofα.[4].

Deriving curves based on the other curves is a subject in geometry. Involute-evolute curves, Bertrand curves pair are this

kind of curves. Let unit speed regular curveα : I → E
3 andα∗ : I → E

3 be given. For∀s∈ I , then the curveα∗ is called

the involute of the curveα, if the tangent at the pointα(s) to the curveα passes through the tangent at the pointα∗(s) to
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the curveα∗, then we can write

α∗ (s) = α (s)+ (c− s)V1(s) ,c= const.

The distance between corresponding points of the involute curve inE3 is d
(

α(s),α∗(s)
)

= |c− s|, c is constant,∀s∈ I ,

([2],[5]).

Theorem 1.The Frenet vector fields of the involuteα∗, based on the its evolute curveα are























V∗
1 =V2,

V∗
2 = −k1

(k2
1+k2

2)
1
2
V1+

k2

(k2
1+k2

2)
1
2
V3

V∗
3 = k2

(k2
1+k2

2)
1
2
V1+

k1

(k2
1+k2

2)
1
2
V3

(3)

and

D̃∗ =
k2

(

k2
1+ k2

2

) 1
2

V1−
k′1k2− k1k

′
2

(

k2
1+ k2

2

) 3
2

V2+
k1V3

(

k2
1+ k2

2

) 1
2

. (4)

The first curvature and second curvature of involuteα∗ are, respectively

k∗1 =

√

k2
1+ k2

2

(c− s)k1
, k∗2 =

−k2
2

(

k1
k2

)′

(c− s)k1
(

k2
1+ k2

2

) , [5]. (5)

Let α : I → E
3 andα∗∗ : I → E

3 be theC2− class differentiable unit speed two curves and letV1(s),V2(s),V3(s) and

V∗∗
1 (s),V∗∗

2 (s),V∗∗
3 (s) be the Frenet frames of the curvesα andα∗∗, respectively. If the principal normal vectorV2 of

the curveα is linearly dependent on the principal normal vectorV∗∗
2 of the curveα∗∗, then the pair{α,α∗∗} are called

Bertrand curves pair. Alsoα∗∗ is called Bertrand mate ofα. If the curveα∗∗ is Bertrand mate ofα, then we may write

that

α∗∗ (s) = α (s)+λV2(s) (6)

The measure of the angle between the vector fields of Bertrandcurves pair and distance between corresponding points

of the Bertrand curves pair are constant. Ifk2(s) 6= 0 alongα(s), thenα(s) is a Bertrand curve if and only if there exist

nonzero real numbersλ andβ such that constantλk1+βk2 = 1 for anys∈ I . It follows from this fact that a circular helix

is a Bertrand curve, [2],[5].

Theorem 2.Let α : I → E
3 and α∗∗ : I → E

3 be the C2− class differentiable unit speed two curves and the quantities
{

V1,V2,V3, D̃,k1,k2
}

and
{

V∗∗
1 ,V∗∗

2 ,V∗∗
3 , D̃∗∗,k∗∗1 ,k∗∗2

}

are collectively Frenet-Serret apparatus and modified Darboux

vector of the curvesα and the Bertrand mateα∗∗, respectively, then



















V∗∗
1 = β√

λ 2+β 2
V1+

λ√
λ 2+β 2

V3

V∗∗
2 =V2

V∗∗
3 = −λ√

λ 2+β 2
V1+

β√
λ 2+β 2

V3; λk2 > 0

(7)

and

D̃∗∗ =

√

λ 2+β 2

(βk1−λk2)

(

k2V1+ k1V3
)

. (8)
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The first and second curvatures of the offset curveα∗∗ are given by











k∗∗1 = β k1−λ k2

(λ 2+β 2)k2
=

k1−λ(k2
1+k2

2)
(λ 2+β 2)k2

2

k∗∗2 = 1
(λ 2+β 2)k2

, [6].
(9)

Due to this theorem, we can write
(k∗∗2

k∗∗1

)′
=
(−m′

m2

) 1

k2

√

λ 2+β 2
, (10)

whereβk1−λk2 = mand ds
ds∗∗ =

1
k2

√
λ 2+β 2

·

A ruled surface inE3 is a surface which contains at least one 1-parameter family of straight lines. Thus a ruled surface

has a parametrization

ϕ(s,v) = α(s)+ vx(s), (11)

whereα andx are curves inE3. We callϕ a ruled patch. The curveα is called the directrix or base curve of the ruled

surface, andx is called the director curve, [1]. The striction point on a ruled surface is the foot of the common normal

between two consecutive generators (or ruling). The set of striction points defines the striction curve given by

c(s) = α(s)− 〈αs,xs〉
〈xs,xs〉

x(s), [1]. (12)

