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Abstract: In this study, we considered the (3+1) dimensional a B-type Kademtsev-Petviashvili (KP) equation. Using the Lie group
analysis, the symmetry reductions and exact analytic solutions were obtained. Traveling wave solutions were also deduced. Lastly, local
conservation laws were constructed by using the multiplierand Ibragimov’s nonlocal conservation method.
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1 Introduction

Almost all of physical processes which occurs in the nature are modeled by nonlinear evolution equations (NLEEs). We
witness these instances in the all brances of physics, engineerings and applied mathematics. Therefore, there have been
intensive studies not only modeling of these equations but also obtaining their solutions. In the open literature we
observe some analytical and numerical methods such as inverse scattering transform (IST), Hirota bilinear method, the
variational iteration method, the Riccati equation expansion method, the pseudo-spectral method, the sine–cosine
method, the tanh–sech method,G′/G method, Adomian decomposition method, exponential function method, He’s
variational principle, Lie symmetry method and many more.

The first studies on the soliton theory starts with the Korteweg-de Vries equation. This equation models the the motion of
waves in the shallow-water surfaces. The Kadomtsev-Petviashvili (KP) equation and its extensions such as
Boussinesq-Kadomtsev-Petviasvili (BKP) or cylindrical-Kadomtsev-Petviasvili (CKP) types are very intensively
investigated in the context of soliton theory. Even though,we observe a plenty of studies for obtaining the soliton
solutions (topological or nontopological) of many important (1+1) dimensional integrable NLEEs, there exist relatively
small amount of studuies for multi-component systems [1].

In this paper, we will study the following (3+1) dimensionalB-type Kadomtsev-Petviashvili partial differential equation
(PDE) which describes the processes of interaction of exponentially localized structures [2]

uzt −3uxxuy −3uxuxy +3uxx − uxxxy = 0. (1)

We observe a lot of works in the literature for Eq.(1). For instance in [2],the author found the bilinear form, bilinear
Bäcklund transformation and Lax pair for Eq. (1) using the binary Bell polynomials approach. Based on Hirota’s bilinear
form and three-wave method, multi-soliton solutions were also deduced. Darvishi et.al. [1], investigate the some physical
importance changes of anti-kink solutions of Eq.(1) by invoking the multiple exp-function method (see, also [3]-[7]). We
also observe some very well written works related with variant form of Eq.(1) (see, [8]-[17]). In these works, authors
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investigate mainly the soliton and other exact solutions.

The remainder of this paper is organized as follows. Section2 is devoted to Lie point symmetry generators of Eq.(1) via
Lie group analysis. With the help of Lie group generators, symmetry reductions and invariant solutions were constructed.
In Section 3, we get exact analytic solutions by power seriesmethod. In Section 4, we obtain traveling wave solutions by
using the simplest equation method. We prefer Riccati equation as simplest equation. Section 5 is related with
conservation laws of Eq.(1). In order to obtain local conservation laws, we exploit multiplier and new conservation
theorem method. In the final section we give some concluding remarks and the main findings of the paper.

2 Lie group analysis

In this section, we present the notations and some of the definitions below. For the details see e.g., [19] and [20].The
symmetry group of the B-type Kadomtsev-Petviashvili equation (1) will be generated by the vector field of the form

X = τ (x,y,z, t,u)
∂
∂ t

+ ξ (x,y,z, t,u)
∂
∂x

+ µ (x,y,z, t,u)
∂
∂y

+ρ (x,y,z, t,u)
∂
∂ z

+η (x,y,z, t,u)
∂
∂u

. (2)

Applying the fourth order prolongationpr(4)X to (1) results in an overdetermined system of linear PDEs.The
corresponding vector fields of (1) are

X1 =
∂
∂ t

, X2 =
∂
∂x

, X3 =
∂
∂y

, X4 =
∂
∂ z

,

X5 = (u− y)
∂
∂u

−3t
∂
∂ t

− x
∂
∂x

, X6 =−t
∂
∂ t

+ z
∂
∂ z

,

X7 = t
∂
∂ t

+ y
∂
∂u

+ y
∂
∂y

. (3)

