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Categories internal to crossed modules
Tungar Sahan"! and Jihad Jamil Mohammed 2
Abstract

In this study, internal categories in the category of crossed modules are characterized and it has been shown that there
is a natural equivalence between the category of crossed modules over crossed modules, i.e. crossed squares and the
category of internal categories within the category of crossed modules. Finally, we obtain examples of crossed

squares using this equivalence.

Keywords: Crossed module, internal category, crossed square

1. INTRODUCTION

Crossed modules are first defined in the works of
Whitehead [25-27] and has been found important in
many areas of mathematics including homotopy
theory, group representation theory, homology and
cohomology on groups, algebraic K-theory, cyclic
homology, combinatorial group theory and differential
geometry. See [4-7] for applications of crossed
modules. Later, it was shown that the categories of
internal categories in the category of groups and the
category of crossed modules are equivalent [8-14].

Mucuk et al. [18] interpret the concept of normal
subcrossed module and quotient crossed module
concepts in the category of internal categories within
groups, that is group-groupoids. The equivalences of
the categories given in [8, Theorem 1] and [24, Section
3] enable us to generalize some results on group-
groupoids to the more general internal groupoids for an
arbitrary category of groups with operations (see for
example [1], [15], [16] and [17]).

Gerstenhaber [11] and Lichtenbaum, Schlessinger [13]
have defined the concept of a crossed module on

* Corresponding Author

associative and commutative algebras. In [2] the
categories of crossed modules and of 2-crossed
modules on commutative algebras are linked with an
equivalence.

Crossed squares are first described to be applied to
algebraic K-theoretic problems [12]. Crossed squares
are two-dimensional analogous of crossed modules and
model all connected homotopy 3-types (hence all 3-
groups) and correspond in much the same way to pairs
of normal subgroups while crossed modules model all
connected homotopy 2-types and groups model all
connected homotopy 1-types.

Recently, freeness conditions for 2-crossed modules
and crossed squares are given in [19] and [20]. See also
[3] for commutative algebra case.

Main objective of this study is to characterize internal
categories within the category of crossed modules and
to prove that the category of internal categories in the
category of crossed modules and the category of
crossed squares are equivalent. Hence this equivalence
allow us to produce more examples of crossed squares.

! Aksaray University, Department of Mathematics, 68100, Aksaray, Turkey, tuncarsahan@gmail.com
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2. PRELIMINARIES

In this section we recall some well-known basic
definitions and resultss.

2.1. Extensions and crossed modules

Following are detailed descriptions of the ideas given
in [24] for the case of groups. An exact sequence of the
form

0 >A——>FE—">B 0

is called short exact sequence where 0 is the group with
one element. Here i is a monomorphism, p is an

epimorphism and ker p = 4 . In a short exact sequence,

group FE is called an extension of B by A. An
extension is called split if there exist a group
homomorphism s: B — E such that ps=1,.

Let £ be a split extension of B by A. Then the
function

0 : E - Ax B
e B (e—sp(e),p(e))

is a bijection. The inverse of & is given by
H’l(a,b)=a+s(b).

Thus it is possible to define a group structure on Ax B
such that € is an isomorphism of groups. Let

(a,b),(al,bl)e Ax B . Then

(a.b)+(a.b) =6(607'((a.b)+(a,b))))
=0(07 (a.b)+07(a,.1,))
0(a+s(b)+al +S(b]))
=(a+s(b)-4—a1 +s(b1)—s(b1)—s(b),b+b1)
=(a+(s(b)+a1 —S(b)),b+bl).

Here we note that a split extension of B by A defines
an (left) action of B on A4 with

b-azs(b)+a—s(b)

for ae 4 and be B. AxB is called the semi-direct
product group of 4 and B with the operaton given
above and denoted by A3 B.

These kind of actions are called derived actions [23].
Every group A4 has a split extension by itself in a
natural way which gives rise to the conjugation action
as
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0—— A— > 43 A#A—m

where i(a) = (a,O) , p(a,al) =a, and s(a) = (O,a) for
a,a, €A.