Let α∗(s) be involute ofα(s) curve. It is taken Frenet vectors of involut curve instead ofgenerator vectors in equation

(12), the equaitons






























ϕ∗
1 (s,v1) = α (s)+ (c− s)V1(s)+ v1V2 (s) ,

ϕ∗
2 (s,v2) = α (s)+ (c− s)V1(s)+ v2

(

−k1V1+k2V3

(k2
1+k2

2)
1
2

)

,

ϕ∗
3 (s,v3) = α (s)+ (c− s)V1(s)+ v3

(

k2V1+k1V3

(k2
1+k2

2)
1
2

)

,

(13)

are the parametrization of the ruled surfaces which are calledinvolutive tangent ruled surface, involutive normal ruled
surfaceand involutive binormal ruled surface, respectively [3]. Let (α,α∗∗) be Bertrand curves pair. It is taken Frenet

vectors of Bertrand mate curve instead of generator vectorsin equation (12), the equaitons























ϕ∗∗
1 (s,w1) = α +λV2+w1

βV1+λV3√
λ 2+β 2

,

ϕ∗∗
2 (s,w2) = α +(λ +w2)V2,

ϕ∗∗
3 (s,w3) = α +λV2+w3

(

−λV1+βV3√
λ 2+β 2

)

,

(14)

are the parametrization of the ruled surfaces which are calledBertrandian Tangent ruled surface, Bertrandian Normal
ruled surfaceand Bertrandian Binormal ruled surface , respectively [3].

2 On the striction curves along the involutive and Bertrandian Darboux ruled surfaces based

on the tangent vector fields

In this section, first we give the twelve striction curves along twelve ruled surfaces which are called, collectively, Frenet

ruled surface, Involutive Frenet ruled surface and Bertrandian Frenet ruled surface of curveα. Further for each tangent
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vector fields of striction curves along Darboux, Involutiveand Bertrand Darboux ruled surfaces have been calculated and

orthogonality conditions are examined.

Definition 1. Let α∗(s) be involute ofα(s) curve. The equation

ϕ∗
4 (s,v4) = α (s)+ (c− s)V1(s)+ v4





k2
√

k2
1+ k2

2

V1−
k′1k2− k1k

′
2

(

k2
1+ k2

2

) 3
2

V2+
k1V3

√

k2
1+ k2

2



 (15)

is the parametrization of the ruled surface which is calledinvolutive Darboux ruled surface.

Definition 2. Let (α,α∗∗) be Bertrand curves pair. The equation

ϕ∗∗
4 (s,w4) = α +λV2+w4

√

λ 2+β 2

(βk1−λk2)

(

k2V1+ k1V3
)

(16)

is the parametrization of the ruled surface which is calledBertrandian Darboux ruled surface.

Theorem 3.The striction curves c1,c2,c3,c4 of four Frenet ruled surfaces belonging toα curve is given by the following

matrix










c1−α
c2−α
c3−α
c4−α











=















0 0 0

0 k1
k2
2+k2

2
0

0 0 0
−k2

k1

(

k2
k1

)′ 0 −1
(

k2
k1

)′





















V1

V2

V3






, [3]. (17)

Theorem 4.Tangent vector fieldsT1, T2, T3, and T4 of striction curves along Frenet ruled surface are given by











T1

T2

T3

T4











=



















1 0 0

k2
2

η‖c′2(s)‖

(

k1
η

)′

‖c′2(s)‖
k1k2

η‖c′2(s)‖
1 0 0

µ−µ ′− k2
k1

µ‖c′4(s)‖
0 µ ′

µ2‖c′4(s)‖

























V1

V2

V3







where k21+ k2
2 = η ,

(

k2
k1

)′
= µ .

Proof. It is easy to give this matrix, since we have already get the following equalyties,

T1 (s) = T3 (s) = α ′ (s) =V1

Sincec2(s) = α(s)+ k1
k2
1+k2

2
V2 and

T2 (s) =
c′2(s)
∥

∥c′2(s)
∥

∥

=
k2

2
(

k2
1+ k2

2

)∥

∥c′2(s)
∥

∥

V1+

(

k1
η

)′

(

k2
1+ k2

2

)∥

∥c′2(s)
∥

∥

V2+
k1k2

(

k2
1+ k2

2

)∥

∥c′2(s)
∥

∥

V3.
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Also

T4 (s) =
c′4(s)
∥

∥c′4(s)
∥

∥

=

(

(

k2
k1

)′)2

−
(

k2
k1

)′(
k2
k1

)′′
− k2

k1

(

k2
k1

)′

(

(

k2
k1

)′)2
∥

∥c′4(s)
∥

∥

V1−
−1
(

k2
k1

)′′

(

(

k2
k1

)′)2
∥

∥c′4(s)
∥

∥

V3,

T4 (s) =
µ2− µµ ′− k2

k1
µ

µ2
∥

∥c′4(s)
∥

∥

V1+
µ ′

µ2
∥

∥c′4(s)
∥

∥

V3.