To obtain the group transformation which is generated by theinfinitesimal generatorsXi for i = 1,2, ...7, we need to solve
the following initial problems ([19] and [21]),

d(x̄(ε))
dε

= ξ (x̄, ȳ, z̄, t̄, ū) , x̄(0) = x,

d(ȳ(ε))
dε

= µ (x̄, ȳ, z̄, t̄, ū) , ȳ(0) = y,

d(z̄(ε))
dε

= ρ (x̄, ȳ, z̄, t̄, ū) , z̄(0) = z,

d(t̄(ε))
dε

= τ (x̄, ȳ, z̄, t̄, ū) , t̄(0) = t (4)

whereε is a parameter. So we can obtain the Lie symmetry group

g : (x,y,z, t,u)→ (x̄, ȳ, z̄, t̄, ū).

We can build the one-parameter groupsgi generated byXi for i = 1,2, ...7. For instance, theg6(ε) generated byX6 is

g6(ε) : (x,y,z, t,u)→ (x,y,e−ε z,eε t,u). (5)
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Transformation (5) corresponds to scaling symmetry. Ifu = f (x,y,z, t) is a solution of fourth-order Eq.(1), so is the
function

g6(ε). f (x,y,z, t) = f (x,y,e−ε z,eε t). (6)

If taking the following periodic kink-wave solution of Eq. (1) (see, [1]),

u(x,y,z, t) = 2
2a1

√
δ3sinh(ξ1+ ln

√
δ3)− a2δ1sin(ξ2)

2
√

δ3cosh(ξ1+ ln
√

δ3)+ δ1cos(ξ2)
.

where

ξ1 = a1x+
a1(−3b2a2

2+ a2
1b2−6a2)

c2
z

ξ2 = a2x+ b2y+ c2t +(
3a2

1− b2a3
2+3a2

1b2a2−3a2
2

c2
)z

and

δ3 =
1
4

δ 2
1 (a

2
1+ b2a3

2+ a2
1b2a2)

a2
1

.

one can obtain show that exact solution of Eq. (1) by applyingg6(ε) is as follows

u(x,y,z, t) = 2
2a1

√
δ3sinh(ξ1+ ln

√
δ3)− a2δ1sin(ξ2)

2
√

δ3cosh(ξ1+ ln
√

δ3)+ δ1cos(ξ2)

where

ξ1 = a1x+
a1(−3b2a2

2+ a2
1b2−6a2)

c2
(e−ε z)

ξ2 = a2x+ b2y+ c2eε t +(
3a2

1− b2a3
2+3a2

1b2a2−3a2
2

c2
)e−ε z

Now we obtain some symmetry reductions and invariant solutions for the B-type KP equation based on the vector fields
(3).

(1) X1, For this case, we obtained the following invariant solution

u(x,y,z, t) = 2c2 tanh(
1
4

4c2
2x+4c2c4z+4c1c2+3y

c2
)+ c5

wherec1,c2,c3,c4 andc5 are arbitrary constants. This solution is invariant with respect to time translation of the
considered equation (1).

(2) X2, For this case, we obtained the following invariant solution

u(x,y,z, t) = f (y,z)+ g(y, t)

where f andg are arbitrary functions of the indicated arguments.
(3) X4, For this case, we obtained the following invariant solution

u(x,y,z, t) = 2c2 tanh(
1
4

4c2
2x+4c2c4t +4c1c2+3y

c2
)+ c5

wherec1,c2,c3,c4 andc5 are arbitrary constants.
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(4) X5, For the generatorX5, we get

u(x,y,z, t) =
xy+Φ( f ,g,h)

x
(7)

where f = y, g = z, h = t
x3 are the group invariants. Substituting (7) into (1), we get

−27h2ΦhhΦ f −27h2ΦhΦ f h +27h3Φhhh f −63hΦhΦ f −9ΦΦ f +114hΦh f +6Φ f +Φhg = 0. (8)

(5) X7, In this case, one can obtain
u(x,y,z, t) = y+Φ( f ,g,h) (9)

where f = x, g = z, h = t
y are the group invariants. Substituting (9) into (1), we get

3hΦ f f Φh +3hΦ f Φ f h + hΦh f f f +Φhg = 0. (10)

We can also obtain different type reductions and solutions.First we make use of the symmetryX = X2+X3+X4 and
reduce the B-type Kadomtsev-Petviashvili equation (1) to a PDE in three independent variables [22].

