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Abstract: Let G be a graph. The splitting graphS′(G) for a graphG is obtained by adding a new vertexv′ corresponding to each vertex
v of G such thatN(v) = N(v′), whereN(v) andN(v′) are neighborhood sets ofv andv′, respectively. The average lower independence
numberiav(G) of a graphG is defined as 1

|V (G)| ∑
v∈V

iv(G), whereiv(G) is the minimum cardinality of a maximal independent set

that containsv. In this paper, we consider the average lower independence number in splitting graph. We determine the average lower
independence number ofS′(G) for specific graphsG.
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1 Introduction

The study of the security and stability of networks plays a central role in reducing the risk and consequences of attacks or

disjunctions of any type. The concept of vulnerability is very important in network analysis. The problem of measuring

the vulnerability of graphs has received much attention in the field of computer or communication networks. Computer

or communication networks are so designed that they do not easily get disrupted under external attack and, furthermore,

are easily reconstructible if they do get disrupted. If we think of a graph as modeling a network, several vulnerability

measures have been used to describe the stability of networks, including connectivity, toughness, scattering number,

binding number and integrity [2,6,8]. Each of these parameters have been used to measure the vulnerability of networks

in the case the communication vertices are damaged.

The average lower independence number of a graph is a new parameter to measure the vulnerability of networks. This

parameter is closely related to the problem of finding large independent sets in graphs.

In a graphG = (V (G),E(G)) , a subsetS ⊆ V (G) of vertices is a dominating set if every vertex inV (G)− S is adjacent

to at least one vertex ofS. The dominating numberγ(G) is the minimum cardinality of a dominating set. The

independent domination number (also called the lower independence number)i(G) of G is the minimum cardinality of a

set that is both independent and dominating.

Henning introduced the concept of average independence. For a vertexv of a graphG, the lower independence number,

denoted byiv(G), is the minimum cardinality of a maximal independent set ofG that containsv. The average lower

independence number ofG, denoted by iav(G), is the value 1
|V (G)| ∑

v∈V
iv(G) [2,3,8]. It is clear that

i(G) = min{iv(G) : v ∈V (G)} and soi(G)≤ iav(G).

In this paper, we consider finite undirected graphs without loops and multiple edges. LetG = (V (G),E(G)) be a graph
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with vertex setV (G) and edge setE(G). The order ofG, denoted by|V (G)|, is the number of vertices inG. The open

neighborhood ofv is N(v) = {u ∈ V (G) : uv ∈ E(G)} and the closed neighborhood ofv is N[v] = {v}∪N(v). For a set

S ⊆ V , N(S) =
⋃

v∈S
N(v) andN[S] = N(S)∪S. An independent set of vertices of a graphG is a set of vertices ofG whose

elements are pairwise nonadjacent. The independence number β (G) of G is the maximum cardinality among all

independent sets of vertices ofG [6].

We use⌊x⌋ to denote the largest integer not greater thanx , and⌈x⌉ to denote the least integer not less thanx. We let

x ≡l y meanx ≡ y (modl).

The paper is organized as follows. In section 2, some of the existing literature on average independent domination

number is reviewed. In section 3, the average lower independence number of the splitting graphS′(G) when G is a

specified family of graphs is computed. Finally, section 4 concludes the paper.

2 Basic results

In this section, we will review some of the known result on average lower independence number.

Theorem 1.[5,8] For every vertex v in a graph,

(a) i(G)≤ iv(G)≤ β (G)

(b) i(G)≤ iav(G)≤ β (G).

Theorem 2.[5] For any graph G of order n with independent domination number i and independence number β ,

iav(G)≤ β −
i(β − i)

n
.

Theorem 3.[8] If T is a tree of order n ≥ 2, then

iav(G)≤ n−2+
2
n
.

Theorem 4.[2] Let G1 and G2 be two connected graphs and β (G1)< β (G2). Then,

iav(G1)+ iav(G2)< 2β (G2).

Theorem 5.[2] Let G1 and G2 be two connected graphs and i(G1)< i(G2). Then,

2i(G1)< iav(G1)+ iav(G2).

Theorem 6.[1] For two graphs G1 and G2 of order m and n, respectively,

iav(G1+G2) =
iav(G1)m+ iav(G2)n

m+ n
.

Theorem 7.[1] For two graphs G1 and G2 of order m and n, respectively,

iav(G1+G2)≤
β (G1)m+β (G2)n

m+ n
.
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Theorem 8.[1] For complete graph Kn of order n and for any graph G of order m,

iav(G◦Kn) = m.

3 Average lower independence number of some splitting graphs

In this section, we consider the average lower independencenumber of the splitting graphsS′(G) whenG is a specified

family of graphs. Then, we give the following definition.

Definition 1. For a graph the splitting graph S′(G) of graph G is obtained by adding a new vertex v′ corresponding to

each vertex v of G such that N(v) = N(v′) where N(v) and N(v′) are the neighborhood sets of v and v′, respectively.