Definition 2.1 Let 4 and B be two groups and let B
acts on A on the left. Then a group homomorphism
a:A—>B is called a crossed module if
l,xa:A2 A—> A3 B and ax1,:43a B— Ba B are

group homomorphisms [24].

A crossed module is denoted by (A, B,a) . It is useful
to give the definition of crossed modules in terms of
group operations and actions.

Proposition 2.2 Let 4 and B be two groups,
a:A— B a group homomorphism and B acts on 4
on the left. Then (A,B,a) is a crossed module if and
only if

(CM1) a(b-a)=b+a(a)—b and

(CM2) Oz(a)-a1 =a+a —a

forall a,a, € 4 and be B [24].

Example 2.3 Following homomorphisms are standart

examples of crossed modules.

(i) Let X be a topological space, 4 X and
x€ A. Then the boundary map p from the

second relative homotopy group 7,(X,4,x)

to the fundamental group 7, (X , x) is a crossed

module with the natural action given in [27].

(ii) Let G bea group and N a normal subgroup

of G . Then the inclusion function N —2-5G
is a crossed module where the action of G on
N is conjugation.

(iii) Let G be a group. Then the inner
automorphism map G — Aut(G) is a crossed

module. Here the action is given by
wv-g=w(g) forall w e Aut(G) and geG.

(iv) Given any G -module, M, the trivial
homomorphism 0:M — G is a crossed G -
module with the given action of G on M .

A morphism f =< L fB> of crossed modules from

(4,B,a) to (4,B.a') is a pair of group
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homomorphisms f,:4—> A" and f,:B— B' such

that fya=a'f, and f,(b-a)= f,(b)- f,(a) for all
acAand beB.

Crossed modules form a category with morphisms
defined above. The category of crossed modules is
denoted by XMaod.

Definition 2.4 Let (4,B,a) and (S,7,0) be two
crossed modules. Then (S, T ,O') is called a subcrossed
module of (4,B,a) if S<4, T<B, o is the

restriction of o to S and the action of 7 on § 1is the
induced action from that of B on A4 [21,22].

Definition 2.5 Let (4, B,a) be a crossed module and
(S,T,0) a subcrossed module of (4,B,a). Then
(S, T ,O') is called a normal subcrossed module or an
ideal of (4,B,a) if

(i) T<B,

(ii) b-seS forallbeB, seS and
(iii) t-a—aeS forallteT,acA [21,22].
Example 2.6 Let [ :(4,B,a)—>(4,B,a') be a
morphism of crossed modules. Then the kernel
ker f =ker<fA,fB> = (kerfA,kerfB,a‘kem) of
f= < L fB> is a normal subcrossed module (ideal) of
(4,B,a).
Im f =Im(f,, f,)=(Im f,,Im £, &'|,,,) of
f= <fA,fB> is a subcrossed module of (4',B',a').

Moreover, the image

Definition 2.7 A
(A,B,a) is a crossed module where 4 and B are

topological  crossed module

topological groups such that the boundary
homomorphism «: 4 — B and the action of B on 4
are continuous.

Now we give the pullback notion in the category of
crossed modules.

Definition 2.8 Let (4,B,a),
(C,D,y) be three

f:<fA’fB>:(AaB’a)_)(MaPa/u) and
g=<gc,gD>:(C,D,7)—)(M,P,y) be two crossed

(M,P,y) and

crossed modules and

module morphisms. Then the pullback crossed module

Sakarya University Journal of Science 23(4), 519-531, 2019

of f and g is (AA x,. C,B, x, D,axy) where the

e 4

actionof B, x, D on A4, x, C is given by

4

(b,d)-(a,c) z(b-a,d-c)

forall (b,d)eB, x, D and (a,c)ed, x, C.