The symmetry yields the following four invariants:

f = z− y, g = t, h = x− y, θ = u. (11)

Treatingθ as the new dependent variable andf , g andh as new independent variables, the B-type Kadomtsev-Petviashvili
equation (1) transforms to

θ f g +θhhh f +θhhhh +3θhθ f h +6θhθhh +3θ f θhh +3θhh = 0 (12)

which is an nonlinear partial differential equation (NLPDE) in three independent variables. We now further reduce (12)
using its symmetries. It can be shown that equation (12) has the following seven Lie point symmetries:

ϒ1 =
∂

∂ f
,ϒ2 =

∂
∂g

,ϒ3 =
∂
∂h

,ϒ4 =
∂

∂θ
,ϒ5 = F1(g)

∂
∂θ

,

ϒ6 = (h−2 f )
∂

∂θ
+3g

∂
∂h

,

ϒ7 = (θ +2 f )
∂

∂θ
− f

∂
∂ f

−3g
∂
∂g

− h
∂
∂h

.

The symmetryϒ2+ϒ3 yields the three invariants

r = f ,s = g− h,φ = θ

which gives a group-invariant solutionφ = φ(r,s) that satisfies an NLPDE in two independent variables

φrs −φsssr +φssss +3φsφrs −6φsφss +3φrφss +3φss = 0 (13)

The symmetry algebra of (13) is generated by the vector fields

Σ1 =
∂
∂ r

, Σ2 =
∂
∂ s

,Σ3 =
∂

∂φ
,Σ4 = (φ +

2
3

s+
10
3

r)
∂

∂φ
− r

∂
∂ r

− s
∂
∂ s
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The combinationαΣ1+Σ2 of the two symmetriesΣ1 andΣ1 yields the following invariants

ξ = r−αs, Ψ = φ

and consequently using these invariants (13) is transformed to the fourth-order nonlinear ordinary differential equation
(NLODE)

−αΨ ” +α3Ψ IV +α4Ψ IV +6α2Ψ
′
Ψ ” +6α3Ψ

′
Ψ ” +3α2Ψ ” = 0. (14)

Integration of (14) with respect toξ two times leads to a second-order variable separable ODE, which can be integrated
easily ( taking the constants of integration to be zero ). Then reverting back to the original variables, we can obtain the
following solution of the B-type Kadomtsev-Petviashvili equation (1)

u(x,y,z, t) =
(3α −1)sin(1

2c1

√

3α−1
α2(α+1)

− 1
2(z− y−α(t− x+ y))

√

3α−1
α2(α+1)

)

α(α +1)
√

3α−1
α2(α+1)

cos(1
2c1

√

3α−1
α2(α+1)

− 1
2(z− y−α(t − x+ y))

√

3α−1
α2(α+1)

)
+ c2

wherec1 andc2 are arbitrary integration constants.

3 Power series solution of Eq.(1)

Our aim is to investigate a solution of (14)

(α3+α2)Ψ IV +(3α −1)Ψ ” +(6α +α2)Ψ
′
Ψ ” = 0 (15)

in a power series of the form ([23])

Ψ =
∞

∑
n=0

cnξ n = c0+ c1ξ + c2ξ 2+ c3ξ 3+ ...+ cnξ n + ... (16)

Substituting (16) into (15), one can get

24(α3+α2)c4+(α3+α2)

[

∞

∑
n=1

(n+4)(n+3)(n+2)(n+1)cn+4ξ n

]

+2(3α −1)c2+(3α −1)

[

∞

∑
n=1

(n+2)(n+1)cn+2ξ n

]

+2(6α +α2)c1c2

+(6α +α2)
∞

∑
n=1

∞

∑
j=0

(n+1)(n+1− j)(n+2− j)cn+1cn+2− jξ n = 0. (17)