Theorem 5. The striction curves c∗1,c
∗
2,c

∗
3,c

∗
4 along four involutive Frenet ruled sur f aces of curveα is given by the

following matrix, in terms of Frenet apparatus of evolute curveα, [3].











c∗1−α
c∗2−α
c∗3−α
c∗4−α











=

















(c− s) 0 0

(c− s)

(

1− k2
1

(k2
1+k2

2)(1+m)

)

0 (c− s) k1k2

(k2
1+k2

2)(1+m)

(c− s) 0 0

(c− s)− k2

m′(k2
1+k2

2)
1
2

− m
m′

k1

m′(k2
1+k2

2)
1
2























V1

V2

V3






. (18)

Tangent vector fields of three striction curves along Darboux, Involutive and Bertrand Darboux ruled surfaces have been

calculated.

Theorem 6.Tangent vector fields T1
∗,T2

∗,T3
∗,T4

∗ of striction curves of involutive Frenet ruled surface in terms of Frenet

apparatus by themselves are given by











T1
∗

T2
∗

T3
∗

T4
∗











=





















0 1 0
−b∗k1+ c∗k2
(

k2
1+ k2

2

) 1
2

a∗
b∗k2+ c∗k1
(

k2
1+ k2

2

) 1
2

0 1 0
e∗k2

(

k2
1+ k2

2

) 1
2

d∗ e∗k1
(

k2
1+ k2

2

) 1
2



























V1

V2

V3






. (19)

where

a∗ =
k∗2

2

η∗
∥

∥c∗2
′(s)
∥

∥

, b∗ =

(

k∗1
η∗

)′

∥

∥c∗2
′(s)
∥

∥

, c∗ =
k∗1k∗2

η∗
∥

∥c∗2
′(s)
∥

∥

, d∗ =
µ∗− µ∗′− k∗2

k∗1
µ∗‖c∗4

′(s)‖ , e∗ =
µ∗′

µ∗2
∥

∥c∗4
′(s)
∥

∥

and k∗1
2+ k∗2

2 = η∗,
(

k∗2
k∗1

)′
= µ∗.

Proof.From the equation (18), tangent vector fieldsT1
∗,T2

∗,T3
∗,T4

∗ of striction curves of involutive Frenet ruled surface

matrix form as follows;










T∗
1

T∗
2

T∗
3

T∗
4











=











1 0 0

a∗ b∗ c∗

1 0 0

d∗ 0 e∗

















V∗
1

V∗
2

V∗
3






.
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In the above matrix by using the equation (3), we can write











T∗
1

T∗
2

T∗
3

T∗
4











=











1 0 0

a∗ b∗ c∗

1 0 0

d∗ 0 e∗





















0 1 0
−k1

(k2
1+k2

2)
1
2

0 k2

(k2
1+k2

2)
1
2

k2

(k2
1+k2

2)
1
2

0 k1

(k2
1+k2

2)
1
2

















V1

V2

V3







or











T1
∗

T2
∗

T3
∗

T4
∗











=





















0 1 0
−b∗k1+ c∗k2
(

k2
1+ k2

2

) 1
2

a∗
b∗k2+ c∗k1
(

k2
1+ k2

2

) 1
2

0 1 0
e∗k2

(

k2
1+ k2

2

) 1
2

d∗ e∗k1
(

k2
1+ k2

2

) 1
2



























V1

V2

V3






.

Now we can write striction curves along the ”Bertrandian Frenet ruled surfaces” as in the following way in terms of the

Frenet apparatus of curveα.

Theorem 7.The striction curves c∗∗1 ,c∗∗2 ,c∗∗3 ,c∗∗4 along four Bertrandian Frenet ruled sur f aces of curveα is given by

the following matrix, in terms of Frenet apparatus of evolute curveα, [3]











c∗∗1 −α
c∗∗2 −α
c∗∗3 −α
c∗∗4 −α











=















0 λ 0

0

(

λ +
m(λ 2+β 2)k2

(m2+1)

)

0

0 λ 0
m′
√

λ 2+β 2k2
m3 λ m′

√
λ 2+β 2k1
m3





















V1

V2

V3






. (20)

Also using Frenet apparatus of involute curveα, we can write excilipt equations of the striction curves of fourBertrandian

Frenet ruled sur f acesalong the evolute curveα in terms of Frenet apparatus of evolute curveα.