2.2. Internal
Theorem

categories and Brown-Spencer

Definition 2.9 Let [ be a category with pullbacks.
Then an internal category C in [J consist of two
objects C, and C, in [l and four structure morphisms

5,t:C,—>C,, €:C,—>C and m:C x,C —>C,
where C, x, C, is the pullback of s and ¢, such that the

1s™t

following conditions hold:

i) se=te=I.;

(i) sm=sz,, m=tx ;

(i)  m(1, xm)=m(mx1, ) and
(v)  m(eslg)=m(lg.6t)=1.

Morphisms s,¢z,& and m are called source, target,
identity object maps and composition respectively. An
internal category in [J will be denoted by

C= (CI,CO,s,t,g,m) or only by C for short.
If there is a morphism #n:C, - C, in [J such that
m(l,n) =¢&s and m(n,l) = ¢t, i.e. every morphism in
C, has an inverse up to the composition, then we say
that Cz(Cl,CO,s,t,g,m,n) is an internal groupoid in
0.
Let C and C' be two internal categories in [] . Then
a morphism f =(f,,/,) from C to C' consist of a
pair of morphisms f,:C, - C/ and f,:C, — C; in [
such that

D =L, 1 =1t

() ¢f,=f€ and

(iii) m(fle]):f]m

Thus one can construct the category of internal
categories in an arbitrary category I with pullbacks
where the morphisms are morphisms of internal
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categories as given above. This category is denoted by
Cat (D )

An internal category in the category of groups is called
a group-groupoid [8]. Group-groupoids are also the
group objects in the category of small categories.

Example 2.10 Let X be a topological group. Then
the set 7X of all homotopy classes of paths in X
defines a groupoid structure on the set of objects X .
This groupoid is called the fundamental groupoid of X
. Moreover, 7 X is a group-groupoid [8].

Let G be an internal category in the category of
groups, i.e. a group-groupoid. Then the object of
morphisms G, and object of objects G, have group
structures and there are four group homomorphisms
5,t:G, > G,, €:G, > G, and m:G, x,G, > G, such
that the conditions (i)-(iv) of Definition 2.9 are
satisfied.

Morphisms between group-groupoids are functors
which are group homomorphisms. The category of
group-groupoids is denoted by GpGd.

Since m:G, x,G, — G, is a group homomorphism

then we can give the following lemma.

Lemma 2.11 Let G be an internal category in the
category of groups. Then

((8.0)+ (5 )) = m((8.) (8,
(b+b')0(a+a') z(boa)+(b'oa')

whenever one side (hence both sides) make senses, for
all a,d',b,b' € G, [8].

Equation given in Lemma 2.11 is called the interchange
law. Applications of interchange law can be given as in
the following.

Let G be a group-groupoid. Then the partial
composition in G can be given in terms of group
operations [8]. Indeed, let a € G(x,y) and be G(y,z)

. Then

Sakarya University Journal of Science 23(4), 519-531, 2019

and similarly bea=a—1,+b.

Corollary 2.12 Let G be a group-groupoid. Then the
elements of kers and kert are commute under the
group operation [8].

One can give the inverse of a morphism in terms of
group operation as another consequence of the

interchange law. That is, let a € G(x, y). Then

1 1

1, =aca” =a-1 +a .

Thus a™' =1, —a+1,. Similarly ™' =1, —a+1_.

A final remark is that if a,a, ekers and #(a)=x then

-1, +aekert so commutes with g,. This implies that
(-1, +a)+a,=a,+(-1, +a)
and thus
ata —a=1+a -1.
Theorem 2.13 [Brown & Spencer Theorem] The

category GpGd of group-groupoids and the category
XMod of crossed modules are equivalent [8].