Next, from (17), for the case ofn = 0, one gets

c4 =
(1−3α)c2− (6α +α2)c1c2

12(α3+α2)
. (18)

Generally, forn ≥ 1, one obtains

cn+4 =
1

(α3+α2)(n+4)(n+3)(n+2)(n+1)
((1−3α)(n+2)(n+1)cn+2

− (6α +α2)
∞

∑
j=0

(n+1)(n+1− j)(n+2− j)cn+1cn+2− j). (19)
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Thus, the power series solution of (16) is as follows

Ψ(ξ ) = c0+ c1ξ + c2ξ 2+ c3ξ 3+ c4ξ 4+
∞

∑
n=1

cn+4ξ n+4 = c0+ c1ξ + c2ξ 2+ c3ξ 3

+
(1−3α)c2− (6α +α2)c1c2

12(α3+α2)
ξ 4+

∞

∑
n=1

1
(α3+α2)(n+4)(n+3)(n+2)(n+1)

((1−3α)(n+2)(n+1)cn+2

− (6α +α2)
∞

∑
j=0

(n+1)(n+1− j)(n+2− j)cn+1cn+2− j)ξ n+4. (20)

Consequently, the exact power series solution of (1) can be written as follows

u(x,y,z, t) = c0+ c1(z− y−α(t− x+ y))+ c2(z− y−α(t− x+ y))2+ c3(z− y−α(t− x+ y))3

+ c4(z− y−α(t− x+ y))4+
∞

∑
n=1

1
(α3+α2)(n+4)(n+3)(n+2)(n+1)

((1−3α)(n+2)(n+1)cn+2

− (6α +α2)
∞

∑
j=0

(n+1)(n+1− j)(n+2− j)cn+1cn+2− j)(z− y−α(t− x+ y))n+4 (21)

whereci (i = 0,1,2,3,4) are arbitrary constants, the other coefficientscn (n ≥ 4) also can derived.

4 Traveling wave solutions of Eq.(1) by using simplest equation method

Now, we intend to derive traveling wave solutions of Eq.(1). For this goal, we use the following general Riccati equation

ϕ ′ = a+ bϕ + cϕ2 (22)

as auxiliary equation wherea,b,c are real constants. The general solution of (22) is

ϕ =

√
4ac− b2

2b
C1e

θ
2

√
4ac−b2 −C2e−

θ
2

√
4ac−b2

C1e
θ
2

√
4ac−b2

+C2e−
θ
2

√
4ac−b2

− a
2b

whereC1,C2 are arbitrary constants [23]. By balancing the highest derivative and nonlinear terms in (15), we assume the
solution of (1) of the form

f (θ ) = a0+ a1ϕ (23)

wherea0,a1 are constants to be determined. Substituting the ansatz (23) along with (22) into (15), collecting coefficients
of monomials ofu with the aid of Maple, and then setting each coefficients equal to zero, one gets

a0 = a0, a1 =
−3(α3a2+α2a2+3α −1)

αc(α +6)
, α = α, a = a, b =

1
4

α3a2+α2a2+3α −1
α2c(α +1)

,c = c (24)

From the ansatz (23) and making use of Eq. (24), one can get the explicit solution of (1)

u(x,y,z, t) =
−3(α3a2+α2a2+3α −1)

αc(α +6)

(√
4ac− b2

2b
C1e

θ
2

√
4ac−b2 −C2e−

θ
2

√
4ac−b2

C1e
θ
2

√
4ac−b2

+C2e−
θ
2

√
4ac−b2

− a
2b

)

+ a0

whereb = 1
4

α3a2+α2a2+3α−1
α2c(α+1)

andξ = r−αs.
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In particular, if we setC1 = 1, andC2 = 1 4ac− b2 > 0, one can derive

u(x,y,z, t) =
−3(α3a2+α2a2+3α −1)

αc(α +6)

(√
4ac− b2

2b
tanh(

ξ
2

√

4ac− b2)− a
2b

)

+ a0.