Theorem 8.Tangent vector fieldsT∗∗
1 , T∗∗

2 , T∗∗
3 , and T∗∗4 of striction curves of Frenet ruled surface are given by











T∗∗
1

T∗∗
2

T∗∗
3

T∗∗
4











=



























β
√

λ 2+β 2
0

λ
√

λ 2+β 2

a∗∗β − c∗∗λ
√

λ 2+β 2
b∗∗

a∗∗λ +b∗∗β
√

λ 2+β 2

β
√

λ 2+β 2
0

λ
√

λ 2+β 2

d∗∗β −e∗∗λ
√

λ 2+β 2
0

d∗∗λ +e∗∗β
√

λ 2+β 2

































V1

V2

V3






(21)
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where

a∗∗ =
k∗∗2

2

η∗∗
∥

∥c∗∗2
′(s)
∥

∥

, b∗∗ =

(

k∗∗1
η∗∗

)′

∥

∥c∗∗2
′(s)
∥

∥

, c∗∗ =
k∗∗1 k∗∗2

η∗∗
∥

∥c∗∗2
′(s)
∥

∥

d∗∗ =
µ∗∗− µ∗∗′− k∗∗2

k∗∗1

µ∗∗‖c∗∗4
′(s)‖ =

−m′−
(

−m′

m2k2

√
λ 2+β 2

)′2
−mk2

√

λ 2+β 2

−m′‖c∗∗4
′(s)‖

e∗∗ =
µ∗∗′

µ∗∗2
∥

∥c∗∗4
′(s)
∥

∥

=

( −m′

m2k2

√

λ 2+β 2

)′ 1

k2

√

λ 2+β 2

(

−m′

m2k2

√
λ 2+β 2

)2
‖c∗∗4

′(s)‖

and k∗∗1
2+ k∗∗2

2 = η∗∗,
(

k∗∗2
k∗∗1

)′
= µ∗∗.

Proof.From the equation (20), tangent vector fieldsT1
∗,T2

∗,T3
∗,T4

∗ of striction curves of involutive Frenet ruled surface

matrix form as follows;










T∗∗
1

T∗∗
2

T∗∗
3

T∗∗
4











=











1 0 0

a∗∗ b∗∗ c∗∗

1 0 0

d∗∗ 0 e∗∗

















V∗∗
1

V∗∗
2

V∗∗
3






.

In the above matrix by using the equation (7), we can write











T∗∗
1

T∗∗
2

T∗∗
3

T∗∗
4











=











1 0 0

a∗∗ b∗∗ c∗∗

1 0 0

d∗∗ 0 e∗∗

























β
√

λ 2+β 2
0

λ
√

λ 2+β 2

0 1 0
−λ

√

λ 2+β 2
0

β
√

λ 2+β 2





















V1

V2

V3







or











T∗∗
1

T∗∗
2

T∗∗
3

T∗∗
4











=



























β
√

λ 2+β 2
0

λ
√

λ 2+β 2

a∗∗β − c∗∗λ
√

λ 2+β 2
b∗∗

a∗∗λ +b∗∗β
√

λ 2+β 2

β
√

λ 2+β 2
0

λ
√

λ 2+β 2

d∗∗β −e∗∗λ
√

λ 2+β 2
0

d∗∗λ +e∗∗β
√

λ 2+β 2

































V1

V2

V3






.

Theorem 9.Tangent vector fields of striction curves on Involutive tangent ruled surface and Bertrandian Darboux ruled

surface have perpendicular for〈T∗
1 ,T

∗∗
4 〉=0. Tangent vector fields of striction curves on Involutive binormal ruled surface

and Bertrandian Darboux ruled surface have perpendicular for
〈

T∗
3 ,T

∗∗
4

〉

= 0.

Proof.From the equations (19) and (21) the proof is completed.

Theorem 10. (i) Tangent vector fields of striction curves on Involutive Darboux and Bertrandian tangent ruled surfaces

have perpendicular under the condition
(

−k2
2

( k1
k2

)′

(k2
1+ k2

2)
3
2

)′′

= 0.
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(ii) Tangent vector fields of striction curves on Involutive Darboux and Bertrandian binormal ruled surfaces have

perpendicular under the condition
(

−k2
2

( k1
k2

)′

(k2
1+ k2

2)
3
2

)′′

= 0.

Proof.