Proof: We sketch the proof since we need some details
in the last section. Define a functor

¢ :GpGd - XMod
as follows: Let G be a group-groupoid. Then
¢(G)=(4,B,a) is a crossed modules where 4 =kers
, B=G,, a is the restriction of ¢ and the action of B
on 4 isgivenby x-a=1 +a-1_.
Conversely, define a functor

v : XMod — GpGd

as follows: Let (A,B, a) be a crossed module. Then the
semi-direct product group Aa B is a group-groupoid
on B s(a,b)zb, t(a,b)za(a)+b,
8(b) = (O,b) and the composition is

where

(a’,b') o (a,b) = (a' + a,b)

where b’ = a(a) + b . Other details are straightforward

so 1s omitted.
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3. INTERNAL CATEGORIES WITHIN THE
CATEGORY OF CROSSED MODULES

In this section we will characterize internal categories
in the category XMod. Let C be an internal category
in the category XMod of crossed modules over groups.
Then C consist of two crossed modules

C =(4,,B,,a,) and C, =(4,,B,,a,) and four crossed

s=<sA,sB>,

t=<tA,tB> :C, > C, which are called the source and

module morphisms as
the target maps respectively, 8=<8A,6‘B>ZCO—)C1
which is called the identity object map and
m=(m,,my):C, x,C,—>C, which is called the

composition map. These are object to the followings:

(@) se=te=1;
(i) sm=sx,, tm=tr;
(i)  m(1, xm)=m(mx1, ) and

(v)  m(eslg)=m(lg.6t)=1.

EA
—
ma S

5A
A X, A ——= A1 ——= Ay

ta
(”X(”L (HL \m;
S

sB
> P W T By ——= By
t
~tlB —~
€B

An internal category in the category XMod will be
denoted by C =(C,,C,,s,t,&,m) orbriefly by C when

no confusion arise. Identity objects &,(a,) and
£4(b,) will be denoted by 1, and 1, for short,

respectively. Also the composition of elements will be
denoted by

mA(al,al ):a1 oq,
and by

my (b, ) =b, o

for a,,a, € 4, and b,,b € B, with s,(a,)=t, (al') and

sy (B)=t5(b/).

Sakarya University Journal of Science 23(4), 519-531, 2019

Example 3.1 Let (A4,B,a) be a crossed module over
groups. We know that (Ax 4,Bx B,axa) is also a
crossed module. If we set C, =(4Ax4,BxB,axa),
C,=(4,B,a), s=n,, t=n,, ¢=A and define m
with (a,,a,)°(a,a,)=(a,a,) and
(b,,b,)o(b,b)=(b,b,) for all
b,b,b, e B then C=(C,C,,s,t,6,m) becomes an
internal category in Xmod.

a,a,a,€ A and

Example 3.2 Let (4,B,a) be a crossed module over
C=((4,B,a),(4,B,),s,t,&,m)
becomes an internal category in XMod where s, # and
& are identity maps.

groups. Then

Example 3.3 Let (4,B,) be a topological crossed
module. Then (7 A4,7zB,zc) is also a crossed module.
Moreover,

7(4,B,a)=((74,7nB,7a),(4,B,a),s,t,&,m)
is an internal category in XMod.

Now we will give the properties of an internal category
with a few lemmas individually.

Lemma 3.4 Let C be an internal category in Xmod.
Then for i € {0,1}

W)  al(q+a)=a(a)+al(a),
() o (b-a)=b+a,(a)-b and
(iii) ¢ (al.)-ai, =a +a —a,

forall a,,a, € 4, and b, € B, .

Proof: 1t follows from the fact that C, = (Al.,Bl. ,al.) isa

crossed module for i €{0,1} .

Lemma 3.5 Let C be an internal category in Xmod.
Then

@ s,

() a5, =s,a,, o, =t,a,,
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i) s, (b-a)=s,(b)5,(a),
(iv) &y (ao +ao’)=€A (a0)+5A (aO’)’

v) o\ &, = &30,
(vi) 8A(b0'a0):gB(b0)'gA(a0)’

(vii) (al + a1' ) o (al” + alm ) = (‘11 o aln ) + (aI' o alm )

(B+b)o (B +b")=(bob)+(b ob")
with s, (b)=1,(8"). s,(b')=1,(8").
(vii))  am,=my(a,xq,),
(ix) (bl Obly)'(al Oal’)z(bl 'al)o(blr 'al,)

for all a,,a,.a,,a. € 4, b,b,,b.,b. €B,, a,,a, € 4,,

and b,,b, € B, .