Fig. 1: S′(P5)

In order to make the proof of the given theorems understandable, letS′(G) beH. If we think that the vertex- set of graph

H beV (H) =V1(H)∪V2(H), where

V1(H): The set contains the vertices of the graphG

V2(H): The set contains the new vertices which are obtained by definition of splitting graph, then it is easily calculated

that the average lower independence number of graphH.

Theorem 9.Let Pn be a path graph with n vertices and H ∼= S′(Pn) be a splitting path graph with 2n vertices. Then

iav(H)≥ ⌈
2n
5
⌉+

1
2
.

Proof. Every vertex in splitting path graphH included itself adjacent to at most five vertices due to structural of graphH.

When we calculate theiav for all v vertices in graphH, we should examine the vertices in two cases.

Case 1.Let v be the vertex of theV1(H). We consider the setiv(H) consists of the vertexv. The number of vertices of the

setiv(H) for ∀v ∈V1(H) is greater than or equal to⌈2n
5 ⌉.

|iv(H)| ≥ ⌈
2n
5
⌉, ∀v ∈V1(H).

Case 2.Let v be the vertex of theV2(H). We consider the setiv(H) consists of the verticesv. The number of vertices of

the setiv(H) for ∀v ∈V2(H) is greater than or equal to(⌈2n
5 ⌉+1).

|iv(H)| ≥ ⌈
2n
5
⌉+1, ∀v ∈V2(H).
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From Case 1, 2 and the definition ofiav(H), we have

iav(H) =
1
2n

( ∑
v∈V1(H)

iv(H)+ ∑
v∈V2(H)

iv(H))

≥
1
2n

(n⌈
2n
5
⌉+ n(⌈

2n
5
⌉+1))

≥ ⌈
2n
5
⌉+

1
2
.

The proof is completed.

Theorem 10. Let Cn be a cycle graph of order n and H ∼= S′(Cn) be a splitting cycle graph of order 2n. Then,

ıav(H) =















⌈n/2⌉+1/2 if n ≡4 0 and n ≡4 1

⌈n/2⌉+1 if n ≡4 2

⌈n/2⌉ if n ≡4 3.

Proof. We consider any vertexv of the graphH. This vertex is adjacent to at least two vertices and at most four vertices.

When we calculate theiav in graphH, we should examine the vertices in three cases.

Case 1(n ≡4 0 and n ≡4 1). If n ≡4 0 and n ≡4 1, then for∀v ∈ V1(H), theiv(H)-set including the vertexv has

⌈ n
2⌉ vertices. Similarly, for∀v ∈ V2(H), theiv(H)-set including the vertexv has⌈ n

2⌉+1 vertices. From the definition of

iav(H), we have

iav(H) =
1
2n

( ∑
v∈V1(H)

iv(H)+ ∑
v∈V2(H)

iv(H))

=
1
2n

(n⌈
n
2
⌉+ n(⌈

n
2
⌉+1))

= ⌈
n
2
⌉+

1
2
.

Case 2(n ≡4 2). For ∀v ∈ H, the number of vertices of the setiv(H) is the same and⌈ n
2⌉+1. From the definition of

iav(H), we have

iav(H) =
1
2n

( ∑
v∈V (H)

iv(H))

=
1
2n

[2n(⌈
n
2
⌉+1)]

= ⌈
n
2
⌉+1.

Case 3(n ≡4 3). For∀v ∈ H, the number of vertices of the setiv(H) is the same and⌈ n
2⌉. From the definition ofiav(H),

we have

iav(H) =
1
2n

( ∑
v∈V (H)

iv(H)

=
1
2n

(2n⌈
n
2
⌉)

= ⌈
n
2
⌉.
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The proof is completed.

Theorem 11. Let Kn be a complete graph of order 2n and H ∼= S′(Kn) be a splitting complete graph of order 2n. Then,

iav(H) = 2.

Proof. Let v be the vertex of theV1(H) and new vertexv′ corresponding to each vertexv in V1(H) be the vertex of the

V2(H). We have two cases according to the number of vertices ofH.

Case 1.The vertexv in V1(H) adjacent to then−1 other vertices ofV1(H) and adjacent to every vertex except the vertex

v′ in V2(H). So, theiv(H)-set including vertexv doesn’t include other vertices ofV1(H) and other vertices inV2(H)

except the vertexv′. Thus, we can add the vertexv′ to theiv(H)-set. Hence, theiv(H)-set has two vertices namelyv and

v′. We have to repeat this process forn vertices ofV1(H). Thus, we get|iv(H)|= 2.

Case 2.The proof of this case is similar to Case 1. The vertexv′ in V2(H) adjacent ton−1 vertices ofV1(H) except

corresponding vertexv and none of the vertices inV2(H). To have theiv(H)-set, we can add the vertexv ∈ V1(H) to the

iv(H)-set. Thus, we can cover every vertex inV2(H) and we have|iv(H)|= 2.

