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Abstract: In this paper, we consider special ruled surfaces assddatthe involute curver* and Bertrand mate™* of a curvea.
They are called akwolutive Darboux Frenet ruled surfa@ndBertrandian Darboux Frenet ruled surfaceause of their generators
are the Darboux vector fields of involute curaé and Bertrand mate**. We give the parametric equations of striction curves along
these Frenet ruled surfaces in terms of the Frenet apparfatusvea. Further some results are given based on the tangent vesitis fi
of these striction curves along Involutive and Bertrandddaix ruled surfaces in¥
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1 Introduction and preliminaries
The Euclidean 3-spade® be inner product given by
()= +x3+%

where(xg,X2,%3) € E3. Leta : 1 — E2 be a unit speed curve denote by;,Vy,V;} the moving Frenet frame . For an
arbitrary curver € E3, with first and second curvature, andk; respectively, the Frenet formulae is given By [

Vl/ =kiV>o
V2/ = —k{V1 + ko3 (1)
Vé = —ko\o.

For any unit speed curve : | — E3, the vectoD is called Darboux vector defined Iy= koV; + ki Va. Let a vector field
be alonga(s)

D(s) = = (s)V1(S) +V3(9) 2)

under the condition tha¢; (s) £ 0 and it is called the modified Darboux vector fieldcof4].

Deriving curves based on the other curves is a subject in gggninvolute-evolute curves, Bertrand curves pair aie th
kind of curves. Let unit speed regular curve | — E2 anda* : | — E2 be given. Folvs € |, then the curver* is called
the involute of the curve, if the tangent at the point(s) to the curvea passes through the tangent at the paints) to
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the curvea™, then we can write
a*(s)=a(s)+(c—9)Vi(s),c=const

The distance between corresponding points of the involuteedn E® is d(a(s),a*(s)) = |c—s|, cis constantvse I,

([21.[5D-

Theorem 1The Frenet vector fields of the involuié, based on the its evolute cureeare

Vi = Vs,
Vi=—R v v,
SNCT LTI ®
Vi=—f v Ry
(K+k5)2 (K+Kk5)2
and
. k K ky — KiK. KV
D* = 2 Vi — 112 12V2+ 1v3 (4)

3
2

_ - -
(K+K5)? (K +K) (K+K5)?

The first curvature and second curvature of involateare, respectively

K = T (%) 5], ()

(c—9ki’ 2 (c—s)ki (C+K)

Leta : | — E2 anda* : | — E3 be theC?>— class differentiable unit speed two curves andvgs), Va(s),Va(s) and
Vi*(s),V5*(s),V5*(s) be the Frenet frames of the curvesand a**, respectively. If the principal normal vectvp of
the curvea is linearly dependent on the principal normal vedtgt of the curvea™*, then the paifa,a**} are called
Bertrand curves pair. Alsa** is called Bertrand mate af. If the curvea** is Bertrand mate ofr, then we may write
that

a*™(s)=a(s)+AVa(s) (6)

The measure of the angle between the vector fields of Bertangks pair and distance between corresponding points
of the Bertrand curves pair are constantifs) # 0 alonga(s), thena(s) is a Bertrand curve if and only if there exist
nonzero real numbepsandf such that constaritk; + Sk, = 1 for anys € I. It follows from this fact that a circular helix

is a Bertrand curveZ],[5].

Theorem 2Leta : | — E3 anda*™ : | — E2 be the G— class differentiable unit speed two curves and the quastiti
{V1,V2,V3,D, ke, ko } and {V;*, V5%, V5* D™ ki* ks* } are collectively Frenet-Serret apparatus and modified Raro
vector of the curvea and the Bertrand mata**, respectively, then

*k

___B A
1 _\/A2+B2V1+\/A2+132V3

V3 =V, (7)
*k —A B .
V5T = Vi Ve Al > 0
and
Kk V /\2+ 2
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The first and second curvatures of the offset curteare given by