Proof: (i)-(iii) follows from the fact that s = <S 5 B>,

t= <t A,tB> being morphisms of crossed modules.

(iv)-(vi) follows from the fact that & = (5 4 €B> being a
morphism of crossed modules. In these conditions if we
use the symbol &(*)=1, for identity morphisms then

we get

v 1 =1, 41,1

, .
o o by+by

=1, +1b0,,

' o (1% ) = 1‘70(‘70) and

vi)' 1

by-ay by “ag*

(vii)-(ix) follows from the fact that m = (m y ,mB> being
a morphism of crossed modules.

The identities given in condition (vii) of Lemma 3.5 are
called interchange laws between group operations and

compositions. As an application of interchange laws we
will give the following corollary.

Corollary 3.6 Let C be an internal category in XMod.
Then the compositions in 4, and B, can be written in
terms of group operations on 4, and B, , respectively,
as

Sakarya University Journal of Science 23(4), 519-531, 2019

eay =a =l +a =a -1 ., +a
and

bob =b -1, +b =b -1 , +b

SB(bl)
for a,a €A, b,b €B with sA(al)ztA(al’) and
SB(bl):tB(blr)'

Proof: We will prove the assumption for 4. If 0
denotes the identity (zero) elements of groups 4, and
A, then

and similarly
a,0a, =(0+a,) 0((a1' —ISA(al))+ ls,,(a.))

=(0°(a1' —1s,4<al>))+(“1 °1x.4<al>)

a, — lsA (@) +a.

By this corollary we obtain that if s, (a,) =1, (alr) =0
,i.e. a ekers, and a, ekert,, then
a,+a =a +a,.

So the elements of kers, and kerz, are commutative.
Similarly, the elements of kers, and kerz, are
commutative too. Moreover, for an element a, € 4,,
a, =1s/1(al) —-q +1tA(a]) € 4, is the inverse element of
a, up to the composition m . Similarly for an element
beB, b =1 ) —-b, +1, ) € B is the inverse
element of b, up to the composition m,. This means
that C=(C1,C0,s,t,8,m,n) has a groupoid structure
where n= <nA,nB> :C, = C, is a morphism of crossed
modules where
n, : A — A4

a = n, (al)z a' zls/l(al) -4 +1tA(al)

and
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ng : B — B

bl = Ny (bl) = b;l = 153(1’1) - bl + 1’5(1’1)
It is easy to see that
ISA (a) -4 + 1?4(“1) - 1?4(“1) 4 + 1»‘/4(‘11)
for all a, € 4, and similarly
153“’1) _bl + ltb‘(bl) - 1’8(171) bl + 153(1’1)
forall b, € B, .

Lemma 3.7 Let aq,€4
b z(bl 4 )71

and b eB,. Then

Proof: By the condition (ix) of Lemma 3.5

(bi-a)o(b"-a")=(biob") (a oa')
=L, L@
=L, s
=1

sq(bray)

and  similarly (bl'1 -al’l)o(b1 -a,)=1, ,,,- Thus

bl_l 'al_l z(bl aq )71

It is easy to see that an internal category in the category
of crossed modules over groups is indeed a crossed
module object in the category of internal categories
within groups.

Definition 3.8 Let C and C' be two internal
categories in XMod. A morphism (internal functor)
from C to C' is a pair of crossed module morphisms

f:(fl =<f1A,le>,f0 =<f0A,fOB>):C—>C'

such that fis=sf,, [fit=t,
Sfm=m(fixf).

Hence we can construct the category of internal
categories (groupoids) within the category of crossed
modules over groups where the morphisms are internal
functors as defined above. This category will be
denoted by Cat(Xmod).

fe=¢f, and

3.1. Crossed squares

Crossed squares are first defined in [12]. In this
subsection we recall the definition of a crossed square

Sakarya University Journal of Science 23(4), 519-531, 2019

as given in [7]. Further we prove that the category of
crossed squares and that of internal categories within
crossed modules are equivalent. Finally we give some
examples of crossed squares using this equivalence.