Consequently, by Case 1 and Case 2, we have;

∑
v∈V (H)

iv(H) = ∑
v∈V1(H)

iv(H)+ ∑
v∈V2(H)

iv(H)

= 2n+2n= 4n.

From the definition ofiav(H) , we have

iav(H) =
1

|V (H)| ∑
v∈V (H)

iv(H)

=
1
2n

4n = 2.

The proof is completed.

Theorem 12.Let K1,n be a star graph of order n+1 and let H ∼= S′(K1,n) be a splitting star graph of order 2(n+1). Then,

iav(H) =
5n+4

2(n+1)
.

Proof. We should find the value of lower independence numberiv(H) of every vertex for average lower independence

number of a graph. If we think that the vertex- set of graphH beV (H) =V1(H)∪V2(H)∪V3(H), where

V1(H): The set containsn+1 vertices ofK1,n

V2(H): The set contains vertexc′ with degree ofn which corresponds to the center vertexc in graphK1,n.

V3(H): The set contains new vertices except vertexc′ which added toK1,n, then then it is easily calculated that the

average lower independence number of graphH. We have two cases according to the number of vertices ofH.

Case 1.Let v be a vertex inV1(H). If v is the center vertex of theK1,n, then it is adjacent to 2n vertices in graphH. The

iv(H)-set, which includes vertexv doesn’t include other vertices ofV1(H) or V3(H). Consequently; to have theiv(H)-

set; we can add the remaining vertex which corresponds to thevertexv. Hence, theiv(H)-set has two vertices. Thus, we

have|iv(H)|= 2.

Let vertexv is any vertex except the center vertex inV1(H). Thus, theiv(H)-set, which includes vertexv doesn’t include

the center vertexc in V1(H) and the vertexc′ in V2(H). Since the vertexv is adjacent to these vertices, there are
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remainingV1(H)− {c}∪V3(H) vertices in graphH. The center vertexc in K1,n is adjacent toV1(H)−{c}∪V3(H)

vertices. Thus, we can add the center vertexc to theiv(H)-set. Hence, we get|iv(H)|= 2 for ∀v ∈V1(H)−{c}.

By writing these values in the definition ofiav(H), we haveiv(H) = 2+2n.

Case 2.Let v be the only vertex inV2(H). The iv(H)-set, which includes vertexv, is adjacent ton vertices in

V1(H)−{c}. The remaining vertices in graphH areV3(H)∪{c}. Every vertex inV3(H) is adjacent to the center vertex

c, so we can add only the vertexc to iv(H)-set. Hence, we have|iv(H)|= 2.

Case 3.Let v be a vertex inV2(H). Thus, theiv(H)-set including vertexv is not adjacent any vertex except the center

vertex c in V1(H). The remaining vertices in graphH areV1(H)−{c}∪V2(H)∪V3(H). Due to the structure of the

splitting complete graphH, the center vertexc is adjacent to every vertex inV1(H) andV3(H). So, the center vertexc is

added toiv(H) = {v}. Then, there isc′ vertex remaning inV2(H). We can add this vertex toiv(H)-set. Hence, we have

|iv(H)|= |{v}|+ |{c}|+ |{c′}|= 3.

We have to repeat this process forn vertices ofV3(H). Thus we get|iv(H)| = 3n. Consequently, by Case 1, Case 2 and

Case 3, we have;

iav(H) =
1

|V (H)| ∑
v∈V (H)

iv(H)

=
1

2(n+1)
(3n+2n+4)=

5n+4
2(n+1)

.

The proof is completed.

Theorem 13. Let W1,n be a wheel graph of order n+1, and let H ∼= S′(W1,n) be a splitting wheel graph of order 2(n+1).

Then, iav(H) = 5n+4
2(n+1) .

Proof. We have to find the value ofiv(H) of every vertex inH for average lower independence number. If we think that

the vertex set of graphH beV (H) =V1(H)∪V2(H)∪V3(H), where

V1(H): The set containsn+1 vertices ofW1,n,

V2(H): The set contains vertexc′ of ordern which corresponding vertex of center vertexc in W1,n.

V3(H): The set contains new vertices of order three, except vertexc′ , which added toW1,n by the definition of splitting

graphH.

Since graphH contains graphS′(K1,n), the proof is done similar to Theorem 12. Hence, average lower independence

number ofH is iav(H) = 5n+4
2(n+1) . The proof is completed.

4 Conclusion

If we want to design a communications network, we wish that itis as possible as stable. Then, we model any

communication network by a connected graph. In graph theory, we have many stability measures are called as

connectivity, toughness, integrity, domination and its variations. In this paper, we introduce and study the concept of

average lower indepence number in graphs, a concept closelyrelated to the problem of finding large independent sets in

graphs. In the design of two networks having the same number of processors, if we want to choose the more stable one

from these, we take their graph models and it is enough to choose the model whose the average lower independence

number is smaller.
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