Kt — BlaAky _ ka—A (G +IG)
17 (324p2)k —  (A2+B2)K3 )
Ks* = 5z, [6].
(A2+B2)k;
Due to this theorem, we can write »
K5\’ - 1
(k—;*) = (W)WTTB?_’ (10)
_ ds _ 1
wherefk; — Ak, = mand g = Py A
A ruled surface inE? is a surface which contains at least one 1-parameter farhigjraight lines. Thus a ruled surface
has a parametrization
¢(sv) = a(s)+vx(s), (11)

wherea andx are curves irfE3. We call¢ a ruled patch. The curve is called the directrix or base curve of the ruled
surface, anc is called the director curvel]. The striction point on a ruled surface is the foot of the coom normal
between two consecutive generators (or ruling). The setiofisn points defines the striction curve given by

(as, Xs)
(Xs, Xs)

c(s) =a(s)— X(s), [1]. (12)

Let a*(s) be involute ofa(s) curve. It is taken Frenet vectors of involut curve insteag@fierator vectors in equation
(12), the equaitons

¢ (sv1) =a(s)+ (c—s)Vi(s) + V2 (9),
03 (S.V2) = a (S) + (C—S)Vi () 4 v | —a¥atkeVs |
(+8)2
koVi+kiV3
1
(K+8)2
are the parametrization of the ruled surfaces which aredaiaVolutive tangent ruled surface, involutive normal ruled

surfaceand involutive binormal ruled surface, respectively 3]. Let (a,a**) be Bertrand curves pair. It is taken Frenet
vectors of Bertrand mate curve instead of generator vegta@guation 12), the equaitons

(13)

¢3 (s, v3) = a(s)+ (C—s)Vi(S) +V3

$% _ BV1+AV;
F(swy) =a +AV2+W1\/;T—B§,
5 (SW2) = a+ (A +wa) Vo, (14)
% _ —AV1+BV3
¢3 (S,W3)—U+/\V2+W3 (7\/m),

are the parametrization of the ruled surfaces which ared¢BBrtrandian Tangent ruled surface, Bertrandian Normal
ruled surface and Bertrandian Binormal ruled surface, respectively .

2 On the striction curves along the involutive and Bertrandian Darboux ruled surfaces based
on the tangent vector fields

In this section, first we give the twelve striction curvesngdwelve ruled surfaces which are called, collectivelgrfat
ruled surface, Involutive Frenet ruled surface and Bediam Frenet ruled surface of curee Further for each tangent
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vector fields of striction curves along Darboux, Involutared Bertrand Darboux ruled surfaces have been calculated an
orthogonality conditions are examined.

Definition 1. Leta*(s) be involute ofi (s) curve. The equation

\ ko Ki ko — kK, K1V
$4 (S,va) =0 (S)+ (C—S)V1(S) + vy Vi — 5 V2 + (15)
\/ K+ K3 (K+k3)? \/ K2+ K3
is the parametrization of the ruled surface which is calleeblutive Darboux ruled surface.
Definition 2. Let (a, a**) be Bertrand curves pair. The equation
- VAZ+B?
4 (S,W4) =a +)\V2+W4m(kzvl+ k1V3) (16)

is the parametrization of the ruled surface which is callBertrandian Darboux ruled surface.

Theorem 3.The striction curvesiGcy, ¢z, ¢4 of four Frenet ruled surfaces belongingdocurve is given by the following
matrix

L —a 0 0 0

c—a 0 kglilkg V1

CG—a = 0 0 0 V2 7[3]- (17)
Ca—Q e, 0 A | LV

! (i) (&)

Theorem 4.Tangent vector field3;, T,, T3, and T, of striction curves along Frenet ruled surface are given by

1 0
T kg \/
Tl g (3 keko Vq
2| — | nlle®ll ol nlle6ll | |y,
T3 1 0 0
T, ok V3
4 H—H Ky 0 u
L Hl[chs] TSN

where B +K5 = n, (E—i)/ = u.