Definition 3.9 A crossed square over groups consists
of four morphisms of groups A:L—>M , A':L—> N,
1M — P and v: N — P together with actions of the

group P on L, M, N onthe left, conventionally, (and
hence actions of M on L and N via i and of N on

L and M via v )andafunction 4: M x N — L. These
are subject to the following axioms:

(i) A, A are P-equivariant and g, v and
k= ul=vAd' are crossed modules,
(i) Ah(m,n)=m+n-(-m), A'h(mn)=m-n—n,
(iii) r(A),n)=l+n-(-1), h(m A (D)=m-1-1,
(iv) h(m+m',n)=m-h(m',n)+ h(m,n),
h(m,n+n")=h(m,n)+n-h(m,n"),
V) h(p-m,p-n)=p-h(m,n)
forall leL, mm'eM , n,n'e N and pe P [7].

L2 M

o

N—p=?
A crossed square will be denoted by S =(L,M,N,P).

Example 3.10. Let (4,B,) be crossed module and
(S,T,0) a normal subcrossed module of (4,B,2).
Then

S—2>T

—B

forms a crossed square of groups where the action of
B on § is induced action from the action of B on A4
and the action of B on T is conjugation. The h map is
defined by A(t,a)=t-a—a for all ¢reT and

ae A [21,22].
A topological example of crossed squares is the
fundamental crossed square which is defined in [7] as

follows: Suppose given a commutative square of
spaces
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c—1.4

g la
B——X
b

Let F(f) be the homotopy fibre of f and F(X) the
of F(g)— F(a). Then the

commutative square of groups

mF(X) —mF(g)

L

mF(f) ——m(C)

homotopy fibre

is naturally equipped with a structure of crossed square.
This crossed square is called the fundamental crossed
square [7].

A morphism fz(fL,fM,fN,fP) of crossed squares
from S, =(L,M,N,P) to S,=(L,,M,,N,,P,)
consist of four group homomorphisms f, :L, > L,,
Ju M, —>M,, f,:N,—> N, and f,:F — P, which
are compatible with the actions and the functions #,
and A, such that the following diagram is
commutative.

My —IM A

A A

Ly 9 2
Ky p A
N Py [ > Py
1/1/1 fp
125}
N . N»
In

Category of crossed squares over groups with
morphisms between crossed squares defined above is
denoted by X2Mod. Crossed squares are equivalent to
crossed modules over crossed modules [22].

Now we prove our main theorem.

Theorem 3.11. The category Cat(XMod) of internal
categories within the category of crossed modules over
groups and the category X?Mod of crossed squares
over groups are equivalent.

Proof: We first define a
n:Cat(XMod)—>X"Mod  as  follows:  Let

Cz(Cl,CO,S,t,g,m,n) be an object in Cat(XMod).
If we set L=kers,, M =kers,, N=4,, P=B,,

functor

Sakarya University Journal of Science 23(4), 519-531, 2019

/I:al\kersA > ﬂ":tA\kersA s M= e, and v=¢, then
n(C)=8=(L,M,N,P) becomes a crossed square

with the function A(m,n)=m-1, -1 for all me M
and ne N .

Here (L,M ,l) is a crossed module since it is the

kernel crossed module of

s=(s,,55):(4.B.a) > (4, By a,).

Moreover we know that (L,N,A') and (M,P,u) are
crossed modules by Brown & Spencer Theorem [8,
Theorem 1]. Finally (N,P,v) is already a crossed
module since it is (AO,BO,aO). Here the actions of P
on N is already given, on M is given by
p-m=1,+m-1, and on L is given by p-I=1,-]
(where the action on the right side of the equation is the
actionof B, on 4, )for pe P, me M and /€ L. Now
we need to show that the conditions given in the
Definition 3.9 is satisfied.