5 Conservation laws of Eq. (1)

Consider ak th-order system of PDEs ofn independent variablesx = (x1,x2, ...,xn) and m dependent variablesu =

(u1,u2, ...,um), namely
Eα
(

x,u,u(1), ...,u(k)
)

= 0, α = 1, ...,m (25)

whereu(1),u(2), ...,u(k) denote the collections of all first, second, ...,k th order partial derivatives, i. e.,uα
i = Di(uα),

uα
i j = D jDi(uα), ..., respectively, with the total derivative operator with respect toxi is given by

Di =
∂

∂xi + uα
i

∂
∂uα + uα

i j
∂

∂uα
j
+ ..., j = 1, ...,n (26)

where the summation convertion is used whenever appropriate. WithA is the differential function space, then-tuple vector

T =
(

T 1,T 2, ...,T n) , T j ∈ A, j = 1, ...,n,

is a conserved vector of (25) if T i satisfied
DiT

i|(25) = 0 (27)

the equation (27) is called a local consevation law of system (25).In the following calculations, we will acceptx1 = x,x2 =

y,x3 = z,x4 = t.

5.1 Multiplier method

It can be shown that every admitted consevation laws arises from multipliersQα (x,u,u(1), ...
)

such that

Qα Eα = DiT
i, (28)

holds identically [19]. In the multiplier approach for conservation laws, one takes the variational derivative of (28) that is,

δ
δuβ (Qα Eα) = 0, (29)

holds for arbitrary functions ofu
(

x1,x2, ...,xn
)

(see also [24] for the software of the computation of conservation laws).

Here, we use a combination of the multiplier and homotopy approach ([19],[20],[24]), to obtain the multipliers and their
corresponding conservation laws for B-type KP equation (1).

We consider the multipliers of the formQ(x,y,z, t,u,ux,uy,uz,ut) for the equation (1). The determining equation (29) for
the multipliers takes the form

δ
δu

[Q(uzt −3uxxuy −3uxuxy +3uxx − uxxxy = 0)] = 0. (30)
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Expanding (30),

Qtz = 0, Qtux = 0, Qyux = 0, Qzux = 0, Quxux = 0, Qx = 0, Qu = 0, Quz = 0, Qut = 0, Quy = 0

we find that the multiplierQ takes the form

Q = c1ux +F(t,y)+G(y,z) (31)

whereF andG are arbitrary functions of indicated arguments. The conserved vector
(

T 1,T 2,T 3,T 4
)

of (1) satisfies the
divergence relation given by

Q [uzt −3uxxuy −3uxuxy +3uxx − uxxxy] = DxT 1+DyT 2+DzT
3+DtT

4 (32)

for all arbitrary functionsu(x,y,z, t). If we choosec1 = 1, F = 0,G = 0, from (31) and (32), we have

ux [uzt −3uxxuy −3uxuxy +3uxx − uxxxy] = Dx[−uuxuxy −2u2
xuy +

3
2

u2
x −

1
2

uyuxxx

+
1
2

uxyuxx −
1
2

uxuxxy +
1
2

uutz −
1
2

uuxxxy]+Dy

[

uuxuxx +
1
2

uuxxxx

]

+Dz

[

−1
2

uutx

]

+Dt

[

1
2

uzux

]

.

Thus wheneveru(x,y,z, t) is a solution of (1), we have

Dx

[

−uuxuxy −2u2
xuy +

3
2

u2
x −

1
2

uyuxxx +
1
2

uxyuxx −
1
2

uxuxxy +
1
2

uutz −
1
2

uuxxxy

]

+Dy

[

uuxuxx +
1
2

uuxxxx

]

+Dz

[

−1
2

uutx

]

+Dt

[

1
2

uzux

]

= 0 (33)

Hence we derive the following conserved vector for (1) from (33):

T 1
x =− uuxuxy −2u2

xuy +
3
2

u2
x −

1
2

uyuxxx +
1
2

uxyuxx

− 1
2

uxuxxy +
1
2

uutz −
1
2

uuxxxy,

T 1
y =uuxuxx +

1
2

uuxxxx,

T 1
z =− 1

2
uutx,T

1
t =

1
2

uzux, (34)

Now, we takeG as arbitrary function,c1 = 0, andF = 0 then the following conserved vectors are deduced:

T 2
x =−3uxuyG(y,z)+3uxG(y,z),T 2

y = 0,T 2
z = 0,T 2

t = uzG(y,z)

On the other hand, if we choosec1 = 0, andG = 0 then we yield the the following conserved vectors:

T 3
x =−3uxuyF(t,y)+3uxF(t,y),T 3

y = 0,T 3
z =−uFt(t,y),T

3
t = uzF(t,y).
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5.2 New conservation theorem method

It is shown in [25] (see also,[27]-[29]) that, the system and its adjoint equation

F(x,u,u(1),u(2), ...u(s)) = 0, (35)

F∗(x,u,v,u(1),v(1),u(2),v(2), ...u(s),v(s)) = 0 (36)

has a formal Lagrangian, namely
L = vF(x,y,z, t,u,u(1),u(2), ...u(s)) (37)

where adjoint equation (37) is defined as

F∗(x,u,v,u(1),v(1),u(2),v(2), ...u(s),v(s)) =
δL
δu

(38)

where δ
δu is variational derivative

δ
δu

=
∂

∂u
+

∞

∑
s=1

(−1)sDi1...Dis
∂

∂ui1...is
. (39)

The equation (35) is said to be nonlinearly self-adjoint if for some arbitrary functionφ(t,x,y,z) 6= 0, we have

F∗|v=φ = λ (x,u,u(1), ...)F,

whereλ is an indeterminate variable coefficient [26] (see also ([21] and [23]).

In [25], Ibragimov proved that, every Lie point, Lie-Bäcklund and non-local symmetry of Eq.(35) provides a
conservation law for Eq. (35) and the adjoint equation (36). Then the elements of conservation vectorT 1,T 2,T 3,T 4, ...

are given by

T i = ξ iL+Wα [ ∂L
∂ui

−D j(
∂L

∂ui j
)+D jDk(

∂L
∂ui jk

)−D jDkDm(
∂L

∂ui jkm
)+ ...]

+D j (W
α) [ ∂L

∂ui j
−Dk(

∂L
∂ui jk

)+DkDm(
∂L

∂ui jkm
)+ ...]

+D jDk (W
α) [

∂L
∂ui jk

−Dm(
∂L

∂ui jkm
)+ ...]+D jDkDm (W α) [(

∂L
∂ui jkm

)+ ...]. (40)

First, we will discuss nonlinear self-adjointness of Eq.(1).

For (1), the adjoint equation has the form

F∗ =−6uxyvx +(−3uy+3)vxx −3uxvxy + vzt − vxxxy, (41)

and the formal Lagrangian has the following form

L = v(uzt −3uxxuy −3uxuxy +3uxx− uxxxy) (42)

If we substituteu instead ofv in Eq. (33), one can find that Eq. (1) is not recovered. Therefore, we can say Eq. (1) is not
self adjoint. Next,we look for an explicit form ofφ(x,y,z, t,u) 6= 0 for Eq. (1) that holds Eq. (41).

−6uxyvx +(−3uy+3)vxx −3uxvxy + vzt − vxxxy = λ (uzt −3uxxuy −3uxuxy +3uxx− uxxxy) (43)
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If we plugging themvx,vxx,vyx,vzt andvyxxx into (43), one can arrive first from the coefficient ofuzt

λ = φu

Note that the other coefficients ofu and all of the derivative yields

φuu = 0, (44)

−9φu −6φxuu =−3φuu,

−φu =−φuu,

−3φxyu +3φu = 3φuu,

3φxx +φzt −φxxxy = 0,

−6φuu −3φxuuu = 0,

−6φx −3φxxu = 0,

3φuu −3φyu −3φxyuu = 0,

φzu = 0,

φyu = 0,

φtu = 0,

φxxxu = 0.

Solve them, one can get the solution
φ(x,y,z, t) = F1(y, t)+F2(y,z) (45)

whereF1 andF2 are arbitrary functions of arguments.

Therefore, the B-type Kadomtsev-Petviashvili equation isnonlinearly self-adjoint with the substitutionv = φ andφ is
given by (45).