Proof. It is easy to give this matrix, since we have already get tHeviing equalyties,
Ti(s) =Ta(9=0a'(9 =1

Sincecy(s) = a(s) + ﬁvz and

(%)/ kiko

C/Z (S) k% V2 +
(K+k) ez~ (+K) [[ex(9)]

— = V-
oo~ @) oe]

T2 (S) V3.
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Also

2 1 ko
il 1L

Vi +

V3.
12 [cy(9)] PRIAC

Theorem 5. The striction curvesi;c;,c3,c; along four involutive Frenet ruled surfaces of curweis given by the
following matrix, in terms of Frenet apparatus of evolutever, [3].

(c—s9) 0 0
¢ —a K2 kik
B e _q ke ||V
G-al (c—s) (1 (k§+k§)(1+m)) 0 (c—9 (+12) (1+m) Vl (18)
cs—a (c—9) 0 0 v
C—a (c-9-—%— -f —u 3
m(k+48)% m(5)°

Tangent vector fields of three striction curves along Darhénwvolutive and Bertrand Darboux ruled surfaces have been
calculated.

Theorem 6.Tangent vector fields; T, To*, T3*, T4* of striction curves of involutive Frenet ruled surface imts of Frenet
apparatus by themselves are given by

[ 0 1 0o
Ty —b*k; +c*ky " b*ky + c*kq
T* 2 2 % a 2 2 % Vl
2| | (K+K) (ki +K3) Vs | (19)
T3* 0 1 0
Ta* e*kz d* e*kl Vs
K+K)? (G +K)7 |
where
K- / * * K
a*_ kEZ C ('7_1*) * k?IF.kE *_IJ 7“/7é e*_ui*l
n*||cs'(s)]’ e’ ()] n* s’ prllei' )| u2{ci' ()|

and K2+ k2 = n*, (E—i)/ = u*.

Proof. From the equationl®), tangent vector field$;,*, T,*, Ts*, T4* of striction curves of involutive Frenet ruled surface
matrix form as follows;

T 100

| [|a"bc Vi
3| (1002
T d* 0 e 3
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In the above matrix by using the equati@),(we can write

T 100 0 1 0
T* * kK *kl 0 k2 Vl
5 a* b*c T T
.| = (¢+3)2  (@+3)2 | | V2
T3 100 ok Vs
Tl L oe] gz (g
or ) )
0 1 0
Ty —b*ky + c*ko N b*ko + c*kq
1 @ T | [w
T | )t (@)t |||
T5* 0 1 0 2
Ta* e'ko d* eky V3
1 1
(+K)>  (K+K3)> ]

Now we can write striction curves along the "Bertrandianreteruled surfaces” as in the following way in terms of the
Frenet apparatus of curee

Theorem 7.The striction curvesi, c;*,c5*,c;* along four Bertrandian Frenet ruled surfaces of cunvds given by
the following matrix, in terms of Frenet apparatus of evelatirvea, [3]

g 0 A 0
e m(A2+Bz)kz) V
o _ 0 A+ B )R 0 1
2 % ( (1) V. (20)
G —-a 0 A 0
¢ —a /A2 %k, A /A%
e o

Also using Frenet apparatus of involute cuovave can write excilipt equations of the striction curves afrfBertrandian
Frenet ruled surfacealong the evolute curve in terms of Frenet apparatus of evolute cuave

Theorem 8Tangent vector field3;, T,*, T;*, and T, of striction curves of Frenet ruled surface are given by

B A 1
0
/\2+B2 //\2+B2
Tf* a**B_C** b** a**A +b**B V
ok 2. 12 212 1
3 0
T A2+ 32 /A2 + 32 Vs
d**Bfe**/\ 0 d**/\ +e**B
L VAZ+B? VAZ+B? ]
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where
K !/

I R ¢ N
n {9 e (9)[I” n*{|es(9)]|
k% k% k5" — — 7fn{ ,27

d**:u —u /_é: m (m2k2 —)\2+52) me,/A2+BZ
p e (9l —nljcy(s)]|

(=)
g Ao A2 ) g /A% 2

2@

2
_-m s/
() e
*2 *% 2 Kk kﬁ* ! Kk

Proof. From the equation2(), tangent vector field$;*, T,*, Ts*, Ts* of striction curves of involutive Frenet ruled surface
matrix form as follows;