(i) We need to show that A, A" are P-equivariant
and x =yl is a crossed module. Let /e L, and

p € P.Then
AMp-D=ay(1,-D)=1,+a,()-1,=p-A)
and

Ap-n=t,,-D=1,(1,)-1,)=p-2'(1)

so A and A’ are P-equivariant. Now we need to
show that (L,P,K‘) is a crossed module. So

(CM1) Let /e L,and pe P.Then
w(p-1)=wi(p-1)
=u(p-2(1))
=p+u(A(l)-p
=p+x(l)-p
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(CM2) Let /,l'e L. Then

k(1) 1'= pu(A(1))-1'

A

z’l(lw))'l'

+1'-1
=[+1"-1
(ii) LetmeM and ne N.Then

2(1)

lh(m,n)z/l(m-ln —ln)
=A(m-1,)=4(1,)
=m+A(1,)-m—A4(1,)

=m+n- (—m)
and
A'h(mn)=2'(m-1,-1,)
—a(m1,)-2(1,)

m)-2(1,)=4(1,)

(iii) Let/eL,meM and ne N . Then
h(A(),n)=A()-1, -1,
=(1+1,-1)-1
=l+(1,-1-1,)
=l+n-(-1)
and

h(m,A'(1))=m-1,, ~

=(m Ly =Ly +1) -1
=(meL1) -1
=((m 1 o1y} =1
= (m°1,)- (L, D) -1
=m-1-1

(iv) Let m,m'eM and n,n"e N.Then
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=m-(m'-1,)-1,
=m-(m'"-1,)+m-(-1,+1,)-1,
=m-(m'-1,-1,)+m-1, -1,

=m-h(m',n)+h(m,n)

h(m+m',n)=(m+m')-l -1,

and

h(m,n+n) m-1,.,-1

n+n' n+n'

m-(1,+1,)=1, -1,

=(m-1n—1n)+1n+(m

=h(m,n)+n-h(m,n')

1,-1,)-1,

(v) LetmeM,neN and peP.Then
h(p-m,p-n)=h(1,+m=1,.p-n)
(1,+m-1,)-1,, -1,
(1,+m-1,)-(1,

1,

1,)-(1,1,)
(m-1,)+1,-(-1,)

=1, (m-1,-1,)

—p-h(m,n)

Now let
(=) Sy = A O €
be a morphism in Cat(XMod) . Then

()= (Fikrs, Fikesy o S-S ): S S
is a morphism of crossed squares.
Conversely define a functor
w : X’Mod — Cat(XMod)

as follows: Let S :(L,M ,N,P) be a crossed square

over groups. Then
l//(S) Z(Cl = (AlﬂBlaal),Co Z(AO,BO

is an internal category within the category of crossed
modules over groups where

ao),s,t,g,m)

(4,B,0)=(La N,M3& P,Axv),
(4,.B,,2,)=(N,P,v),

sA(l,n)zn,sB(m,p)zp,
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t,(Ln)=A"(1)+n,ty(m,p)=pu(m)+p,
gA(n)z(O,n), Exlp z(O,p),
(l',ﬂ,'(l)+n)o(l,n
and
(m',/l'(m) -l—p) o(m,p) = (m' + m,p).
We know that C, is a crossed module over groups.
First we need to show that (LEI N,Ma P,ﬂxv) 1S a
crossed module with the action of M3 P on L4 N is
(m,p)-(l,n)=(m-(p-l)+h(m,p-n),p-n).
(CM1) Let (L,n)eLa N and (m,p)eMaP.
Then

(ﬂxv)((m,p)~(l,n))=(/1><V)(m~(p-l)+h(m,p~n),p-n)
=(m,p)+(/1><v)(l,n)—(m,p).

(CM2) Let (I,n),(I',n")eLd N . Then

(lxv)((l,n))'(l',n')=(/1(l),v(n))'(l',n')
=(l,n)+(l',n')—(l,n).
Thus C,=(La N,Ma P,Axv) is a crossed module.
Now we need to show that W(S)zC satisfies the

conditions given in Lemma 3.5. We know that
S 3Sgol sty € Ep, M, and m, are group

homomorphisms. So the conditions (i), (iv) and (vii)
holds.