Now, we will study the conservation laws by using the adjointequation and symmetries of (45). For (45), the adjoint
equation has the form Eq. (41) and the Lagrangian in the symmetrized form is (42).

Let us consider the vector field (2) corresponding to conserved vector.The operatorX yields the conservation law

Dt(T
t)+Dx(T

x)+Dy(T
y)+Dz(T

z)|(1) = 0 (46)

where the conserved vectorT = (T t ,T x,T y,T z) is given by (40) and has the components

T t = ξ tL+W [−Dz(v)]+Dz(W ) [v] , (47)

T x = ξ xL+W
[

−3vuxy −Dx(−3vuy +3v)−D2
xDy(−v)−Dy(−3vux)−DyD2

x(−v)
]

+Dx(W ) [(−3vuy +3v)+DxDy(−v)]+Dy(W )
[

−3vux +D2
x(−v)

]

+D2
x(W ) [−Dy(−v)]+DyDx [−Dx(−v)]+DyD2

x(W )(−v), (48)

T y = ξ yL+W
[

−Dx(−3vux)−D3
x(−v)

]

+Dx(W )
[

(−3vux)+D2
x(−v)

]

+D2
x(W ) [−Dx(−v)]+D3

x(W )(−v), (49)

T z = ξ zL+W [−Dt(v)]+Dt(W ) [v] . (50)
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Therefore, (47)-(50) define the corresponding components of a non-local conservation law for the system of (1) and (41)
corresponding to any operatorX admitted by (1). Now, let us make calculations for the operator
X5 = (u− y) ∂

∂u −3t ∂
∂ t − x ∂

∂x in detail.

For this operator, one can getW = u− y+3tut + xux, we can get the conservation vector of Eq. (1)

T t =−3tv(uzt −3uxxuy −3uxuxy +3uxx − uxxxy)+ (u− y+3tut + xux) [−Dz(v)]+Dz(u− y+3tut + xux) [v] , (51)

T x =−xv(uzt −3uxxuy −3uxuxy +3uxx − uxxxy)+ (u− y+3tut + xux)[−3vuxy

−Dx(−3vuy +3v)]−D2
xDy(−v)−Dy(−3vux)−DyD2

x(−v)]

+Dx(u− y+3tut + xux) [(−3vuy+3v)+DxDy(−v)]+Dy(u− y+3tut + xux)
[

−3vux +D2
x(−v)

]

+D2
x(u− y+3tut + xux) [−Dy(−v)]+DyDx [−Dx(−v)]+DyD2

x(u− y+3tut + xux)(−v), (52)

T y = (u− y+3tut + xux)
[

−Dx(−3vux)−D3
x(−v)

]

+Dx(u− y+3tut + xux)
[

(−3vux)+D2
x(−v)

]

+D2
x(u− y+3tut + xux) [−Dx(−v)]+D3

x(u− y+3tut + xux)(−v), (53)

T z = (u− y+3tut + xux) [−Dt(v)]+Dt(u− y+3tut + xux) [v] . (54)

Substituting the solutions (45) of adjoint equation Eq.(1), one can get infinite number of conservation laws of Eq.(1).

6 Conclusions

In this paper, we investigated exact solutions and conservation laws of (3+1) dimensional a B-type Kadomtsev Petviashvili
equation (1). The invariant solutions, exact anaytic power series solutions and traveling wave solutions were constructed.
The obtained solutions can be utilized a numerical benchmark in the studies of numerical works for Eq.(1). In addition,
local and independent conservation laws were obtained by the two distinct methods. The obtained conservation laws can
be utilized in the constructing of numerical schemas, stability analysis of solutions and symmetry reductions for getting
the new type exact solutions.
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[29] E. Yaşar, T.Özer, On symmetries, conservation laws and invariant solutions of the foam-drainage equation, International Journal

of Non-Linear Mechanics, 46(2) (2011), 357-362.

c© 2016 BISKA Bilisim Technology


	Introduction
	Lie group analysis
	Power series solution of Eq.(1)
	Traveling wave solutions of Eq.(1) by using simplest equation method
	Conservation laws of Eq. (1)
	Conclusions