T 1 0 0
"  |a*b™c o
| |1 00 2
TI* d** 0 e 3
In the above matrix by using the equatiaf), (we can write
A
T 1 0 O )\ZB > 0 2 > v
TZ** a** b o+ \/ +B \/ +B 1
| = 0 1 0 \3
T3 1 0 O A B
T d~* 0 e 0 V3
4 \/)\ 2y Bz \/)\2 i BZ
or ~ _
B A
)\ 2 + BZ /)\ 2 + BZ
Tf* a**B _ C**)\ » a**)\ + b**B V
TZ** _ A2+B2 A2+B2 Vl
T B A 2

0
T A2+ B2 A2+ B2 Vs

Theorem 9.Tangent vector fields of striction curves on Involutive &mguled surface and Bertrandian Darboux ruled

surface have perpendicular f@f;*, T,*) = 0. Tangent vector fields of striction curves on Involutive binal ruled surface
and Bertrandian Darboux ruled surface have perpendicMr{ﬂ;,T}*) =0.

Proof. From the equationsl@) and @1) the proof is completed.

Theorem 10. (i) Tangent vector fields of striction curves on Involutive Darkand Bertrandian tangent ruled surfaces

have perpendicular under the condition
8"
e’ ) —o.
(kK +18)2

(© 2016 BISKA Bilisim Technology
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(i) Tangent vector fields of striction curves on Involutive Dmark and Bertrandian binormal ruled surfaces have

perpendicular under the condition
7k2 ﬁ !/ n
2\,
(Z+13)?

Proof.

(i) From the equationsl@) and 1), we get

e k2 e k1 B A

T 1) =(—————Vi+d"Va + V:
T = g T o T A
& (ko + kA e

NI

C(RREVATER (+1€)? AT B2
Since(T;, T;*) = 0, we have
* *! k*//d_ski
-0 () G -

2 (ky
:><_ (Ei ) —s) =0,k; #0c=const
2
)
)

(K2 4K
Y

WE
(K +13

(i) Since(T;,T;*) = (T, T3*) = €, itis trivial.

Theorem 11.Tangent vector fields of striction curves on Involutive Dark and Bertrandian Darboux ruled surfaces
have perpendicular under the conditions

*k

d
* —0 = —Bki+ Ako.
€ or o= Bk1+ Ak

Proof. From the equationsl@) and 1), we get

T =0— (—2 4 dVot Vs, Vi + V.
W) =0 = Tt et T T T e

e* (d** + e**(_A kz + Bkl)) _
(K+K2)? /A7 B2

From this last equation, we can write

*k

d
=0 = —LBky+ Ako.
€ or o= Bki+ Ak

Theorem 12.Tangent vector fields of striction curves on Involutive narend Bertrandian Darboux ruled surfaces have
perpendicular under the condition is
b*e** +C*d**

cer _bar e Pl

(© 2016 BISKA Bilisim Technology
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Proof. From the equationdl @) and @1), we get

bk + c'k bko+Cky,, 7 B—e"A,, | d7A fe
(13T = (KT CRy, | gy, Dot O, TP A, e p

3, 1+ 3
(K+K3)? g e

e o+ (e — b ) (—Akg + Bka)

(G+1g)? /A7 B2

Since(T;, T,*) = 0, we get
b*e** +C*d**
ce —brd Ake = Bla.

Theorem 13.Tangent vector fields of striction curves on Involutive Dark and Bertrandian normal ruled surfaces have

perpendicular under the condition is

et a**-i-b**le—C**kz/\) 1
@bk ocled) (g i)t AT

Proof. From the equationdl @) and @1), we get

a*A +b**B

g

ek . ek a”*fB—c™A
——=Vi1+dVo+ 3,

(6 +K)? (G g VATE?
1

B e g + e*(b**le — koA ) +d*b** (k% + k%) 2. /A2 BZ

(K +12)? /A1 2

(T4, T57) =¢ Vi+b"Vo +

Since(T;, T,*) = 0, we get

b =— (ki +k3)* VA% + B2
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