(ii) Let (l,n) ela N.Then

vs,((.n)=v(n)

I
=
o
=
o,
3
E/ o)
m
<
I
~

(iii) Let (/,n)eL . Then
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si((mp)-(L.n))=p-n=sy(m.p)-s,(L.n)
and
ti((m.p)-(Ln) = 2'(m-(p-1)+ h(m. p-n))
+p-n
=t,(m,p)-t,(L,n).

(v) Let ne N . Then

(vi) Let ne N and pe P. Then
&:(p-n)=(0,p-n)
=(0,p)-(0.n)
=¢&,(p)-€4(n).
(viii) Let (Z,n),(l',n')eLﬁ N such that
n'=2'(I)+n. Then

am, ((In'),(Lm)) = e (('sn') (1)
=(Axv)((I'+1,n))
=(A(+1).v(n))
=(A(1)+A(1),v(n))
=m, (o, x, )((l’,n’),(l,n)).

(ix) Let (Ln),(I'\n")eLa N and
(m,p),(m',p') eMaiP such that
n'=2'(I)+n and p'=pu(m)+ p. Firstly,

h(m' +m,p-n)=h(m—m+m'+m,p-n)
=m-h((—m)-m',p-n)

+h(m,p-n)
()} (pe)
+h(m,p-n)
=h(m',p"-n)+h(m,p-n)

Then
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(' p") e (m. ) -(('n") o (1)

=(m'+m,p)-(I'+1,n)
and
(m'+m,p)-(I'+1,n)
=((m',p")- (1)) o ((m. p) (L))
Thus y(S)=C is an object in Cat(XMod). Now let
718, =(L.M,.N,,P) S, =(L,,M,.N,.P,)

be a morphism of crossed squares. Then
v (S)=((fo 5 Lus o So) Fs1p)):C>C i a
morphism in Cat(XMod) where w(S,)=C and
w(S,)=C".

Finally we show that composition of these functors are
naturally isomorphic to the identity functors on
Cat(XMod) and X*Mod respectively. For any object
C in Cat(XMod) the natural isomorphism

U:l = wn is given by

Cat(XMod)
Ue =(h=(#" 1)1 = (15 17))
where

fa) = (al =L ()54 (al)) 5
le(bl) :(bl _lsB(b])’SB(bl)) ) foA :lAO

and f; =1, forall 4, €4 and b €B,.

Conversely, for any object S =(L,M,N,P) in X*Mod

the natural isomorphism 7 :ny =1 is given by

X*Mod

T:S’:(f}J:n—]’fM:ﬂ-UfN:1Nafp:11))- ThlS
completes the proof.

Now we can give examples of crossed squares which
are obtained from examples of internal categories
within the category of crossed modules.

Example 3.12 Let (4,B,2) be a crossed module.
Then the diagram

A B

|

A

«
_—

—_—
«
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has a structure of a crossed square where
h(b,a)=b-a—a forall aec 4 and be B.

Example 3.13 Let (A4, B,«) be a crossed module. Then
the diagram

g—2a g

e B
forms a crossed square where /4(a,0)=0 forall a € 4.

Example 3.14 Let (4,B,a) be a topological crossed
module. Then we know that (74, 4,s,.t,,&,,m,) and

(nB,B,sy,t,,&,,m,) are group-groupoids. Then

ker s 4 —== ker sp

u) Jio

A B

«

has a crossed square  structure  where
h([Bl,a)=[f-a—a] for all [Blekers, and aec 4.

Here the path (f#-a—a):[0,1]> A is given by
(B-a—a)r)=p(r)-a—a forall re[0,1].

4. CONCLUSION

We proved that the category Cat(XMod) of internal
categories within the category of crossed modules over
groups and the category X?Mod of crossed squares
over groups are equivalent. Since crossed squares
model all connected homotopy 3-types so are internal
categories in within the category of crossed modules.

For further work, in a similar way of thinking one can
obtain same results in a more generic algebraic
category namely the category of groups with operations
or in higher dimensional crossed modules [10]. Also in
the light of the results given in [18], notions of normal
subcrossed square and of quotient crossed square can
be obtained.
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