(i) From the equations (19) and (21), we get

〈T∗
4 ,T

∗∗
1 〉=

〈 e∗k2
(

k2
1+ k2

2

) 1
2

V1+d∗V2+
e∗k1

(

k2
1+ k2

2

) 1
2

V3,
β

√

λ 2+β 2
V1+

λ
√

λ 2+β 2
V3
〉

=
e∗(k2β + k1λ )

(

k2
1+ k2

2

) 1
2
√

λ 2+β 2
=

e∗
(

k2
1+ k2

2

) 1
2
√

λ 2+β 2
·

Since〈T∗
4 ,T

∗∗
1 〉= 0, we have

e∗ = 0=⇒ µ∗′ =
(k2

∗

k1
∗
)′′ ds∗

ds
= 0

=⇒
(

−k2
2

( k1
k2

)′

(k2
1+ k2

2)
3
2

)′′

k1(c− s) = 0,k1 6= 0 c= const.

=⇒
(

−k2
2

( k1
k2

)′

(k2
1+ k2

2)
3
2

)′′

= 0.

(ii) Since〈T∗
4 ,T

∗∗
1 〉= 〈T∗

4 ,T
∗∗
3 〉= e∗, it is trivial.

Theorem 11.Tangent vector fields of striction curves on Involutive Darboux and Bertrandian Darboux ruled surfaces

have perpendicular under the conditions

e∗ = 0 or
d∗∗

e∗∗
=−βk1+λk2.

Proof.From the equations (19) and (21), we get

〈T∗
4 ,T

∗∗
4 〉= 0=⇒

〈 e∗k2
(

k2
1+ k2

2

) 1
2

V1+d∗V2+
e∗k1

(

k2
1+ k2

2

) 1
2

V3,
d∗∗β −e∗∗λ
√

λ 2+β 2
V1+

d∗∗λ +e∗∗β
√

λ 2+β 2
V3
〉

=
e∗
(

d∗∗+e∗∗(−λk2+βk1)
)

(

k2
1+ k2

2

) 1
2
√

λ 2+β 2
= 0.

From this last equation, we can write

e∗ = 0 or
d∗∗

e∗∗
=−βk1+λk2.

Theorem 12.Tangent vector fields of striction curves on Involutive normal and Bertrandian Darboux ruled surfaces have

perpendicular under the condition is
b∗e∗∗+ c∗d∗∗

c∗e∗∗−b∗d∗∗ = λk2−βk1
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Proof.From the equations (19) and (21), we get

〈T∗
2 ,T

∗∗
4 〉=

〈−b∗k1+ c∗k2
(

k2
1+ k2

2

) 1
2

V1+a∗V2+
b∗k2+ c∗k1
(

k2
1+ k2

2

) 1
2

V3,
d∗∗β −e∗∗λ
√

λ 2+β 2
V1+

d∗∗λ +e∗∗β
√

λ 2+β 2
V3
〉

=
b∗e∗∗+ c∗d∗∗+(c∗e∗∗−b∗d∗∗)(−λk2+βk1)

(

k2
1+ k2

2

) 1
2
√

λ 2+β 2
·

Since〈T∗
2 ,T

∗∗
4 〉= 0, we get

b∗e∗∗+ c∗d∗∗

c∗e∗∗−b∗d∗∗ = λk2−βk1.

Theorem 13.Tangent vector fields of striction curves on Involutive Darboux and Bertrandian normal ruled surfaces have

perpendicular under the condition is

e∗(a∗∗+b∗∗k1β − c∗∗k2λ )
d∗b∗∗

=−
(

k2
1+ k2

2

)
1
2
√

λ 2+β 2.

Proof.From the equations (19) and (21), we get

〈T∗
4 ,T

∗∗
2 〉=

〈 e∗k2
(

k2
1+ k2

2

) 1
2

V1+d∗V2+
e∗k1

(

k2
1+ k2

2

) 1
2

V3,
a∗∗β − c∗∗λ
√

λ 2+β 2
V1+b∗∗V2+

a∗∗λ +b∗∗β
√

λ 2+β 2
V3
〉

=
e∗a∗∗+e∗(b∗∗k1β − c∗∗k2λ )+d∗b∗∗

(

k2
1+ k2

2

) 1
2
√

λ 2+β 2

(

k2
1+ k2

2

) 1
2
√

λ 2+β 2
·

Since〈T∗
4 ,T

∗∗
2 〉= 0, we get

e∗(a∗∗+b∗∗k1β − c∗∗k2λ )
d∗b∗∗

=−
(

k2
1+ k2

2

)
1
2
√

λ 2+β 2.
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